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I.  Further  Studies  on  Molecular  Force. 
By  William  Sutherland*. 

IN  two  recent  papers  on  the  Attraction  of  Unlike  Mole- 
cules the  result  has  been  established,  that  if  two  molecules 
of  mass  Wi  attract  one  another  with  a  force  SiAiiWiV^*,  and 
two  of  mass  m^  with  a  force  3  2A2  ^sV^*,  then  an  m,  attracts 
an  m%  with  a  force  3(xAi2A2)^mini2/7**;  from  which  it  follows 
that  Am*  is  resolvable  into  two  factors  A*m  each  belong- 
ing to  a  molecule.  Now  in  the  "  Laws  of  Molecular  Force  " 
(Phil.  Mag.  XXXV.,  March  1893),  values  of  M^/,  which  is 
proportional  to  Am',  are  given  for  a  large  number  of  sub- 
stances as  determined  by  five  methods,  so  that  it  is  only 
necessary  to  take  the  square  roots  of  the  tabulated  values  of 
1S?1  to  get  relative  values  of  A*m.  Indeed,  in  originally  study- 
ing the  values  of  M'/,  the  first  step  I  took  was  to  examine  the 
values  of  (M'Z)* ;  and  I  noticed  the  reign  of  law  amongst 
them,  but  apparently  not  over  so  wide  a  range  of  values  as 
was  dominated  by  the  empirical  law  M'/=6S  +  '66S',  where 
S  is  the  sum  of  certain  constants  characteristic  of  the  atoms 
in  the  molecule,  and  called  the  Dynic  Equivalents  of  the 
atoms.  Accordingly  this  empirical  expression  was  adopted 
in  the  "  Laws  of  Molecular  Force.'*  Yet  even  this  expression 
failed  to  apply  to  the  simpler  typical  compounds  ;  but  in 
connexion  with  the  values  of  (M*"*/)'  I  have  discovered  that 
there  are  two  principles  in  operation  amongst  them,  one 

*  Communicated  by  the  Author. 
PMl.  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  B 
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appl^ng  to  the  serial  componnds  of  carbon,  and  the  other  to 
the  simmer  componnds  snch  as  those  of  inorganic  chemistiT. 
The  advantage  of  the  empirical  expression  M*Z=6S+'66S' 
was  that  it  luippened  to  lend  itself  to  some  of  the  transition 
cases  which  occnr  between  the  two  classes.  But  now  it  is 
clearly  onr  duty  to  set  aside  the  empirical  law,  and  confine 
onr  attention  to  (M'Q^  proportional  to  A^m.  The  following 
is  a  brief  statement  of  toe  order  in  which  these  farther  studies 
will  be  taken^  and  of  their  results. 

1.  Values  of  (M'Z)*  in  the  carbon  compounds,  with  deter- 
mination of  the  parts  contributed  to  them  by  various  atoms 
and  radicals,  and  proof  that  in  the  non-metallic  atoms  these 
parts  are  approximately  proportional  to  the  volumes  of  the 
atoms. 

2.  (a)  and  (6).  Development  of  two  methods  of  deter- 
mining (MH)^  for  inorganic  compounds,  especially  compounds 
of  the  metals,  tabulation  of  the  results  of  the  methods,  with 
proof  that  valency  controls  the  magnitude  of  molecular  force 
m  these  compounds.  (For  example,  if  RSn  is  a  compound  of 
a  metal  R  of  valency  n  with  n  atoms  of  S,  then  (M'Q*  for 
BSn  is  the  sum  of  a  value  for  B  and  n  times  a  value  for  S, 
all  divided  by  the  square  root  of  n.) 

3.  Determination  of  (M'Q^  for  the  uncombined  metals,  with 
proof  that  in  the  main  chemical  families  (M'/)^  for  each  atom 
is  proportional  to  the  square  root  of  the  volume  of  the  atom 
and  also  to  the  square  root  of  its  valency.  Belation  between 
the  volumes  of  the  metallic  atoms  in  combination  and  the 
parts  contributed  by  them  to  (M'Q^  in  their  compounds. 

4.  General  summary  of  results,  and  analysis  of  molecular 
attraction  into  the  sum  of  atomic  attractions,  with  general 
Btat^nent  of  their  laws. 

1.   Vaiue$  of  (M'/)^  in  the  Canrhon  Compounds. 

To  begin  with,  the  law  of  the  Dynic  Equivalents  remains 
unchanged^  for  the  dynic  eouivalent  of  an  atom  being  the 
number  of  CH^  groups  which  would  contribute  as  much  to 
the  value  of  tAH  for  a  molecule  as  the  atom  does,  it  remains 
the  same  for  (M^Q^  as  for  WU  This  will  appear  in  all  the 
vahes  of  (UPO*  that  f<^ow.  From  Table  XXV.  of  the  Laws 
of  Molecular  Force  we  get  the  following  values  of  (M^Q^oc  J^m 
for  the  paraffins : — 

Cfi..  0,Hu.  0,H„,.  C,oH,,. 
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The  difference  for  each  OH^  group  is  *97  from  CfHe  to  OfHif, 
•90  from  C«Hi4  to  CgHig,  and  85  from  C^Hig  to  OipHn. 
There  appears  to  be  a  progressive  diminution  in  these  diflPer- 
ences  for  CHj.  It  will  be  of  adrantage,  therefore,  to  study 
a  more  extended  series,  such  as  is  given  on  page  266  of  the 
**Laws  of  Molecular  Force"  for  the  paraffins  from  C5H1S 
to  CjfiHsA,  the  values  of  UPl  bein^  got,  as  there  explained, 
from  Bartoli  and  Sfracciati's  surtace-tensions  at  11^  G.  To 
complete  the  series  we  can  obtain  approximate  values  of  1S?1 
for  CsHgand  C4H]o  by  the  approximate  relation  MZs=1190viT^ 
given  on  page  247  ofuie  "  Laws  of  Molecular  Force,"  dividing 
by  10*  to  reduce  to  the  «ame  unite  as  are  employed  in 
table  XXV.  T^  is  the  boiling-point  measured  from  nbsoluto 
zero,  and  v^  is  the  volume  of  a  gramme  at  the  boiling-point : 
for  CsHg,  T4=246  and  ri=l-75;  and  for  aHio,  Tj=274  and 
ri= 1*71 ;  and  thus  the  values  of  M?Z  to  go  along  with  the  rest 
are  22*1  and  32*3  ;  and  for  (M^/)*  we  have  the  series  of  values 
and  differences : — 

Table  I. 

C^Hg.    CjH^.    C^Hjfl.    CjHjj.     OjH,4.  OfHi,.    Ofi^    C^H^. 

(IP/)* 3-8    I    4-7     I     6-7     I    6-9    1     7-6    |    8*8     |    9*5    |    10-6 

Diit •»         1-0         1-2  -7  1*2  -7         1-0 

^to^w    CjjH^    ^tfl^v    ^iAb*    Ou^'    ^id^w    C|e^* 

<!!»/)» I    il*3     J   12-1     {     131     I     18-8    |    14*7    )     15-2    |     100 

IM. -8  ^  1-0  -7  '9  -6  -8 

Here,  although  the  values  of  the  differences  for  CH,  are 
unsteady  (doubUess  on  account  of  the  difficulty  of  preparing 
the  paraffins  pure),  there  is  on  the  whole  a  progressive  dimi- 
nution in  the  value  of  the  difference  :  thus  from  C^B^  to  CgHig 
the  difference  is  5*7,  and  from  CgHig  to  CuH^^it  is  5*2  But 
in  the  case  of  the  esters  from  CgB^Os  to  C10H30O9,  to  which 
we  proceod|  there  is  no  such  diminution.  Uie  following  are 
the  mean  values  of  (iPl)^  for  the  different  isomers  under  each 
formula : — 

Table  II. 

CjH.Oy    C^H^Oa.    O.HjoO,.    CJELJ)^.    CfByfir    ^s'Byfi^ 

(M«/)* ^"S     I      «'7      I     7-6       <      8-4       I      9-3       |      10-2 

Diff. -9  -9  -8  -9  '9 

(M»0»  I     11-3      I      121 

Mr. 11  -8 

The  mean  difference  is  here  *9,  which  is  the  mean  difference 
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for  the  paraffin  series  from  GfHe  to  Ci4H3o.    The  data  for 
other  series  are  as  follows  :— 

Table  III. 

Benxeneseriee    ...      C<,H,.  O^Hg.  O^Hjo.  O^H^^  CioH^. 

6-6  7-5  8-4  9-3  10*1 

Alkyl  iodides CH,I.  O^H^L  O3H7I.  C^H,!.  0«H„L 

51  6^  71  7-9  89 

Alkyl  bromides  C-jH.Br.         0,H^r.         C^H^Br.         O^HiiBr. 

5-4  6-4  7-3  81 

Alkyl  chlorides  ...    OH3OI.        O^R.Ci,         C,H,CL 
(Fourth  method)  41  51  57 

OjttyOl.        O^HjCL  OgHijOL 

(Fifth  method)  6*0  7*2  81 

Alkyl  oxides   (0H,)aO.    0H,O0aH,.    (OaH,),0.    0,H.O0,Ht.    CH,00,H„. 

45  5-5  6-3  7*2  82 

Alkyl  amines  NH^O.         NH^O,.  NH,C,.         NH^O^.  NH^^O,. 

(Fourth  method)  4*2  4*7  57  6*4  81 

NH,,C,.       NH,3C«.        NH„0.. 
(Fifth  method)  ...        61  7*1  80 

These  data  for  these  families  and  for  a  few  other  short 
series,  derivable  like  the  above  from  table  xxv.  of  the 
'*  Laws  of  Molecular  Force,"  can  be  represented  according  to 
the  following  scheme,  wherein  the  meaning  of  the  column 
headed  ilfi  will  be  explained  in  a  little. 

Table  IV. 


Substance. 

Composition. 

(M«/)». 

M/3. 

Paraffin 

H-f-  H+nCH. 

014-  H-f«CH, 

Br-f  H-f«OHa 

14-  H+nOHa 

0-l-2H-f»0Ha 

N+3H-f«0Hj 

000+2H-f(n-l)OH, 

CeH«+iiOH, 

CNH-  H-fnCH, 

S+2H+nOil, 

NOj-fH+nCH, 

NO.+H-fnCH, 

ONSH-H+«Oa, 

2-2+-9» 
33H--9JI 
3-6+ -911 
4-34- ^w 
2-7-f-9ii 
3l4--9»i 
404--9(»i-l) 
664- ^fi 
3-64--9» 
3-84- -911 
394- 9» 
43+-9fi 
494- ^fi 

9    4- 15-711 
23-54-16II 
29    -fl7n 
36    4-l6-4» 
14    4-17-3» 
20    4-17-3i» 
29    4-175^11-1) 
75o4-16-8i» 
24    4-1711 
26    4-1711 
29    4-17» 
36    4-17n 
41-54- 17n 

Chloride    

Bromide 

Iodide    

Oxide 

Amine    

Ester 

Beniene  series  

Cyanide  (nitrile)  ... 
Sulphide    

Nitro -compound   ... 
Nitrate  

Sulphooyanate  

This  scheme  embodies  the  principle  of  the  Dynic  Equiva- 
lents, for  an  atom  such  as  I  is  represented  as  producing  the 
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same  effect  on  the  value  of  (M*/)*  whatever  may  he  the  nnmher 
of  CHj  groups  it  is  associated  with.  In  the  "  Laws  of  Mole- 
cular Force  it  was  shown  that  there  is  a  striking  parallelism 
between  the  values  of  the  dynic  equivalents  of  the  atoms  and 
of  their  refraction  equivalents.  I  had  a  strong  impression 
that  this  must  be  due  to  the  fact  that  both  quantities  were 
nearly  proportional  to  the  volumes  of  the  atoms,  but  was  not 
then  able  to  test  the  idea  through  lack  of  values  of  the  volumes 
of  the  atoms.  But  by  means  of  the  characteristic  equation  for 
liquids  given  in  that  paper,  and  an  unpublished  simplified 
form  of  it,  I  have  been  able  to  get  approximate  values  of  the 
limiting  volumes  of  the  members  of  a  number  of  series  of 
compounds.  Let  )9  be  the  limiting  volume  of  a  gramme  of 
substance  of  molecular  mass  (weight)  M  ;  then  the  differences 
in  M)S  for  a  diflference  CH2  in  composition  are  as  follows  : — 
paraffins  15*7,  alkyl  iodides  16*4,  alkyl  bromides  17,  alkyl 
chlorides  16,  alkyl  oxides  17'3,  alkyl  amines  17*3,  esters  17*5, 
and  benzene  series  16'8.  The  values  of  M)8  for  the  lowest 
available  members  of  these  series  are  CH4  25,  CH3I  52, 
CHaBr  46,  C^H^Cl  55*5,  (C^Hj),©  83,  NH3  20,  CjHeOa  64, 
and  CeHe  75*5  ;  so  that  for  iAfi  we  have  the  scheme  given 
above  with  (Wl)^. 

The  following  are  the  few  data  on  which  the  numbers  in 
the  scheme  for  the  nitriles,  sulphides,  nitro-compounds, 
nitrates,  and  sulphocyanates  are  founded,  on  the  assumption 
that  in  (M?Z)*  CHj  has  a  value  '9  and  in  M^  approximately  17. 

Table  V. 


C3H,0N. 

(0,H,),8. 

CH3NO,. 

C^H^NO,. 

CH3ONS. 

a,H,ONS. 

(M»/)*.. 

....  6-2 

7-4 

4-8 

61 

6-8 

6-6 

M/3 

....  75 

94 

46 

70 

59 

75 

In  Table  IV.  there  are  no  values  given  for  the  define 
series  C„Hsii;  but  the  data  for  the  olefines  in  table  xxv.  of 
the  '*  Laws  of  Molecular  Force  "  show  that  (M^Z)*  for  Cn^%n  is 
practically  identical  with  that  for  C»Hs«i+a.  On  this  account 
the  dynic  equivalent  of  the  two  terminal  hydrogens  of  a 
paraffin  C^H^+j  was,  in  the  "  Laws  of  Molecular  Force,"  said 
to  be  negligible ;  but  the  better  mode  of  expression  in  accord- 
ance with  the  usages  of  physical  chemistry  would  be  to  say 
that  the  double-bonded  union  of  two  carbon  atoms  in  an 
define  changes  the  dynic  equivalent  of  the  two  carbon  atoms 
by  an  amount  equal  to  that  of  the  two  terminal  hydrogen 
atoms  of  the  paraffin.  The  first  point  to  be  noticed  about  the 
expressions  for  (Wl)^  in  Table  IV.  is  that  in  the  paraffins  the 
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two  terminal  hjdrojgen  atoms  H+H  are  apparently  repre- 
sented by  an  inittaiterm  2*2,  which  is  more  than  twice  as 
large  as  the  value  '9  for  CH^;  while  in  the  M/3  expression 
for  the  paraffins  the  term  9  which  represents  the  volume  of 
H+H  is  only  about  half  of  the  15-7  for.  GH^.  Associated 
with  this  pecuUariiy  of  the  paraffins,  there  must  be  taken 
another,  namely,  that  methane,  CH^,  while  chemically  the 
first  of  the  paraffins,  separates  itself  absolutely  from  the  series 
as  remrds  mo!ecular  force,  but  not  as  regards  M/8.  In  respect 
of  mdecular  force  it  behaves  as  an  element,  as  is  shown  in  the 
"  Laws  of  Molecular  Force,"  and  in  the  "  Viscosity  of  Gkses 
and  Molecular  Force"  (Phil.  Mag.  Dec.  1893);  and  its  value 
of  (M*/)*,  namely  1*5,  is  only  a  half  of  the  3*1  which  it  would 
be  if  it  came  within  the  scheme  for  the  paraffins  in  Table  IV. 
!nius  it  appears  to  be  necessary  for  at  least  two  CH^  groups 
to  be  associated  before  each  £ikes  its  characteristic  v^ue  in 
(MV)^;  and  this  must  be  connected  with  the  series-building 
power  of  carbon.  It  should  be  noticed  that  the  value  of  CH^ 
in  (M*/)^  depends  only  slightly  on  the  mode  of  association  of 
the  carbon  and  hydrogen  atoms  according  to  the  usual 
structural  formulas,  because  isomeric  substances  have  almost 
always  nearly  equal  values ;  thus,  according  to  the  equation 
MZ=1190xlO"*i;iT4,  as  Vi  varies  very  dightly  from  one 
isomer  to  another,  we  see  that  amongst  isomers  (M?/)*  varies 
nearly  as  the  square  root  of  the  boiling-point.  Take  pentane, 
C5H1J,  as  an  instance  :  for  normal  pentane,  CH3(CH2)3CH3, 
the  boiling-point  is  38^  0.,  while  for  tetramethylme^ane, 
C(CHa)4,  it  is  9^-5  C;  so  that  (M*/)*  for  the  latter  is 
(282-5/311)*,  or  -953  times  that  for  the  former,  which, 
according  to  the  scheme,  is  6*7;  and,  accordingly,  there  is 
only  a  difference  of  '3,  corresponding  to  the  great  difference 
in  structure  attributed  to  these  two  pentanes.  Thus  it  is  not 
the  position  of  the  two  terminal  H  atoms  in  the  paraffins  that 
determines  their  apparent  large  value  of  2*2 ;  and  provi- 
sionally we  have  to  recognize  two  values  for  H  +  BL,  one 
being  2*2,  and  the  other  a  fraction  of  '9,  and  must  leave  the 
hydrogen  atom  to  be  returned  to  after  we  have  considered 
some  others. 

In  the  alkvl  haloid  compounds  we  must  regard  the  halogen 
atom  as  displacing  one  of  these  terminal  H  atoms,  for  the 
value  of  each  CH,  group  in  (Wl)^  still  remains  the  same. 
Hence  if  we  assume  that  the  one  terminal  H  left  has  a  value 
1*1  in  (M'O*  and  4*5  in  M)8,  we  can  calculate  at  once  from 
the  schemes  in  Table  IV.  the  values  of  the  halogen  atoms  in 
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(SPQ^,  and  also  the  limiting  vohimes  of  the  atomSi  and 
similarlY  wiih  the  other  atoms  and  radicals  inyolved  in 
TaUe  lY. :  for  instance,  in  that  Table  CI +H  has  a  value  3-3, 
whence  that  of  01  is  2*2  ;  so  in  M/9  the  volume  of  Cl+H  is 
23*5,  so  that  the  volume  of  01  is  19.  In  this  wav  have 
been  derived  from  Table  lY .  the  values  now  given  in  Table  YI. 
for  the  parts  contributed  to  (APQ^  and  M/9  by  various  atoms 
and  radicals,  which  after  this  will  sometimes  be  denoted  by 
the  symbols  F  and  B:  in  the  third  row  of  numbers  are  given 
the  ^uea  of  the  ratio  B/F. 

Tablb  VI. 

01.  Br.           L  O.  000.  8.  NO- 

B 19  246  81-6  6  20  17  24-5 

F 2^  2*6          3*2  -6  1-6          1-6  2-8 

fi^Jff    9  10  10  10  11  10            9 

NO,.  ON.  ONS.  OH^.  O.H,.  NH,.  H. 

B. d2  19-6  37  17  76-6  20  46 

F 8-2          2-4          8-8            -9  6-6          81  11 

B/F   10            8  10  19  12            6*6  4 

For  the  first  ten  atoms  and  radicals  the  approaeh  in  the  ratio 
to  constancy  is  close  enough  to  show  that  F  is  nearly  pro- 
portional to  B,  or  that  attracting-power  in  these  atoms  is 
nearly  proportional  to  the  volume  of  the  atom ;  the  mean 
value  of  the  ratio  for  the  first  ten  is  10,  of  which  the  value 
for  OHf  is  nearly  double,  and  that  for  the  terminal  H  of 
paraffins  less  than  half;  the  value  for  NHg  will  be  considered 
presentiy  along  with  those  of  some  other  compounds  of 
nvdrogen.  It  would  appear  from  the  values  for  NO^,  NOsi 
dN,  and  ONS,  that  the  value  for  N  of  F  is  1-7,  and  of  B  is 
about  15. 

It  will  be  useful  at  this  stage  to  consider  the  values  of 
(IPQ*  and  M/9  in  those  inorganic  compounds  for  which  they 
are  obtainable  from  table  xxv.  of  the  '^  Laws  of  Molecular 
Force.** 

Table  YII. 

CO..  OS,.  SO,.  N,0.  OJr,.  HOL  H,8. 

MjS 30  60  36  29  38  27  ^ 

(M'O*    27          6-2  8-9          3^  4-2          27          3-2 

lUtio 11  10             9  10  9           10             7 

H,0.  NH,.  POL.  AsOl,.  POOl,.  PSa,.  PO0,H,01. 

Ufi 14           21  72  73  80  92  78 

(ITO*    2-4          2-9          6-6  70  7*6  84  7-9 

BiUio 6            7  11  10  11  11  10 

OHOl,.  001..  OOlJJOy  0,01..  SiOL.  BnOl.. 

Ufi 72  80              86  87  92  101 

(M»/)»    61              6-8             7-6  81              6-9  7-8 

Bfttio 12  12               11  11  13  13 
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For  the  first  six  compounds  the  ratio  is  the  same  as  the 
average  in  the  last  Tahle ;  but  in  HjS,  HsO,  and  NH3  it 
falls  to  a  lower  value,  the  reason  for  which  appears  to  be  the 
presence  of  the  H  atoms  operating  like  the  two  terminal  H 
atoms  in  the  paraffins.  To  see  whether  this  is  the  case,  let 
us  suppose  8,  0,  and  N  carry  the  values  already  found  for 
them  into  (M^/)*  and  M)8,  then  we  get  for 

Ha  iu  HjS.  H,  in  Rfi,  H,  ia  NH,. 

B   7  9  6 

F   1-6  1-9  1-2 

B/F  4-4  4-7  50 

In  each  case  the  ratio  comes  near  to  the  value  4  found  for 
the  terminal  H  in  the  paraffins  ;  though  both  in  (WI)^  and 
M/3,  Hs  in  NH3  appears  smaller  than  H2  in  H^S,  H^O,  or  the 
paraffins. 

Returning  to  the  values  of  the  ratio  in  Table  VII.,  the 
values  for  the  compounds  of  P  and  As  seem  also  to  come  near 
to  the  value  10  ;  out  this  has  no  particular  significance,  as 
we  shall  see  later  on  that  a  different  principle  is  at  work 
atnongst  some  of  these  compounds  ;  even  at  present  we  can 
see  that  (M*/)*  for  PCI3  has  a  value  6*6,  which  is  exactly  three 
times  the  value  adopted  for  CI,  leaving  nothing  for  r ;  and 
when  we  turn  to  the  value  for  CCI4,  namely  6*8,  which  is  a 
good  deal  less  than  that  for  4C1,  we  must  recognize  clearly 
Slat  we  are  getting  into  a  type  of  compound  in  which  the 
pure  additive  principle  ruling  in  the  carbon  series  no  longer 
applies.  Of  course,  in  connexion  with  CCI4  it  may  be  said 
tnat  it  might  be  expected  to  be  exceptional  because  CH^isso; 
but  then  CH3CI  and  CH3I  are  not  exceptional,  a  fact  well 
worthy  of  attention  in  view  of  the  exceptional  nature  of  CH4. 
Indeed,  if  we  take  the  series  of  ratios  9  for  01,  12  for 
CHCl,,  and  12  for  CCI4,  with  13  for  SiCl4,  and  13  for  SnCl^, 
we  see  an  increasing  departure  from  proportionality  between 
(M*/)*  and  volume  M/S,  which  will  become  comprehensible 
when  we  have  dealt  with  inorganic  compounds  as  a  whole. 
An  attempt  to  trace  the  intermediate  cases,  such  as  that  of 
CHCI3,  would  lead  us  into  too  much  detail,  though  promising 
light  on  the  great  old  controversy  in  chemistry  between  the 
dualistic  and  unitary  theorists  and  on  the  transition  from 
electrolyte  to  non-electrolyte. 

But  without  going  into  transition  cases,  there  are  a  few 
more  values  which  we  ought  to  discuss  before  leaving  the 
carbon  serial  compounds,  as  they  bear  upon  the  large  value 
of  F  which  belongs  to  the  H  atom  when   apart  from  the 
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radicals  CH9  and  NHs.  The  values  of  (M^/)^  for  benzene  and 
its  monohalogen  substitution  compounds  are  :— ' 

6-6  7-6  8-2  9-0 

which  give  for  CI— H  the  value  I'O,  for  Br— H  1'6,  and  for 
I^H  2*4 ;  and  these,  with  the  values  found  for  the  halogens, 
give  for  H  in  benzene  the  values  1*2,  '9,  and  "8,  the  mean  of 
which  is  1*0 ;  still  a  large  value  and  nearly  equal  to  the  1*1 
belonging  to  each  CH  in  benzene,  which^  it  should  be  noticed, 
is  larger  than  the  '9  for  GHj.  Strictly  speaking,  all  that  the 
last  numbers  really  show  is  that  the  difference  between  the 
halogens  and  hydrogen  in  benzene  is  about  the  same  as  the 
difference  between  the  halogens  and  the  terminal  hydrogen 
in  paraffins.  The  following  values  form  the  beginning  of  a 
series  which,  if  extended,  would  illustrate  the  transition  from 
one  type  to  the  other : — 

OaHe.  0,H,OL  OaH^Ola.  CJ^^C^r 

(M}t)ff. 4-0  51  6-7  7-6 

They  give  Cl-H=l-1,  2(01-H)  =  2*7,  and  3(C1-H)  =  3*6, 
which  are  in  fair  enough  agreement.  In  the  following  cases 
we  have  only  CHj  groups  and  halogens. 

O^XJL,.         CJlfil^.        C,H,Brj.  O.HeBr,. 

Mp 60  76  91 

(BPQ* 6-7  7-6  7-1  78 

With  -9  for  CH,  in  (Wl)^,  these  give  for  CI  the  values  2*45 
and  2*4,  and  for  Br  2*65  and  2*55,  which  are  a  little  larger 
than  those  adopted  from  the  series,  namely  2*2  and  2*5. 

The  data  of  table  xxv.  of  the  "  Laws  of  Molecular  Force  '* 
furnish  values  of  (M*/)*  for  the  elements  H2,  Oj,  and  Nf,  and 
for  GH4,  which  are  gathered  into 

Table  VIII. 

H,.  o,.  N,.  CH,. 

M^ 8-6  19  3  22-7  26 

(ITO*    -47                   1-08  Ml  1-6 

Bado 18  18  20  17 

To  these  may  be  added  an  uncertain  set  of  values  for  Clj, 
namely  M)S=34  and  (M.^/)*=2'4,  their  ratio  being  14; 
excepting  this,  we  see  that  the  element  gases  and  CH4  have 
nearly  a  constant  value  18  for  the  ratio  M)8/(M'i)*,  a  value 
which  is  nearlv  double  the  10  for  atoms  in  the  combined 
state.  It  should  be  noticed  that  the  ratio  19  for  CHj  in  the 
carbon   series   ranges  itself  along  with  the  values   for  the 
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elem^its  and  CU4.  It  is  very  remarkable  that  as  regards 
molecular  force,  CH^  not  only  detaches  itself  so  completely 
from  the  paraffins  and  compounds  in  general,  but  also  attaches 
itself  so  consistently  to  the  elements.  It  is  interesting  to  find 
C9H4,  which  is  the  first  of  the  defines,  detach  itself  from  its 
class;  in  the  ^  Laws  of  JMoleonlar  Force  "  it  was  proved  to 
have  a  characteristic  equation  intermediate  in  form  to  those 
for  elements  and  compounds.  It  has  already  been  pointed 
out  that  the  define  C»H^  has  the  same  value  of  (M^/Jr  as  the 
paraffin  GmHs«+s  ;  but  this  does  not  apply  to  CgH^,  because 
instead  of  the  4*0  for  CjHe,  it  has  the  value  2*5  for  (M'Z)*,  and 
for  M)8  it  has  43,  which  is  much  larger  than  the  34  of  two 
ordinary  CHj  groups ;  the  ratio  Mfi/piH)^  is  17,  which  goes 
with  the  values  found  for  CHj  and  CH4. 

The  case  of  the  elements  will  be  returned  to  when  the 
methods  of  getting  further  data  have  been  developed  in  the 
following  parts  of  this  ])aper. 

To  dose  for  the  present  the  discussion  of  the  carbon  serial 
compounds,  the  main  result  had  better  be  restated,  as  it  has 
perhaps  been  obscured  by  foreign  details;  it  is  embodied 
briefly  in  Table  IV.,  and  is  this,  mat  the  attracting-^power  of 
a  mofecule  is  the  sum  of  powers  belonging  to  its  atoms,  the 
power  of  an  atom  varying  with  its  chemical  function,  but 
remaining  constant  when  that  function  is  constant.  As  a 
subsidiarv  result,  it  has  been  shown  that  the  attracting- 
powers  of  the  atoms  of  CI,  Br,  I,  0,  S,  N,  and  C  (C  unattached 
to  H)  are  approximatdy  proportional  to  their  volumes  in  the 
combined  state. 

2.  (a)  and  (6).  Methods  of  finding  ^l  for  Compounds  of 
the  Metalsy  with  Results, 

(a)  While  we  are  on  the  present  line  of  investigation,  it 
will  be  convenient  to  consider  such  values  (relative)  of  the 
parameter  of  molecular  force,  that  is  of  (M*/)*,  as  are  ob- 
tainable for  solids,  both  element  and  compouad.  These  can 
be  got  in  two  wavs :  first,  from  the  surface-tension  of  the 
solids  at  their  melting-points,  which  are  still  measurements 
made  on  liquids,  but  at  the  transition-point  into  solidity;  and 
second,  from  the  principles  of  "A  Kinetic  Theory  of  Solids  '* 
(Phil.  Mag.  vol.  xxxii.).  According  to  the  *'Laws  of  Mole- 
cular Force  "  (Phil.  Mag.  March  1893,  p.  258),  I  in  terms  of 
the  10*  dynes  as  unit  of  force  is  given  by 

Z=2x6930«i;*M*, 
where  a  is  the  surface-tension  in  grammes  weight  per  metre 
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at  f  of  the  absolute  critical  temperatore^  \vhioli  is  near  the 
orcunary  boiling-point,  «  is  the  Tolame  of  unit  mass  at  the 
same  temperature,  and  M  the  ordinary  molecular  mass 
(weight) ;  so  that  with  the  megamegadyne  (10^  dynes)  as 
the  imit  of  force,  we  have 

M»/=2x5930xlO-^a(M/p)*.      ...    (1) 

In  the  case  of  melted  solids  a  has  been  measured  at  the 
meltinff-point  only;  and  as  the  absolute  melting-point  of 
soUds  IS  not  a  constant  fraction  of  their  absolute  boiling- 
points,  we  shall  have  to  be  content  with  comparatively  rough 
approximations  to  the  values  of  M%  if  in  the  above  equation 
(1)  we  use  the  value  of  a  at  the  melting-point  instead  of  that 
at  ]  of  the  critical  temperature.  In  the  case  of  mercury  the 
suriace-tension  at  the  melting-point  has  been  found  by 
Quincke  to  be  58*8  grammes  weight  per  metre ;  and  I  have 
estimated  that  at  the  boiling-pointy  if  mercnry  behaves  as  an 
ordinary  liquid,  the  surface-tension  would  be  42*6.  Then,  to 
keep  the  values  of  M'/  in  a  rough  way  more  comparable  with 
those  hitherto  discussed,  we  wiU  for  all  the  melted  solids  take 
a  at  f  of  the  critical  temperature  as  roughly  given  by 
42'6/58*8  times  its  value  at  the  melting-point;  denoting 
which  by  om,  we  have,  when  we  likewise  allow  for  the  differ- 
ence between  p  at  the  melting-point  and  at  J  of  the  critical 
temperature  by  a  factor  1*09,  the  equation 

M«/=2x 5930  X  10-« X  -723  x  l*09«^(M/p)« 

=9346xl0-«««,(M/p)*.    ...    (2) 

To  preserve  continuity  in  the  work  this  equation  will  be 
applied  first  to  compounds  only,  and  lator  on  to  the  metals. 
It  IS  to  Quincke  that  we  owe  the  first  measurements  of  the 
surface-tensions  of  a  number  of  elements  and  compounds  at 
their  melting-points  (Pogg.  Ann.  cxxxv.  &  cxxxviii.);  and 
there  are  some  more  recent  measurements  for  a  number  of 
compounds  by  Traube  {Ber.  der  Deut.  chem.  Ges,  xxiv. 
p.  3074).  The  values  of  the  surface-tension  given  by  Quincke 
m  his  second  paper  are  brought  into  better  agreement  with 
those  of  his  first  and  with  Traube's  when  multiplied  by  1*4, 
and  accordingly  these  values  multiplied  by  1*4  are  entered 
in  brackets  in  the  following  Table  as  values  of ««,  and  the 
numbers  derived  from  them  are  put  in  brackets  also.  The 
density  at  15*^  C  will  be  used  in  place  of  that  at  the  melting- 
point,  because  too  few  values  at  the  melting-point  are  known, 
and  the  difference  between  the  two  is  reiilly  immaterial  in 
comparison  with  other  unavoidable  roughnesses  in  these  cal- 
culations.   The  formula  by  which  Quincke  calculated  a^  from 
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his  experimental  data  is  not  exact  (see  Worthington,  Proc. 
Boy.  Soc.  xxxii.) ;  bat  his  values  have  been  taken  as  exact 
enough  for  present  purposes.  The  Brst  set  of  data  for  all  the 
K  and  Na  compounds  are  Traube's,  the  rest  are  Quincke*s. 

Table  IX. 
Compounds  of  Potassium. 
KF.  KOL  KBp.  KI. 

m^    14-2  "lO-O  9-5      (lO-U)"  9^  (6-9)  ^     (8*4) 

p  2-46         l-^« 2-69      ...  8-08 

(M>0*...    5-1  6-3  61        (6-2)  69  (60)  7-8      (7*8) 

M/p 23-7  37-6  442        ...  63-8 

KNO3.  KNOy  KOlO,.       KBrO,. 

•m    'lOO  10-0        (10^  10-9  8*8  9-5 

p  2-07        2-00  2-32  3-27 

(M^O* 7-8         7-8         (7-8)  73  78  7-9 

M/p 488           43-0  62  8  61-2 

KON.       KCNO.  K^OOj.  K,SO,. 

mm  9-8  11-9  16-7  16-3      14*8  ...  181      167 

p     152  2-05  2-26      2^        

(M«/)t           6-9  71  121  120      11-4  ...  13-4      12*8 

M/p    ...  42-8  39-4  611        66-3          

KaP^O,.  K,CrO,.  KjCrA.  ^fi^fi,^- 

mm     14-0  135  135  131 

p    2-26  2  68  2-67  2-65 

(M»/)*   17-4  12-6  17-8  226 

M/p  104-4  72-4  1110  1493 

Compounds  of*  Sodium. 
Naa.  NaBr.  NaNO,.  NaNO,. 

m^ 11-6  116     (9-5)  10-5  (70)  11-6  (11*2)  122 

p    2-16      30  ...             218       ...  210 

(M«0*    ...    5-2  5-2     (47)  6-0  (49)  69  (68)  62 

M/p  27-2  34-4  ...  390          ...  33*0 

NaCN.      NaaO,.                 Na^OOj.  Na.^^. 

' ^ ,  . « ^ 

m^ 10-9             9-4           210      18-2      16-6  184      18-5      180 

p   150  2-47  2-46     268      

(M'^O*  ...    5-8             67            10-2        9-5        91  113      114      114 

M/p  33  43  43  53  


Digitized  by 


Google 


Laws  of  Molecular  Force,  13 

Table  IX. — Compounds  of  Sodiam  [coidintLed). 

Na^CrO^.  NaaOraO^.  NaaB^O^.  NajWO^.  NajP,0<,.  Na^PA- 

«« 18-6             14-8  17-8  19-7           17-3           24*7 

p    2-90  2-37           550           2-48           2-63 

(M«/^  ...      11-2             15-9  16-5           12-5           15-8           232 

M/p  52               91  85              67              82  105 

Other  Componnds. 
LiCl.  LiaOO,.  AgOl.  AgBr. 

-« 121  "(9^  15-6  190  (30-3)  17-3 

p    2-00  ...                 211             5-55         ...  6-42 

(IP/)*   4-8  (37)              7-4              6-3  (8-0)  6-7 

M/p   21-2  ...  351  25-8           ...  293 

OaOlj.  SrCl^.  Bad,. 

•^ 15-3  (hT)  (15-3)  (21-4) 

p   2  22         ...  296)  3-85 

(M»/)*  9-8  (9-5)  (106)  (12-4) 

M/p  50-6  ...  53-5  541 

The  first  point  to  attend  to  in  these  numbers  is  to  ascertain 
whether  the  additive  principle  applies  to  the  values  of  (M*/)*, 
The  differences  for  K  and  Na  are  1*2  in  the  chlorides,  '9  in  the 
bromides^  1*2  in  the  nitrates,  1*1  in  the  nitrites,  1*1  in  the 
chlorates,  1*1  in  the  cyanides,  of  which  the  mean  is  1*1.  This 
is  encouraging  enough  if  we  remember  the  roughnesses  of 
calculation  and  experiment.  Proceeding  to  take  the  differ- 
ences for  the  compounds  of  the  dibasic  acids,  we  get  for 
Kj— Naj  1*9  in  the  carbonates,  1*8  in  the  sulphates,  1*4  in  the 
chromates,  1*9  in  the  bichromates,  and  1*6  in  the  metaphos- 
phates,  the  mean  of  which  is  1*72,  which  is  less  than  twice  the 
mean  1*1  for  K— Na.  It  will  be  shown  later  that  in  a  com- 
pound RS^,  where  for  instance  R  represents  an  n-basic  acid 
and  S  a  monad  metal,  {M'/)*=  (F^  +  nFJ/n*,  where  F^  and  F, 
are  the  parts  due  to  R  and  S  :  according  to  this  principle  the 
value  of  Kj— Naf  in  the  above  compounds  ought  to  be  only 
2*  or  1*41  times  the  value  for  K  +  Nai ;  while  according  to 
the  mean  values  found  above,  Kj— Na,  is  1*6  times  K— Na. 
In  view  of  the  relation  for  RS^, 

(M»/)*M=F,/n  +  F„ 

the  best  plan  is  to  take  values  of  (M^/)Vn^  which  are  the  sums 
of  F^/n  and  F^  or  the  sum  of  parts  not  due  to  atoms  but  to 
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Table  X 

• 

Componnds 

of  Potassium  K. 

CO,. 

SO,. 

CrO^. 

OrA. 

CtsO^o 

.   PA. 

7-6 

82 

79 

Ill 

141 

10^ 

Compounds  of  Sodium 

Na. 

CO,. 

SO,. 

CrO,. 

Cr.O,. 

BA. 

WO,. 

6-4 

71 

70 

9^ 

10-3 

7-8 
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equivalents*  In  the  case  of  the  K  and  Na  <M>mponnd8  of  the 
dibasic  acids  in  Table  IX.,  we  will  reduce  the  value  of  (M*/)^ 
to  that  for  equivalents  not  by  dividing  by  the  theoretical  2* 
but  by  the  empirical  I'fi :  for  convenience  the  value  of  (M*Z)* 
thus  reduced  to  the  value  for  equivalents  will  be  denoted  by 
2F^,  the  relation  between  the  two  being  as  a  rule 

SF,=  (M'/)Vn^ 
though  in  the  present  case  we  are  taking  1*6  in  place  of  2^ 
in  order  to  allow  for  a  slight  difference  in  equation  (2)  as 
applied  to  the  compounds  of  the  dibasic  acids  ;   so  also  in 
Na^PjOy  1-6  \/2  will  be  used  instead  of  4*. 


2F. 


PA.   PA. 

2F, 6-4       71        70       9^         10-3       7*8       99        lO-S 

Thus  the  additive  principle  holds  throughout  the  values  of 
(M*/)*  in  Table  IX.  for  the  K  and  Na  compounds  of  the 
monobasic  acids,  and  in  Table  X.  for  eouivalents  of  their 
compounds  with  dibasic  acids  ;  and  if  we  knew  the  values  of 
F  for  K  and  Na,  we  could  at  once  obtain  the  values  for  the 
other  atoms  and  radicals  and  equivalents  involved.  We 
might  adopt  the  values  already  found  for  F  for  the  halogens 
in  the  organic  compounds,  but  seeing  that  we  do  not  know 
yet  how  far  the  absolute  values  given  by  equation  (2)  are  to 
be  relied  on,  the  following  process  is  safer.  From  the 
potassium  compounds  we  get  that  in  (M^/)*,  CI— F  =  1'2, 
Br— Fs=l'8,  and  I  — F=2'7;  while  in  the  molecular  volumes 
M/p,  which  in  solids  is  very  nearly  the  same  as  M/9,  we  have 
Cl-F=18-9,  Br-F«20-5,and  1-F=30-1;  or,  using  mean 
values  obtainable  from  data  for  the  haloid  compounds  of 
Li,  Na,  K,  and  Rb  given  later  on  in  Table  XIII.  from  C.  W. 
Clarke  (Phil.  Mag.  ser.  5,  iii.),  we  have  CI— F=  10-8, 
Br- F= 16-7,  and  I-F=26-8.  It  will  be  seen  that  these 
two  series  of  differences  in  M//9  are  about  ten  times  the  cor- 
responding differences  in  (M^/)^  and  10  was  the  value  that 
we  found  for  the  ratio  of  B  the  atomic  volume  to  F  for  the 
halogens  in  organic  compounds :  thus  then  it  happens  that 
equation  (2),  in  spite  of  the  roughnesses  in  it,  gives  values  of 
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F  far  the  halogens  in  harmony  with  those  already  found. 
Accordingly  we  oonid  adopt  for  F  for  the  halogens  in  inorganic 
compounds  the  yalaes  foand  in  the  organic,  bnt  it  seems  to 
me  nreferable  to  work  ont  the  results  for  inorganic  compoonds 
on  tbeir  own  basis.  To  do  so  we  need  the  atomic  volame  of 
fluorine  F.  Now  from  the  studies  made  by  many  chemists 
on  the  molecular  domains  (so-called  volumes)  of  liquids  at 
their  boiling-points  there  have  been  found  values  carried 
bv  the  individual  atoms  into  the  molecule,  and  for  the  halogens 
Thorpe  (Joum.  Chem.  Soc.  1880)  gives  the  values  F=9-2, 
Cl=22-7,  Br=28-1,  and  1=36-6,  whence  for  comparison 
with  our  series  of  differences  for  the  solid  state  we  get 
Cl-F=13-5,  Br-F=18-9,  and  I-F=27-4,  which  is 
curiously  close  to  identity  with  our  series,  and  indicates  that 
we  may  take  9  as  the  atomic  volume  of  F,  so  that  with 
Clarke's  differences  given  above  we  have  in  round  numbers 
the  following  atomic  volumes: — F=9,  C3=19,  Br=r26,  and 
1=36,  to  be  compared  with  the  former  Cl=19,  Br=24'5, 
and  1=32  (Table  v.).  Accordingly  the  part  contributed  by 
the  fluorine  atom  to  (M^/)^  is  about  '9  ;  and  with  the  series  of 
differences  given  above  we  have  the  series  of  parts  carried  by 
the  halogen  atoms  into  (M*/)*,  namely : — 

F=-9,  a=2-l,  Br=2-7,  and  1=36 
to  be  compared  with 

Cl=2-2,  Br=2-5,  and  1=3-2  in  Table  V. 

With  the  above  atomic  volumes  of  the  halogens  and  Clarke's 
molecular  volumes  of  the  K  and  Na  haloid  compounds  given 
later  on  in  Table  XIII.,  we  get  the  following  mean  atomic 
volumes,  Na=7'4  and  K=18'6  ;  and  with  the  above  values 
of  F  for  the  halogens,  we  get  from  Table  IX.  that  the  mean 
value  of  F  for  Na  is  3*1  and  for  E  is  4*2.  With  these  values 
of  atomic  volume  and  F  for  Na  and  E,  we  can  derive  from 
Tables  IX.  and  X.  the  volumes  of  a  number  of  negative 
radicals  and  their  values  of  F  when  they  are  monobasic,  of 
F/2  when  dibasic,  and  of  F/4  when  tetrabasic.  These  are 
given  in  the  next  table. 


Table  XI. 

NO,. 

NOj.                      ON. 

ClOr 

BrO,. 

B    ... 

...    31    (32) 

26-5  (24-5)             25    (19-5) 

35 

33 

F   ... 

...    3-7   (3-2) 

3-1    (2-8)               2-7   (2-4) 

3« 

37 

CO,.      8O4.     OrO^.      OtjOt.  Cr,0„.  B.O,.    WO4.      P^Oe         PA. 
B  ...  26         34  36  76        112        70         42         67  75 

P/2    3-3        4-0         38  6-8        99        7*2         47         6-7      F/4   41 
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The  values  added  in  brackets  in  the  last  table  are  reproduced 
from  Table  VI.  for  purposes  of  comparison,  and  snow  that 
according  to  our  methoids  of  calculation,  for  the  inorganic 
compounds  the  values  of  F  come  out  about  I'l  times  their 
values  as  found  in  organic  compounds  (see  also  the  values  for 
Br  and  I  above).  This  is  a  satisfactory  result  so  far  as  it 
goes,  but  on  the  strength  of  it  we  will  not  proceed  to  a  com- 
parison between  B  and  F  in  the  last  table,  but  will  wait  till 
we  have  controlled  these  values  by  an  independent  calculation. 
The  data  for  other  compounds  in  Table  IX.  are  too  few  to 
be  worth  discussing  separately,  but  will  be  considered  in 
connexion  with  values  by  another  method.  The  only  data 
for  the  surface-tension  of  liquid  compounds  at  their  solidi- 
fying points  known  to  me  and  not  mcluded  in  Table  IX. 
are  those  of  Traube  for  some  compounds  of  Na  and  K  with 
the  fatty  acids.     These  will  now  be  briefly  considered. 

Table  XII. 

K.  Nn. 


Formnte.  Acetate.  Formate  Acetate.  nJ^e,  Valerate.  Stearate. 

mm  71  4-3               7-7           40  23           14  1-4 

M/p    ...    44  81                36            63  70            104  326 

(M»/)*  ..    60  61               6-3           62  60           64  143 

These  values  of  (M^Z)*  are  exceptional,  for  they  do  not  in- 
crease by  '9  for  each  addition  of  CHj  to  the  acid  radical : 
with  4-2  for  K  and  S'l  for  Na,  also  2'\)  for  HCOO  and  -9  for 
CH2,  we  can  calculate  the  following  values  of  (M'/)*  for  com- 
parison with  those  just  obtained  from  experiment — 

7-1        8-0        6-0        6-9        7-8        9-6       21-3. 

The  reason  for  the  discrepancies  in  these  two  sets  of  values 
would  have  to  be  sought  for  by  a  special  inquiry. 

2  (i).    Second  Method  of  determinin/^    (M^/)*  for  Inorganic 
CompoundSy  namely  by  the  Kinetic  Theory  of  Solids. 

In  "  A  Kinetic  Theory  of  Solids  "  (Phil.  Mag.  ser.  5,  xxxii.), 
it  was  shown  that,  for  a  homogeneous  isotropic  solid  composed 
of  molecules  which  can  be  regarded  as  spheres  of  diameter 
E  whose  centres  are  at  an  average  distance  e  from  their  nearest 
neighbours,  D  being  the  average  kinetic  energy  of  each, 
9D  1  * 

m^^r  ^^-Kr)-^ (3) 

£  is  also  the  distance  apart  of  the  centres  of  two  when  they 
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are  in  contact^  and  ^(r)  the  attraction  between  two  molecules 
at  distance  r  apart,  the  saramation  to  extend  to  all  molecales 
within  appreciable  action  of  any  one.  It  may  be  more  con- 
venient to  sum  both  members  of  the  above  eqnation  for  all 
the  molecules  in  unit  mass,  when  we  get 

j^-^SS^W=0.    ....   (4) 

If  the  law  of  force  is  given  by  ^(r)  =  3A.m^/iA,  then  2Sr0(r)/6 
reduces  tx>  what  is  denoted  by  tp  in  the  notation  of  the  "  Laws 
of  Molecular  Force,''  and  ^=7n/p,  so  that 

^^^-^^=lpym  and  Wl^  (j)  ^^^^^y    •    •    (5) 

This  eauation  was  established  on  the  assumption  that  the 
molecules  collide  as  though  they  were  perfectly  restitutional 
spheres. 

Now  22 D  is  twice  the  kinetic  energy  of  the  motion  of  the 
centres  of  mass  of  the  molecules  in  unit  mass,  and,  if  the 
energy  of  other  motions  is  negligible,  equals  2Jc^,  where  6  is 
the  temperature  and  c  the  specific  heat.  ^(^— E)  =  E'(^/E  ^  1) 
approximately;  if  the  molecules  are  invariable  with  tempera- 
ture, e/E  —  1  =s  6^,  where  b  is  the  coefficient  of  linear  expansion 
of  the  solid,  and  it  was  shown  that  the  metals  behave  as  if  E 
diminished  with  rising  temperature  in  such  a  way  as  to  make 
efE^l  =  lb0  approximately  ;  and  as  W=:m/p  nearly,  we  have 

5^-  ^-^J««/2'HMfr),    .    .  (6, 

m  bein^  the  actual  mass  of  a  molecule,  and  M  the  ordinary 
molecukr  mass  referred  to  that  of  the  hydrogen  atom.  Now 
tfM,  by  Dalong  and  Petit's  law,  is  nearly  6'4  for  the  metals, 
so  that  M»/=-61J(M/p)/6 (7) 

The  values  of  b  have  not  been  found  experimentally  for  a 
number  of  the  most  interesting  metals,  but  can  be  got  by 
means  of  an  empirical  relation  given  in  *'A  New  Periodic 
Property  of  the  Elements  '*  (Phil.  Mag.  ser.  5,  xxx.,  also 
xxxii.  p.  540),  namely,  if  T  is  the  absolute  melting-point 
&TMi='044,  and  then 

M«/=-6lJ(M/p)TMJ/-044 (8) 

Taking  J  as  4*2  x  10^  ergs  and  using  10^*  dynes  as  the  unit  of 
force  as  hitherto,  then  finally 

M»/=5-8xlO-'*(M//:))TMI (9) 

This  equation  applies,  so  far  as  we  know  at  present,  only  to 
the  metals  ;  it  has  been  deduced  from  (3),  which  applies  only 
PhU.  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  C 
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to  solids  in  which  the  molecnles  are  monatomic  or  composed 
of  eqnal  atoms,  as  in  the  case  of  the  elements,  all  the  atoms 
being  treated  as  separate  spheres.  The  corresponding  equation 
for  compound  solids  is  sketched  in  section  9  of  the  ^'  E^inetic 
Theory  of  Solids  "  (Phil.  Mag.  ser.  6,  xxxii.  p.  550),  but  in  a 
form  which  is  not  correct  unless  a  strained  interpretation  is 
put  on  certain  symbols;  but  we  can  easily  establish  die 
correct  form  now.  There  would  be  no  need  to  establish  a 
separate  form  of  equation  for  solid  compounds  if  we  knew 
that  the  molecules  move  as  wholes  ;  but,  on  the  contrary,  we 
have  evidence  that  the  atoms  in  the  molecule  move  almost 
independently  of  one  another,  for  according  to  Joule  and 
Kopp's  law  the  molecular  specific  heat  of  solid  compounds  is 
the  sum  of  the  atomic  specinc  heats  of  the  atoms  in  the  mole- 
cule. In  a  certain  sense  a  solid  compound  is  like  a  mechanical 
mixture  of  its  atoms  :  in  the  act  of  combining  the  atoms  have 
produced  mutual  changes  in  their  sizes  and  attracting-power 
and  other  properties,  and  the  solid  is  like  a  mechanical  mixture 
of  these  changed  atoms.  Now  in  the  establishment  of  equa- 
tion (3)  for  elements,  the  first  term  2D/3^(«— E)  is  calculated 
as  the  collisional  pressure  per  unit  surface,  that  is  the  force 
transmitted  across  that  surface  by  the  collisions  of  molecules, 
or  rather  atoms,  of  diameter  E,  average  distance  e  from  next 
neighbour,  and  kinetic  enegy^  D,  while  the  term  2rA(r)/6^ 
is  the  resultant  attraction  which  equilibrates  this  collisional 
pressure.  Let  N  be  the  number  of  atoms  in  unit  volume, 
then  ^s=l/N,  and  the  collisional  pressure  can  bo  written 
2DN/3(1 — E/^).  Now  if  we  have  N  molecules  of  a  compound 
solid  in  unit  volume,  and  if  each  molecule  contains  n|  atoms 
of  an  element  Ai,  rif  atoms  of  an  element  A^,  and  so  on,  then 
the  collisional  pressure  due  to  the  rii  atoms  of  A,  in  unit 
volume  is  m,ri*Nn,/3(l  — Ej/^j),  and  similarly  for  the  other 
atoms,  the  total  collisional  pressure  being  their  sum,  so  that 
we  have  the  equation 

sVl^ElM"^  rrE^T^  +  '-'h  6?^*^*^*  •  (^^) 

denoting  the  mean  distance  of  two  neighbour  molecules  from 
one  another  by  e :  thus  we  get  for  a  compound  solid  free 
from  external  force  the  equation 

We  cannot  assign  the  values  of  1— Ei^^i  for  atoms  in  com- 
pounds in  the  present  state  of  our  knowledge  ;  but  as  it  was 
shown  that  for  the  metals  1— E/^=7i9,  where  b  is  the 
coefficient  of  linear  expansion  and  d  the  absolute  temperature. 
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it  is  reasonable  to  imagine  that  in  tbe  last  equation  1— Ei^i, 
1— Es/^3  and  so  on,  can  be  replaced  by  a  single  mean  value 
proportional  to  bdj  where  b  is  the  linear  coefficient  of  expan- 
sion of  the  solid  compound.  Denote  each  by  abd^  where  a  is 
a  cofMiaiit  which  may  or  may  not  be  the  same  as  the  7  for 
metals,  and  replace  nimir,*+n,mjr,'+  . . .,  which  is  twice  the 
total  kinetic  energy  of  the  molecule,  by  its  valne  2JMcd, 
where  e  is  the  specific  heat  of  the  compound,  then  the  last 
equation  becomes 

3?^=6?^''*^''^'  •  .  .  •  .  (12) 
in  which  6  is  at  present  unknown  for  most  compounds.  But 
as  in  the  metals  iTM^n='044,  so  we  may  assume  for  com- 
pounds that  6TM*  is  constant ;  and  merging  this  unknown 
constant  and  1/a  into  a  single  constant  ?,  for  compounds  of 
the  same  type  we  get  finally 

M»i=«=5•8xlO-^t^(M//:>)TM^     .    .    .    (18) 

difiering  from  the  eouation  (1^)  for  elements  only  in  the  con- 
stant ib  to  be  ascertained  for  each  type  of  compound.  It  so 
happens  that  for  binary  compounds  of  monad  elements  such 
as  I^^aCl  or  KI,  the  value  1/2  for  k  gives  good  results  ;  and  as 
Me  for  the  chlorides  of  this  type  is  12*7,  and  for  the  bromides 
13  8,  and  the  iodides  13*4,  the  mean  of  which  can  be  taken 
as  practically  double  the  6*4  for  the  atomic  specific  heat  of 
the  elements,  then  the  equation  (13)  for  such  compounds 
reduces  to  the  same  as  that  for  the  elements  (9). 

We  will  first  take  the  data  for  the  haloid  compounds  of  the 
metals  of  the  Li  family  ;  the  melting-points  are  those  given 
in  Camelley's  paper  on  the  Periodic  Law  (Phil.  Mag.  ser.  6, 
xviii.,  also  Joum.  Chem.  Soc.  xxix.,  xxxiii.,  xxxv.,  xxxvii.)  ; 
the  molecular  domains  (volumes)  are  those  given  by  F.  W. 
Clarke  (Phil.  Mag.  ser.  5,  iii.),  and  differ  slightly  from  those 
previously  given  in  this  paper  in  Table  IX.  Below  the 
values  of  (M'O*  calculated  bv  the  equation  (9)  are  given 
values  from  Table  IX.  found  from  surface-tension?. 
Tablk  XIII. 
Li. 

F.  CI.  Br.        I. 

T 1070  870  820  719 

M/p    11-8  21-8  28^^0  88-4 

UH  12-0  20^  28-0  36*2 

{Wl) 3-5  4-5  6-3       60 


^i:ite(  ••    -^-3 


Na. 

F. 

01. 

Br. 

I. 

1270 

1045 

981 

901 

1«4 

278 

88^4 

48^5 

21-2 

aw 

411 

62-4 

46 

67 

6-4 

7-2 

6-2 

60 

C2 
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T 

M/p    .. 
UH 

(M'O* 

(M*/)*from1 
Table  EL  / 


P. 

1060 
28-2 
327 

6-7 

51 


Table  XIII. 
K. 

a.  Br. 
1007      972 

44-6 

66-7 
7-6 


[continued). 


88-3 

46-0 

68 

63 


I. 

907 

543 

667 

8-2 


6*9       IS 


32-6 


Rb. 

Cl. 

Br. 

I. 

983 

956 

915 

548 

595 

703 

69^ 

76-9 

90-8 

8-3 

8-8 

9-5 

The  general  agreement  between  the  two  sets  of  values  of 
(M*/)*  is  surprisingly  good,  the  values  found  by  (9)  being  on 
the  average  about  7  per  cent,  larger  than  those  found  from 
surface-tensions.  The  data  for  the  haloid  compounds  of  the 
other  metal  of  this  family,  namely  Cs,  are  incomplete,  at  least 
I  have  failed  to  find  data  for  the  densities  of  Cs  compounds  ; 
but  the  following  considerations  give  us  the  molecular  domains 
of  Cs  compounds  in  a  satisfactory  manner  ;  the  mean  differ- 
ence in  the  molecular  domains  of  the  corresponding  Na  and 
Li  compounds  is  5*4,  for  E  and  Na  it  is  11*2,  and  for  Rb 
and  K  15*8,  numbers  which  are  closely  1  x  5*4,  2  x  5*4,  and 
8  X  5*4.  Consequently  for  Cs  and  Rb  compounds  we  should 
expect  a  difference  4x  5*4  or  21*6,  which  when  added  to  the 
domains  for  the  Rb  compounds  gives  the  domains  tabulated 
hereunder  with  the  melting-points  taken  from  Carnelley's 
diagram : — 

Table  XIII.  {continued). 
Cs. 


T 

M/p.... 
M»/.... 
(MV)». 


01. 
904 

76 

93-8 

97 


Br. 
879 

81 
1007 

10^ 


92 

116-4 
108 


The  simplest  way  to  deal  with  compounds  of  the  type  RClj, 
RCls,  and  RCI4  is  to  replace  *Mc/6'4  in  equation  (13)  by  I, 
as  we  have  done  with  tne  type  RCl,  and  then  ascertain  what 
values  must  be  assigned  to  iMc/6'4  to  make  the  results  con- 
sistent with  one  another;  then,  having  the  value  of  Mo  for 
each  tjrpe,  we  can  assign  the  value  of  k  for  each.  As  the 
event  proves  that  A;Mc/6'4  is  1,  or  nearly  1,  for  the  simple 
types  KCl,  RCl,,  RCls,  and  RCI4,  we  can  proceed  to  tabulate 
values  of  (M*Z)*  from  (9),  namely,    . 

.  M«/=5-8xlO-XM//>)TM*,     ...,(») 
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which  thas  becomes  the  fundamental  equation  for  the  elements 
and  the  above  types  of  compounds.  For  these  types  k  there- 
fore varies  inversely  as  Me,  but  Mc  is  tniCi  +  m^-^  . . .,  that 
is  the  sum  of  the  atomic  specific  heats,  which  for  most  atoms 
are  each  nearly  equal  to  6*4,  so  that  for  these  types  Mo/6*4  is 
equal  to  the  number  of  atoms  in  the  molecule,  and  accordingly  * 
is  inversely  proportional  to  the  number  of  atoms  in  the  mole- 
cule. When  we  come  to  types  such  as  RNOs,  involving  a 
compound  radical  NO^,  some  of  whose  component  atoms  have 
an  atomic  specific  heat  less  than  6*4,  k  is  inversely  as  the 
number  of  radicals  in  the  molecule,  so  that  for  BNOo  it 
remains  1/2  as  for  RCl,  but  Mc  is  no  longer  2  x  6*4.  The 
ciise  of  R(N03)s  is  not  so  simple,  but  these  matters  will  be 
gone  into  later  on  ;  at  present  we  proceed  with  the  application 
of  (0)  to  the  types  RC1„  RCls,  and  RCI4. 

The  data  and  results  for  a  number  of  haloid  compounds  of 
these  types  are  given  in  the  next  table,  the  meltmg-points 
being  as  before  taken  from  Carnelley's  table  and  diagram, 
and  the  densities  used  in  calculating  the  molecular  domains 
being  derived  from  various  sources  (chiefly  F.  W.  Clarke's 
collection  of  data  in  Smithsonian  Miscellaneous  Collections, 
xii.  and  xiv.)  ;  the  bracketed  values  of  the  molecular 
domains  are  the  approximate  results  of  interpolation. 


Table  XIV  (Type  RClj). 


Mg. 


Br,. 


T 1180      981      971 


M/p.... 


251 
6-8 


436    (56)     (71) 
7-3     8-6       9-7 


Sr. 


Br,.     I,. 


T 1170      1098      903     780 


(M«/)*.. 


(31) 
69 


51-9 

87 


Zn. 


T 535 

M/p    49-4 

(H'O*     ••    5-9 


Br,. 

667 

61-8 

7-7 


524    77-4 
90      9^ 

Ir 

719 

67-9 
8-6 


1170 

24-8 

6-9 

F,. 
1180 
36-2 

7-7 

CI,. 
814 
50-5 
75 


Ca. 

CI,.* 
992 
500 

7-9 

Ba. 

01,.* 

1181 

541 

9-5 


Br.. 

603 
8-9 

Br,. 

1065 
70-3 
10-7 


Cd. 
Br,. 
844 
57-9 
85 


I,. 
904 

(75) 

100 

I.. 

929 

(85) 
111 


677 
794 
91 


*  Compare  with  these  the  values  in  Table  IX.  from  surface- tensions, 
namely,  0-8  for  CaCL,,  10*6  for  SrCL,  12-4  for  BaCl,,  63  for  AgCl,  and 
6*7  for  AgBr,  which  are  all  about  1*2  times  the  values  in  this  table,  but 
the  values  of  the  surface-tensions  are  uncertain. 
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T 

M/p.... 


561 
6(M) 
6-4 


Table  XIV.— Type  RCl,  (continued). 
Eg. 


Br.. 

517 

62-7 

71 


T 

M/p    ., 


T 

M/p.... 


CV  Br,. 

707  780 

65-7  60-6 

7-4  8-4 

Pb. 

CI,.  Br,. 

769  769 

.  47-8  55-2 

.    7-4  8-1 


514 

724 

77 


la- 

874 

863 
10-8 


653 

75-5 

8-9 


Hg,. 

Br,.  I,. 

678  562 

76-6  851 

9-4  9-0 


01.» 

724 

26-8 

5D 


Ag. 

Br.» 

700 

29-7 

6-4 


OuCl^ 

773 

44-0 

6-7 


la 

800 

41-8 
6-0 


For  the  haloid  compounds  of  other  metals  data  are  available 
for  the  boiling-point  as  well  as  for  the  melting-point,  so  that, 
besides  the  equation  (9)  relating  to  the  melting-point,  we  can 
use  the  approximate  equation  (''  Laws  of  Molecular  Force,'* 
p.  247) 

M2/=1190xlO-«MriT^      ....     (14) 

relating  to  the  boiling-point  T*,  and  so  obtain  two  sets  of 
values  for  (M^Z)*,  which  are  given  in  the  next  table  along  with 
their  ratio  (r,  is  strictly  the  volume  of  a  gramme  at  xi,  but 
the  value  of  l/p  at  0°C.  can  be  taken  as  a  good  enough 
approximation). 

Table  XV.  (Types  RCI3  and  RCIJ. 


B. 


T 

\ 

M/p 

(MaO*from  (9). 
(M'O*  from  (14)  5-5 
Ratio 114 


a,. 

210 
290 

87 
.  4-8 


Br,. 
270 
363 
93 
61 
6-3 
103 


Al. 

c. 

Br..    I.. 

CI,. 

Br,. 

I4. 

363   398 

364 

420 

633   623 

351 

462 

... 

105    155 

94 

98 

120 

75    99 

... 

7-4 

91 

81   10-7 

63 

7-3 

1^   108 

... 

0^ 

See  footnote  preceding  page. 
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Table  XV.  {continued). 


Si. 

CI,.  Br,. 

T 260 

T4 331  426 

M/P 112  124 

{Wl^  from  (9)    ...  70 

(M*/)*from  (14)   6-6  7-9 

Rttio    113 


Ti. 


408 
106 

72 


Br,. 

312 

503 

142 

8-3 

9-2 

111 


01,. 

260 

388 

118 

67 

7-4 


Sn. 
Br4. 
303 
474 
132 
8-0 
8-6 


I*. 
419 

568 

133 

97 

9-5 


110       108      05 


P. 

01,.  Br,. 

T 

T4    351  444 

M/p 86  93 

(M»0*from(9) 

(ir/)*from(14)...  6-0  7*0 

Batio  


01. 
250 
405 
82 
5-3 
6'3 
119 


As. 

Br,. 
295 
493 
85 
6-2 
71 
115 


I.. 
419 

677 

104 

8-4 

91 

1-08 


Sb. 

01,.  Br,.  I,. 

345  363  438 

496  549  693 

74  88  103 

(M«0* from  (9)  6*0  70  8*6 

(M»0* from  (14) 66  7  6  9-2 

Bfttio    MO  1-09  107 


T  .... 
T*.... 

H/p. 


Bi. 


01,. 

503 
703 
69 
7-2 
7-6 
1-06 


Br,. 
480 
749 
80 
7-8 
8-4 
1-08 


From  the  row  of  ratios  it  appears  that  the  boiling-point 
method  give.s  results  which  on  the  average  are  1*08  nmes 
larger  than  those  given  by  the  melting-point,  an  accord  which 
is  again  surprising,  seeing  that  in  an  arbitrary  manner  we 
assumed  for  compounds  the  relation  T6M^= constant,  estab- 
lished experimentally  only  for  the  metals  :  if  instead  of  '044 
we  took  '040  for  the  constant,  the  agreement  between  the  two 
methods  would  become  complete  for  most  of  the  compounds. 
This  agreement  proves  what  was  asserted  in  connexion  with 
equation  (13),  that  k  for  these  types  is  inversely  proportional 
to  the  number  of  atoms  in  the  molecule. 

Before  accumulating  any  more  data  it  will  be  well  to  extract 
the  general  results  from  those  just  given  in  Tables  XIII.,  XIY., 
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and  XY .  In  the  haloid  compoands  of  the  Li  family  the  mean 
difference  in  (M*/)*  for  the  chlorides  and  fluorides  (CI  — F) 
is  1-1,  for  Br-F  1-8,  and  for  I-F  25;  which  are  a  little 
smaller  than  the  1*2, 1*8,  and  2*7  which  we  got  before,  although 
the  values  of  {Wl)^  in  Table  XIII.  are  larger  than  those  in 
Table  IX. 

Similarly  we  have  the  average  values  Na— Li=l*l, 
K-Li  =  2-2,  Rb-Li  =  3-6,  and  Cs-Li=4-9,  which  go 
nearly  as  1,2,  3,  and  4.  The  corresponding  differences  in 
the  molecular  domains  with  Clarke's  values  given  in  Table 
XIIL,  are  Na-Li=5-4,  K-LI  =  16-6,  Rb-Li  =  32-4.  The 
same  molecular  domains  taken  in  conjunction  with  Thorpe's 
values  for  the  halogens  in  organic  compounds  lead,  as  has 
been  already  shown,  to  the  domtiins  9  for  F,  19  for  CI,  26  for 
Br,  and  36  for  I,  which  lead  to  a  mean  value  2*0  for  Li ;  so 
that  the  molecular  domains  of  the  metals  of  the  Li  family  in 
the  compound  state  are  2*0  for  Li,  7*4  for  Na,  18' 6  for  K, 
34*4  for  Rb,  and  probably  56  for  Cs.  To  obtain  the  values 
contributed  to  (M*/)*  by  these  atoms,  it  must  be  remembered 
that  from  the  results  in  Table  IX.  we  found  that  the  value 
for  fluorine  might  be  taken  as  '9,  so  for  the  numbers  in 
Table  XIIL  it  should  be  taken  as  about  '9,  giving  for  the 
halogens  the  values  '9  for  F,  2*0  for  CI,  27  for  Br,  and  3*4 
for  1,  nearly  the  same  as  the  former  values  '9,  2'1,  2*7,  and 
3*6  ;  which  will  be  retained  and  lead  to  the  values  2*4  for  Li, 
3-5  for  Na,  4"6  for  K,  6  0  for  Rb,  and  7-3  for  Cs,  which  go 
very  nearly  as  2,  3,  4,  5,  and  6. 

To  complete  the  data  for  the  Be  family  we  require  the 
densities  of  the  haloid  compounds  of  Bo,  but  as  these  appear 
to  be  wa  ;ting  we  must  approximate  to  the  molecular  volumes 
of  the  Be  compounds  by  means  of  the  fact  that  the  molecular 
volume  of  BeO  is  5  less  than  that  of  MgO  ;  subtracting  then 
5  from  the  molecular  volumes  of  MgCTj,  MgBr^,  and  Mgl^, 
we  can  supply  the  following 

Supplement  to  Table  XIV. 
Be. 

CJ,.  Br^.  I,. 

T  870  870  770 

M/p 39  51  66 

(MV)* 6-4  7-8  3-6 

On  passing  from  the  haloid  compounds  of  the  monad 
metals  m  Table  Xlli.  to  the  compounds  of  the  dyads,  triads, 
and  tetrads  in  Tables  XIV.  and  XV.,  the  first  point  to  arrest 
attention  is  that  the  values  for  Ij  — CI3,  l^— CI3,  I4— CI4  are 
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not  2  and  3  and  4  times  the  value  of  I  —  CI  already  found  in 
connexion  with  the  monad  metals :  we  have  the  following 
mean  values: — 

I-CL  1,-Cl,.  I|-C1,.  I4-OI4. 

1-4  1-8  2-7  31 

The  discrepancies  in  these  values  might  be  ascribed  to  an 
error  in  the  assumption  that  killc/6'4  is  equal  to  the  same 
constant  1  for  all  these  types  of  compounds  ;  and  it  nii^ht  be 
supposed  that  the  constant  ought  in  each  case  to  be  chosen 
so  that  I,— Clj,  I3— Cls,  and  I4— CI4  are  2  and  3  and  4  times 
I— CI.  But  this  supposition  breaks  down  when  it  is  re- 
membered that  in  the  types  RCla  and  RCI4  values  of  (M'Z)* 
as  foand  by  the  independent  boiling-point  method  are  only 
8  per  cent,  larger  than  those  by  the  other  method.  It  is 
true  that  the  boiling-point  method  is  only  approximate^  but 
that  the  approximation  is  fairly  close  can  be  set^n  by  com- 
paring the  following  pairs  of  values,  the  first  of  each  pair 
being  the  approximate  value  from  Table  XY.  and  the  second 
the  value  from  Table  VII.,  namely  :— 

POl,.  AflOl,.  Ca^.  SiOl^.  SnOl^. 

6-0  6-3  6-3  6-6  7-4 

6-6  7-0  6-8  6-9  78 

These  comparisons  show  that  the  phenomenon  that  the 
values  in  (M^O*  for  I-Cl,  1,-C1„  Ij-Cls,  and  I4-CI4  do 
not  stand  as  1,  2,  3,  4  is  a  real  one,  and  not  the  result  of 
accumulated  imperfections  in  the  methods  of  calculation. 
The  values  given  above  for  these  differences  stand  more 
nearly  in  the  relation  1,  2*,  3*,  4*;  and  supposing  it  to  be  the 
true  one,  they  can  be  brought  into  almost  complete  harmony 
if  we  return  to  the  old  relation  6TMv= constant,  and  denoting 
by  E  an  equivalent  replace  it  by  6TE«= constant,  which  would 
reduce  the  values  of  (iPZ)*  for  the  four  types  in  Tables  XIIL, 
XIV.,  and  XV.  by  factors  1,  1/2",  1/3ti,  J/4"  :  then  the 
numbers  1-4,  1-8,  2*7,  and  3-1  for  I-Cl,  Ij-Clj,  la-Cls,  and 
I4— CI4  ought  to  be  as  1, 1/2'V,  1/31^1,  and  1/4tV.  Dividing  the 
numbers  by  these  powers,  we  get  for  I— CI  the  series  of  values 
1*4,  1*2, 1*4,  and  1*4,  which  are  as  nearly  constant  as  possible 
under  the  circumstances. 

This  constitutes  the  main  part  of  the  proof  that  in  com- 
pounds of  the  type  RS,,  where  R  is  an  yi-valent  atom  and 
S  a  monad,  (M*/)*  is  of  the  form  (Fr+nF,)/n*,  whence 
{Wl)^/n^=Frln'^F^  Thus  our  best  plan  will  be  to  divide 
the  numbers  in  Table  XIII.  by  2t^«,  and  those  in  XIV.  by 
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Si'i  and  4i'«,  and  tabulate  the  reenlts  as  F^/2  +  F,,  F^8  +  F., 
and  Fr/4  +  F„  according  to  the  type  of  compound. 

Table  XVL—(Fw^2  +  F.). 

Be.  Mg.  Oft.  6r.  Ba. 

Fj    ...  3^  3-9  4-6  51 

OL,  42  4-8  6-3  68  63 

Br, 5-2  5-8  59  60  71 

la 5-7  6-1  67  64  7*4 

There  are  some  irregularities  among  these  numbers,  the 
most  pronounced  being  where  the  value  for  Srij  falls  below 
that  for  Cals ;  but  ignoring  these  as  due  to  no  fundamental 
error,  we  get,  taking  the  data  for  the  chlorides  as  the  best, 
with  2*1  as  the  value  for  CI,  the  following  values  for  Fr/2  or 
F/2,  and  approximate  values  of  B  denved  from  the  best 
values  of  M/p  in  Table  XIV, 

Table  XVIL 

Be.  Mg.  Ca.  Sr.  Bh. 

F/2=21  27  3  2  37  4  2 

B    =1-0  5-6  8-6  106  166 

Table  XVI.  {continued).— Fr/S-^F,. 

B.  Al.  P.  A«.  Sb.  Bi. 

CI, 2-7  ...  2-9  30  3-2  37 

Br, 31  4-0  3-4  34  37  41 

I,    5-2  ...  4-5  4-5 

Table  XVI.  {continued).— Fr/i  +  F^. 

0.  Si.  Tl  Sn. 

CI,  2-6  27  3-0  3-0 

Br^ 31  8-2  3-8  35 

I4     4^  ...  ...  41 

The  values  just  given  for  the  types  RCI|  and  RCI4  are  the 
means  of  those  given  hj  both  the  melting-point  and  boiling- 
point  methods,  the  latter  being  reduced  first  by  dividing  by 
1*08  the  mean  ratio  o(  results  by  the  two  methods,  and  then 
converted  to  equivalent  values  by  dividing  by  3^  and  4*. 

Again,  amongst  the  types  RC1|  and  R(Jl4,  taking  the  values 
of  Fr/3  +  F,  and  Fr/4  +  F,  for  the  chlorides  as  the  roost 
reliable,  but  allowing  for  the  others  where  necessary,  and 
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p. 

At. 

Sb. 

Bi. 

B. 

Al. 

0. 

Si. 

Ti. 

Sn. 

•8 

•S5 

1-05 

1-5 

•6 

1-2 

F/4... 

•6 

•« 

•95 

•95 
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using  2*1  as  the  value  of  F^  for  CI  as  S,  we  get  the  approximate 
values : — 

Table  XVIIL 

p.     At.       Sb.       B 

F/3... 

In  the  compounds  of  the  zinc  family  irregularities  appear 
in  (M*/)*  :  thus  for  I, -CI,  we  get  with  Zn  2*7,  with  Cd  1-6, 
and  with  Hg(ic)  1*3,  instead  of  the  1*8  proper  to  dyads  :  so 
also  are  the  compounds  of  Cii(ous)  and  Ag  exceptional,  for 
Cu,l,— CujClj  is  3*4  and  Agl— AgCl  is  1*9;  hut  the  reasons 
for  these  irregularities  can  hardly  be  gone  into  in  the  present 
paper,  though  in  a  general  way  they  suggest  themselves. 

So  far  the  method  of  the  Kinetic  Theory  of  Solids  has  been 
applied  to  only  the  haloid  compounds  of  the  metals,  and  it 
will  be  interesting  to  see  how  it  works  with  compounds  in- 
volving more  complicated  acid  monovalent  radicals  such  as 
N0|,  UlOs*  The  equation  (13),  which  for  the  haloid  com- 
pounds was  shown  to  simplify  down  to  (9),  must  for  these 
compounds  be  used  in  its  original  form  (13)  with  k=l/2  : 
for  the  nitrates  of  the  form  RNOa,  Mc  has  a  mean  value  24, 
so  that  (13)  becomes 

M»/=5-8x^(M/p)TMi,,    .    .    •     (15) 

which  will  be  used  as  near  enough  for  the  chlorates,  bromates, 
and  iodattts,  though  in  them  Mc  is  a  little  larger.  The 
following  are  the  data  for  this  type  of  compound  : — 

Tablb  XIX. 

Nitrates. 

Li.  Na.  K.  Ag.  Tl. 

T 640  693  605  491  478 

M/p    ...  289  39-0  48-8  392  459 

(M*/)*...  5-8  71  8-3  7-0  78 

Cliloratcs.  Bromates.  lodates, 

Na.  K.  Na.  K.  Na.  K. 

T  575  632         654  (690)  (770)         883 

M/p 430         52-8        45-2  51-2  46*3         55-0 

(M»0*  -  7-9  8-9  8-6  95  97  110 

With  the  values  2-4  for  Li  in  (M«0*,  8-5  for  Na,  and  4-6 
for  K  obtained  from  the  haloid  compounds,  we  derive  from 
the  last  table  the  following  mean  values  for  the  parts  con* 


Digitized  by 


Google 


28  Mr.  William  Sutherland  on  the 

trlbuted  by  the  radicals  NO,,  ClOs,  BrO„  and  IO3  to  (M«/)*, 
along  with  the  values  reproduced  from  Table  XL,  where  they 
were  obtained  by  the  surface-tension  method  : — 

Table  XX. 

NO,.  CIO,.  BrO,.  10,. 

3-6  4-4  5-0  6-3 

37  36  3-7 

The  agreement  in  the  two  sets  of  values  is  good  only  for 
NO3,  but  it  sliould  be  noted  that  the  value  for  BrOa  from 
Table  XI.  is  too  small  in  comparison  with  that  for  ClOj. 
With  3*6  as  the  value  for  NO3  we  can  obtain  from  Table  XIX. 
values  for  Ag  and  Tl,  namely  Ag=3'4,  which  is  *!  less  than 
Na,  while  the  irregular  results  for  the  haloid  compounds  of 
Aff  would  make  it  about  '5  less  ;  for  Tl  the  value  is  4*2. 

To  the  data  for  the  carbonates,  sulphates,  and  metaphos- 
phates  of  the  monad  metals  similar  considerations  have  to  be 
applied  as  to  those  for  the  nitrates.  Equation  (13)  has  to  be 
used  with  a  value  28  for  Mc  in  the  carbonates  of  type  R2CO8, 
33  in  the  sulphates  R2SO4,  and  50  in  the  meta  phosphates. 
As  there  are  3  radictils  in  these  types  k  will  be  1/3,  and  ns  in 
the  case  of  RClg  we  divided  our  original  values  of  (M^/)*  by 
2^**  to  get  true  values  of  (M*/)V2*  or  SF^  so  also  in  these 
types  we  must  do  the  same  :  thus  for  the  carbonates  RjCOs, 

28 
M«/=5-8xlO-^X3^g.^^^,;.    .     .    (16) 

for  the  sulphates  R2SO4, 

M*/=the  same  with  33  in  place  of  28, 

and  for  the  metaphosphates  the  same  with  50  in  place  of  28. 
These  equations  give  the  following  values : — 

Table  XXI. 

Carbonates. 
Li.  Na.  K.  Bb.  Tl. 

T 9t$8  1087  1107  1110  546 

M/p 85  43  60  (92)  66 

XF. 51  6-2  7-6  9-7  61 

Sulphates.  Metaphosphates. 

Li.  Na.  K.  Ag.         Tl.  Na.         Ag. 

T 1091        1134        (1150)        927        905  890        765 

M/>...  60  54  66  53  74  82  84 

XP^.  .  7*3  7-8  8*9         7-9        92  109       107 


Digitized  by 


Google 


Laws  of  Molecular  Foi*ce.  29 

The  value  of  2F,  for  TI3CO1  is  probably  too  small  because 
the  melting-point  given  for  this  compound  seems  to  be  too 
low.  Confining  our  attention  to  the  Na  and  K  data,  which 
are  the  best,  we  get  for  F/2  for  CO3  the  value  2*8  as  against 
3*3  by  the  surface-tension  method,  and  for  SO4  F/2  is  4*3  as 
against  4*0  in  the  surface-tension  method.  This  value  4*3 
gives  for  F  in  Ag  a  value  3'6,  while  3*4  was  the  value  de- 
rived from  the  nitrate,  in  Tl  F  is  4*9  from  the  sulphate  as 
against  4*2  from  the  nitrate ;  the  values  for  the  metaphos- 
phates  again  show  that  Na  and  Ag  have  nearly  equal  values 
for  F,  and  that  for  P,0«  F/2  is  7-4,  while  6*7  was  the  value 
found  by  the  former  method. 

We  advance  to  a  higher  degree  of  molecular  complexity 
when  we  take  np  the  nitrates  of  the  dyad  metals  of  type 
R(N08]s;  here  M<;  is  41*6,  and  as  there  are  three  radicals  in 
the  molecule  k  is  1/3,  and  thus 

M«/=5-8xlO-*3^(M/p)TMi.  .     .    .     (17) 

It  happens  that  this  equation,  when  applied  as  in  the  next 
Table  to  the  nitrates  of  Ca,  Sr,  and  Ba,  gives  values  for 
(M*/)*  which  are  nearly  the  sum  of  F  for  Ca  and  twice  F 
for  NOs,  and  so  on,  so  that  the  effect  of  valency  does  not 
appear  here ;  but  before  remarking  further  about  this  let  us 
take  the  data  : — 

Table  XXII. 

Nitrates.  Chlorates. 

Oa.  Sr.  Ba.  Ba. 

T a34  918  8(W  687 

Ulp 69-5  719  80^  (97) 

(M»0* 13-0  U-2  149  14-7 

With  F  for  NOj  as  36,  for  Ca  as  6-4,  Sr  74,  and  Ba 
8-4  (see  Table  XVil.),  we  get  for  the  nitrates  13-6,  14-6, 
and  15*6,  when  valency  is  ignored,  and  these  values  are  in 
substantial  agreement  with  those  just  given  in  the  Table. 
The  question  arises  whether  this  is  merely  the  fortuitous 
effect  of  some  peculiarity  of  these  nitrates  not  taken  account 
of  in  equation  (17),  or  whether  it  is  due  to  the  fact  that  the 
valency  of  the  atom  which  determines  the  type  exercises  less 
influence  as  the  radicals  to  which  it  is  united  become  more 
complex  ;  or,  in  other  words,  do  the  compounds  of  the  metals 
when  complex  enough  tend  towards  obeying  the  same  law 
for  (M^/)*  as  holds  in  the  carbon  compoands  ?    The  question 
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is  merely  raised  in  connexion  with  the  results  of  the  last 
table,  to  which  by  themselves  little  weight  need  be  attached, 
bnt  we  will  return  to  the  matter  shortly  in  connexion 
with  the  organometallic  compounds*  Meanwhile  we  will 
take  the  data  for  a  few  compounds  of  tri-  and  tetrabasic  acids 
with  which  to  gain  some  more  knowledge  of  the  influeDce  of 
the  basicity  of  an  acid  radical  on  its  attracting-pow«r ;  these 
compounds  are  Li|P04  and  AggPO^,  ibe  ortfaophosphates  of 
Li  and  Ag,  Na4P}07  and  Ag^P^Or,  the  pyrophosphates  of  Na 
and  Ag,  tuid  along  with  these  will  be  taKen  Na^B^Oj,  the  Na 
salt  of  the  dibasic  pyroboric  acid. 

For  the  orthophosphates  Mc=41,  for  the  pyrophosphatef 
63,  nnd  for  the  pyroborate  63;  in  the  orthophosphates  there 
are  four  radicals  to  the  molecule,  so  that  A  =1/4,  so  for  the 
pyrophosphates  it=l/5,  snd  for  the  pyroborate  ifc=  1/3:  thus 
the  equation  (13}  becomes  for  the  ortnophosphates 

.M»/=5-8xlO-'x  ji|;j  (M/p)TM»,  .    •    .    (18) 

and  so  on.  To  reduce  (M*/)*  to  2F,,  we  must  divide  it  by  3^ 
for  the  orthophosphates,  by  4^^  for  the  pjTophosphates,  and 
by  2tV  for  the  pyroborate  ;  and  thus  we  get 


Table  XXIII. 

Li,PO,. 

Ag,PO,. 

Ni^P.O,. 

Ag^PA.  Na,BA. 

T 

1130 

1122 

1161 

868           834 

M/p... 

(60) 

(68) 

109 

113             86 

2F,... 

5-8 

7-6 

86 

8-0           12-0 

With  2-4  as  the  value  of  F  for  Li,  and  3  4  for  Ag,  we  get  that 
for  PO4,  F/3  is  3-4  and  41,  or  in  the  mean  3-7  ;  so  with  3-5 
for  Na  and  3'4  for  Ag,  F/4  for  PjO;  is  5'0  and  4-6,  or  4-8  in 
the  mean  ;  so  also  F/2  for  B4O7  is  8*5,  the  value  found  by  the 
surface-tension  method  for  F/2  in  B.O7  was  7-2.  and  for  F/4 
in  P2O7  was  4*1  (see  Table  XI.),  which  would  be  obtained 
on  dividing  the  values  just  found  by  1*2. 

We  are  now  in  a  position  to  make  the  same  comparison 
between  the  values  of  F  for  a  large  number  of  acid  radicals 
in  inorganic  compounds,  and  the  volumes  B  of  these  radicals, 
as  was  made  in  connexion  with  organic  compounds.  In  the 
following  Table  the  first  row  contains  the  value  of  F  as  given 
by  the  surface-tension  method  in  Table  XL,  in  the  second 
row  the  values  of  F  given  by  the  Kinetic  Theory  of  Solids,  in 
the  third  the  mean  of  these  two  sets  of  values,  in  the  fourth  the 
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volumes  of  the  radicals  deduced  from  those  of  their  compounds 
given  in  previous  tables,  and  in  the  fifth  the  ratio  of  B  to  F. 


Tablb  XXIV. 

Monobasic  Acid  Kadicalii. 

NO,. 

NO,. 

CN. 

CIO,. 

BrO,. 

10,. 

FfrOBlTB.XI... 

3^ 

31 

n 

3-6 

3-7 

F  Kin.  Tb 

3-6 

... 

... 

4-4 

6^ 

6-3 

Fmean    

3-6 
31 

31 
26-6 

2-7 
25 

4-0 
35 

4*4 
33 

6*3 

B 

39 

B/F 

8-6 

8 

9 

9 

75 

6 

The  values  of  the  ratio  for  NOj,  NO^,  and  CN,  namely  8*5, 
8,  and  9,  are  not  far  from  the  mean  value  10  found  for  the 
same  ratio  in  organic  compounds:  for  these  three  radicals  the 
values  of  the  ratio  in  Table  VI.  were  10,  9,  and  8  ;  for  CIO, 
the  ratio  in  the  last  table  is  9,  but  for  BrO,  it  falls  to  7*5,  and 
for  I0|  to  6.  This  is  due  to  the  values  of  B  for  these  nu^cals 
being  smaller  than  they  ought  to  be  if  regukr^  for  B  for 
BrOs  instead  of  being  less  than  for  CIO,  ought  to  be  6*4 
greater,  which  would  make  it  41,  and  bring  the  ratio  up  to  9; 
similarly  B  for  10,  ought  to  be  16'5  greater  than  that  for 
CIO,,  which  would  bring  it  up  to  51,  and  make  the  ratio  8. 

Table  XXIV.  {coniinued). 

Dibasic  Acid  Badicals. 
CO,. 
F/2firoml^  XI...    3*3 

P/2Kin.Tb 2-8 

9/2  mean 3*0 

B  26 

2B/P 8-5 

This  part  of  the  table  shows  that  for  the  dibasic  acid 
radicals  the  ratio  2B/F  is  constant  within  the  limits  of  ac- 
curacy attainable;  and  the  remarkable  fact  appears  that26/F 
for  the  dibasic  acid  radicjils  has  the  same  value  as  B/F  for 
the  monoba^c.  There  is  only  one  datum  for  a  tribasic  acid 
and  one  for  a  tetrabasic,  namely, 

Table  XXIV.  (continued). 
PO,.  P,0,. 


80^ 

CiO^. 

OrA. 

Cr,0,o. 

P.O. 

BA. 

WO,. 

4-0 

3-8 

6-8 

9^ 

^1 

7-2 

4-7 

4-3 

... 

., 

... 

7-4 

8-5 

... 

41 

38 

6-8 

9-9 

70 

7-8 

4-7 

34 

36 

76 

112 

67 

70 

42 

8 

9 

11 

11 

95 

9 

9 

F/3  Kin.  Th 3  7 

F/3roeaa   3  7 

B 44 

3B/F  12 


4-1  

F/4  from  Ta.  XT. 

4-8  

P/4  Kin.  Th. 

4-4  ...^ 

F/4  mean. 

75   

B. 

17    

4B/F. 
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For  the  trihasic  acid  radical  the  ratio  3B/F  is  12,  and 
therefore  2B/F  is  8 ;  for  the  tetrabasic  radical  4B/F  is  17, 
and  therefore  2B/F  is  8'5;  and  both  these  valaes  for  2B/F 
range  themselves  with  the  values  found  for  2B/F  in  the 
dibasic  radicals.  This,  then,  is  a  noteworthy  result,  that  for 
all  acid  radicals  of  a  basicity  higher  than  1  the  ratio  2B/F  is 
nearly  constant,  and  has  half  the  value  of  the  same  ratio  for 
radicals  of  basicity  1 ,  This  recalls  the  result  we  found  before, 
that  for  atoms  in  organic  compounds  the  ratio  B/F  has  a 
value  nearly  half  of  that  for  the  elements  and  CH4, 0)114,  and 
CH,.  Our  results  for  the  acid  radicals  may  be  summed  up 
in  the  two  formulas — B  =  9F  nearly  in  the  unibasic,  2B  =  9F 
nearly  in  the  polybasic. 

The  last  compounds  \o  be  considered  briefly  in  the  present 
paper  are  the  organometallie,  for  which  M*/  can  be  calculated 
by  the  equation  (14), 

M^/=1190xlO-*MriT„ 

with  the  data  collected  by  Carnelley  (Phil.  Mag.  5th  ser.  xx. 
p.  260),  namely,  the  boiling-points  and  densities  at  about 
15*^  0.  of  various  methides,  ethides,  and  so  on.  In  the  fol- 
lowing table  those  data  are  not  reproduced,  but  only  the 
values  of  M/p  and  (M^Z)*  calculated  from  them.  The  types  of 
compound  are  indicated  by  the  headings  ZuB^,  SnR4,  and  so 
on,  R  being  OH5  in  the  first  row,  and  so  on. 

Table  XXV. 


1 

ZnR,. 

HgR,. 

SdR,. 

PbR,. 

(MV)i.  M/p. 

(M«0*.    M/^. 

(M»/)*  M/p. 

(WC)^  U/p, 

R=CH.  ... 

...    6-1        68 

57        76 

7-5   \m 

8-2    i:%) 

...    6-9      104 

7-4      106 

10-3    197 

10-6    202 

c^hJ... 

...    8-4      137 

8-6      135 

121)    263 

—       — 

CH   ... 

Br.. 

SiR, 

NR,. 

PRr 

'.'.    7-8      140 

97      187 

77    138 

83    146 

OH  ... 



123      263 

—       — 

—       — 

cX... 

...     —        — 

—         — 

117    237 

—       — 

AbR,. 

SbR,. 

OR,. 

8R, 

cX**'. 



68      110 

—       — 

6-2      74 

..    8-6      140 

90      158 

61     101 

6-8    107 

oX... 



— 

—       — 

8-3     146 

0%.., 

...     —        — 

—         — 

9-1     169 

97    174 

OIB. 

BrR. 

IR. 

CH,  .... 

o.rf..... 



4-3        67 

— 

*.*.    48        69 

6-2        74 

67      80 

C.H,.... 

..    6-7        87 

60        89 

66      97 
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The  values  for  compoands  of  0,  S,  CI,  Br,  and  I  have  been 
introduced  into  the  table  only  to  give  an  idea  of  the  degree 
of  approximateness  of  the  values  in  the  table,  for  more  accu- 
rate values  for  these  compounds  have  been  already  discussed. 
First  let  us  consider  the  values  of  M//5  which  may  be  taken 
asM)9. 

These  numbers  show  that  in  M)8  CH^  has  a  value  about 
16*5,  which  is  close  to  the  limiting  domain  for  OHj  in  the 
organic  compounds,  though  it  ought  to  be  larger,  seeing  that 
the  density  p  used  in  the  organometallic  compounds  is  not 
the  limiting  density,  but  that  of  the  liquids  about  15**  C. 
We  will  take  the  value  for  H  to  be  the  same  as  in  the  organic 
compounds,  namely  4*5,  and  then  CH3  is  21,  C2H5  is  37*5, 
C3H7  is  54,  and  C4H9  is  70*5;  with  which  we  get  the  follow- 
ing mean  values  of  the  atomic  domains  of  the  metals  in  the 
organometallic  compounds  : — 


Zn. 

Hg. 

Sn. 

Pb. 

Si. 

P. 

A». 

Sb. 

28 

30 

49 

49 

42 

33-5 

27-5 

46 

Except  for  P  and  As,  these  domains  are  much  larger  than 
in  the  inorganic  compounds :  for  instance,  the  domain  of 
PbClj  is  only  47*8,  which  is  actually  less  than  the  domain  of 
Pb  in  the  organic  compounds.  Of  course  the  one  number  is 
calculated  for  the  solid  state,  and  the  other  for  the  liquid,  but 
this  could  explain  only  a  small  part  of  the  discrepancy.  There 
is  no  doubt  that  the  metallic  atoms  occupy  more  space  in  the 
organic  than  in  the  inorganic  compounds ;  in  the  inorganic 
compounds  Sb  may  be  seen  to  have  a  domain  about  20,  while 
in  the  organic  compounds  the  value  is  46.  This  is  a  very 
significant  fact,  that  seems  not  to  have  been  noticed  by  those 
who  have  occupied  themselves  with  the  question  of  molecular 
domains  (volumes). 

As  regards  (M'Z)^,  we  know  that  in  organic  compounds 
CHj  has  a  value  '9,  which  is  the  value  it  possesses  amongst 
the  chlorides^  bromides,  and  iodides  of  the  last  table;  but  in 
the  metallic  compounds  the  values  are  smaller.  In  the  Zn 
compounds  2CH2  has  the  values  1*8  and  1'5,  with  Hg  1-7  and 
1*2;  in  the  Sn  compounds  4CH2  is  2*8  and  1*7,  and  in  the 
Pb  compounds  2*4  :  in  every  case  the  greater  the  number  of 
CHj  groups  the  smaller  the  value  of  CHj ;  the  compounds  of 
S  show  the  diminution  clearly,  for  they  give  for  CH,  instead 
of  1*8  the  values  1'6,  1*5,  1*4.  These  results  seem  to  show 
that  the  approximate  equation  (14),  used  to  calculate  the 
values  of  (M^Z)^  in  Table  XXV.,  gives  less  and  less  accurate 
results  the  more  complex  the  molecule  becomes,  but  at  the 
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same  time  they  show  that  as  the  value  for  CHj  between  the 
methides  and  ethides  is  not  far  from  the  truth,  the  values  for 
the  methides  may  be  taken  as  nearly  correct,  and  where  a 
value  for  the  methide  is  wanting  an  approximate  one  can  be 
got  by  subtracting  from  the  value  for  the  ethide  '75  for  each 
C/H2.  Thus  we  get  the  following  Table  for  the  methides 
only  :— 

Table  XXVI. 

ZaMe,.  HgSfea.  SiMe^.  SnMe^.    PbMe^.    BMe,.    NMe,.    PMe,. 
(M'O*. 51         5-7         6-7         7-5         8-2         6-6        5-6        61 

AsMe,.    SbMe,    OMe,.      SMe,.     CIMe.     BrMe.      IMe. 
(Wl)K 6-3         68        4-6  6-2         40         4*3         60 

Here  again  values  are  given  for  the  methides  of  N,  0,  S, 
01,  Br,  and  I,  only  as  checks.  The  first  point  to  ascertain  is 
whether  in  the  true  metallic  methides  (MH)^  follows  the  laws 

f  roper  to  organic  compounds  or  inorganic  metallic  compounds, 
n  the  organic  compounds  CHj  has  a  value  '9,  and  the  other 
H  of  CH3  a  value  1*1,  so  that  CHa  is  2,  and  thus  the  values 
for  SiMe4  and  SnMe4  are  less  than  for  Me4 :  therefore  the 
organometallic  compounds  do  not  behave  as  ordinary  organic 
compounds ;  but  as  we  have  seen  the  valency  of  the  metallic 
atoms  play  an  important  part  in  the  values  of  (M.H)^  for  their 
inorganic  compounds,  it  will  be  best  to  try  the  effect  of 
treating  the  methides  as  we  did  the  metallic  chlorides  and 
similar  compounds.  That  is,  we  must  divide  the  values  of 
CIP/)*  in  Table  XXVI.  by  n*,  where  n  is  the  valency  of  the 
metallic  atom;  then,  subtracting  2  for  CH3  from  each  of  the 
results,  we  get  the  values  of  F/w  for  the  metallic  atoms.  These 
are  given  in  the  first  row  of  the  following  table,  the  second 
row  containing  the  values  from  Table  XVIII. 

Table  XXVII. 

Ztt.  Hg.     Si.      Sn.     Pb.     B.    N.     P.     As.     Sb. 
P/n  1-6    21     1-35     1-76    21     1-2    1-2    15    165    1-9 

FM  from  Ta.  XVHL     -6        -95    ...       -6    ...       -8      '85    106 

It  appears  that  the  values  of  F  for  the  metallic  atoms  in 
the  organometallic  compounds  are  double  the  values  in  the 
inorganic  compounds,  whether  the  atoms  are  dyad,  triad,  or 
tetrad ;  and  this  seems  to  correspond  closely  with  what  we 
found  in  the  stud,'  of  the  ratio  B/F  for  the  compound  acid 
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radicals,  because  for  basicities  higher  than  one  this  ratio  came 
out  only  half  the  value  for  basicity  one,  which  corresponds  to 
a  value  of  F  double  what  would  oe  expected  from  other  con- 
siderations. As  these  facts  show  a  characteristic  influence 
belonging  to  compound  radicals,  it  will  be  instructive  to  return 
to  the  case  of  the  nitrates  of  the  dyad  metals,  in  which,  ac- 
cording to  what  we  have  just  seen,  the  values  of  (M^/)*  in 
Table  XXII.  when  divided  by  2»'*  and  reduced  by  3*6,  the 
value  for  NO3,  ought  to  leave  values  for  F/2  for  Ca,  Sr,  and 
Ba  which  are  double  the  values  obtained  from  the  halogen 
compounds.     Performing  these  operations  we  get  for 

Oa.  Sr,  Ba. 

F/2  61  59  6-3 

From  Table  XVII 32  37  42 

The  values  of  F/2  from  the  nitrates  are  only  1*5  and  not  2 
times  the  values  from  the  chlorides ;  and  thus  the  nitrates  of 
these  metals  do  not  come  satisfactorily  under  this  principle, 
and  there  are  too  many  steps  in  the  process  of  determining 
the  value  of  F/2  from  the  nitrates  to  enable  us  to  fix  upon  a 
probable  cause  of  the  discrepancies  in  these  nitrates. 

With  the  organometallic  compounds  we  have  finished  the 
data  for  compounds  to  be  discussed  in  the  present  paper,  and 
have  now  an  opportunity  to  make  a  comparison  between  the 
values  contributed  by  the  atoms  of  the  metals  to  M^  and  to 
(hPl)^  in  a  molecule,  though  to  keep  it  clear  that  in  the  com- 
pounds of  the  metals  we  have  had  to  take  account  of  valency 
n  we  will  give  the  values  of  B/n  and  F/n  in  the  following 
table.  There  is  considerable  difBcultv  in  getting  the  atomic 
volumes  of  such  atoms  as  P  and  As,  because  the  relations  of 
the  chlorides,  bromides,  and  iodides  are  not  consistent  with 
those  of  the  chlorides,  bromides,  and  iodides  of  the  monad 
metals ;  the  volumes  of  the  lower  members  of  the  monad  and 
dyad  series  are  also  difiScult  to  assign,  being  small.  In  the 
case  of  P,  As,  and  Sb  the  volumes  adopted  are  those  given 
by  Thorpe  (Joum.  Chem.  Soc.  1880)  as  the  domains  of  these 
atoms  in  liquids  at  their  boiling-points;  they  are  therefore 
probably  too  large,  but  not  necessarily  much  too  large,  because 
the  domains  of  the  halogens  in  organic  compounds  at  their 
boiling-points  are  almost  identical  with  their  limiting  volumes 
in  these  compounds,  and  also  in  metallic  compounds.  Ac- 
cordingly the  values  of  the  limiting  volumes  of  the  atoms 
given  in  the  next  table  are  only  such  general  approximate 
values  as  represent  best  the  facts  of  the  simplest  compounds. 
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Table  XXVIII. 

Li.        Na.      E.        Bb.       Cs.      Be.      Mg.      Oa.      Sr.     Ba. 

F/fi 2-4      3-6        4-6       6-0        7-3      21      2-7        8-2      3*7      4*2 

B/fi 2        7-4      18-6      34*4      MO        -6      2*8        4-3      63      83 

P.         Ab.      Bb.       Bi.         0.        Si.       Ti.       Sn. 
F/n -8  -86    106      1-6  6        "6        -96        -96 

B/n 8-3       8-7      9-7         ...        27      76      86      100 

A  glance  at  the  numbers  for  the  Li  and  Be  families  of 
metals  shows  that  the  ratio  of  B  to  F  is  not  constant,  as  we 
found  to  be  approximately  the  case  with  non-metallic  atoms 
and  radicals ;  but  when  we  get  to  the  families  which  are  half 
non-metallic  and  half  metalhc,  as  in  the  P  family  and  the  C 
family,  we  see  that  the  ratio,  except  in  the  case  of  C  itself,  is 
not  far  from  10,  the  value  which  we  have  hitherto  found  for 
non-metallic  atoms  and  radicals.  For  further  assurance  as 
to  the  reality  of  this  distinction  between  metals  and  non- 
metals,  the  best  course  will  be  to  determine  values  of  M^Z  for 
the  uncombined  metals. 

3.  Determination  o/Jd.H/or  the  Uncombined  Elements. 

Data  are  available  for  both  methods  of  calculating  M'Z,  and 
that  of  the  Kinetic  Theory  of  Solids  will  be  taken  first  as 
being  applicable  to  a  greater  number  of  substances.  At  first 
the  molecular  mass  wQl  be  regarded  as  unknown,  and  for  M 
the  usual  atomic  weight  will  be  used  in  equation  (9).  The 
following  table  contains  the  values  of  T  the  melting-point 
and  of  m/p  from  L.  Meyer's  *  Modem  Theories  of  Chemistry,' 
and  the  values  of  Wl  [not  (M*/)*]  calculated  from  them  by 
equation  (9),  as  well  as  the  values  of  the  ratio  (M/p)/MH 
[not  (M/p)/(M*/)*] .  Equation  (9)  applies  strictly  only  to  the 
metals,  out  in  a  formal  manner  it  is  here  extended  to  some 
non-metals. 

Table  XXIX. 

First  family  and  Copper  subfamily. 

LL        Na.         K         Bb.        Os.         Cu.  Ag.  Au. 

T 463   369   335   311   300   1330  1230  1310 

U/p 11-9      237       45-4       561       706         72  102  10*2 

M"/     41        8-6       16-2       21-2       27*6       IM  15-9  187 

(M/p)/li«/ ...      2-9       2-8        2-8        26        2*6          -65           -64  -56 

Second  family  and  Zinc  subfamily. 

Be.        Mg.         Ca.         Sr.        Ba.         Zn.  Cd.  Hg. 

T 1230      1023      900       800       748       690  590  234 

M/p 5-6       13-8       25-4       349       36-6       9-1  129  147 

Wl    6-8       13-9       24-6       340       369       7-3  97  4-8 

(U/p)/Wl„.      1-0         1-0         1-0         10         1-0         1-25  1-33  3-0 
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Table  XXIX.  {continued). 
Third  family  and  Gallium  subfamily. 

Al.  Le.  Ga.  In.  T\. 

T 1123  710  303  449  563 

M/p 106  22-3  11-7         15-3  181 

M»/ 11-9  23-6  41  8-8  143 

{U/p)fM.H  ...         -9  -96  2-8  176  V26 

Fourth  family  and  Tin  subfamily. 
Oe.  Sn.  Pb. 

T   1000  603  699 

M/p   210  ICl  181 

M»/   27-9  10-9  16-3 

(M/p)/M»/. -76  1-6  1-2 

Fifth  family  and  Arsenic  subfamily. 

P.  Bi.       As.       Bb.  "m, 

T    420  (mean)        1200        773        710  540 

M/p    18-6  22-3        13-2       17-9  211 

M'/. 6-8  35-7        12-2       164  161 

(M/p)/M«l 2-3  -62        M         M         1-3 

Sixth  family. 

8.  Se.  Te. 

T 388  490  728 

M/p 15-7  171  20-2 

M«/ 6-3  100  190 

(M/p)/M«/  2-6  1-7  106 

Seventh  family. 

OL  Br.  I. 

T 198  286  387 

M/3 17  22  250 

Wl  3-6  70  129 

{UpyUH    4-9  31  20 

Eighth  family — Iron,  Palladium,  and  Platinum  groups. 
Fe  (Ni  Co).     Pd  (Bu  Eh).      Pt  (Os  Ir). 

T 2080  1776  2060 

M/p 7-2  9-2  91 

Wl 16-9  20O  261 

(M/p)/M«/ -42  -46  -36 

The  first  point  of  importance  brought  out  by  this  table  is 
that  in  the  main  families  the  ratio  (m/p)/MH  nas  a  constant 
value  characteristic  of  each  family,  and  in  the  subfamilies  a 
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value  simply  related  to  that  of  the  main  family :  thus  in  the 
first  family  the  range  in  the  value  of  the  ratio  is  only  from 
2*9  for  Li  to  2*6  for  Ca,  with  a  mean  value  2*7,  of  which  the 
value  for  Cu  and  Ag  in  the  subfamily  is  a  quarter.  In  the 
second  family  the  ratio  is  constant  from  Be  to  Ba  with  a 
value  1*0,  but  the  mean  value  1'3  for  Zn  and  Cd  in  the  sub- 
family is  greater  than  that  of  the  main  family,  which  is  in 
strong  contrast  to  the  behaviour  of  the  copper  subfamily,  and 
may  have  some  significance,  as  will  be  seen  presently ;  the 
distinct  manner  in  which  Hg  separates  itself  with  a  value  3 
should  be  noticed.  In  the  third  family  there  are  only  two 
members,  Al  and  La,  which  both  have  the  same  value  for  the 
ratio,  '9,  and  in  the  subfamily  Gta  has  3  times  this  value,  in 
which  respect  it  is  similar  to  Hg,  and  In  has  double  the  value 
of  the  main  family,  Tl  has  perhaps  1*5  times  that  of  the  main 
family.  In  the  fourth  family  there  is  only  one  main  repre- 
sentative Ce  with  a  value  '75,  of  which  that  for  Sn  is  exactly 
double,  as  was  the  case  with  In  and  the  third  family;  the 
value  for  Pb  appears,  like  that  of  Tl,  to  be  1*5  times  the  value 
of  the  main  family.  In  the  fifth  family  a  certain  arbitrari- 
ness in  our  separation  into  main  and  sub-families  becomes 
apparent,  because  P,  As,  Sb,  and  Bi  have  the  close  relation- 
ships of  a  main  family;  Di,  which  is  the  only  metallic  repre- 
sentative of  the  fifth  family,  has  a  value  '62  for  the  ratio,  of 
which  those  for  As,  Sb,  and  Bi  are  double,  and  that  for  P  is 
again  double  those  for  As,  Sb,  and  Bi.  In  the  sixth  and 
seventh  families,  where  the  metallic  character  disappears,  re- 
gularities in  the  ratio  (M/p)/M^/  disappear,  but  in  these  non- 
metallic  elements  the  tendency  is  towards  M/p  being  pro- 
portional to  (M*Z)*  and  not  to  M*Z.  In  the  eighth  family 
the  ratio  (M/p)/M*/  has  a  mean  value  '41. 

The  second  point  of  importance  brought  out  by  Table  XXIX. 
is  that  the  ratio  (M/p)/M.H  for  each  main  family  exhibits  a 
remarkable  relationship  to  the  valency  of  the  family  when 
the  main  family  is  metallic.  This  is  shown  in  the  next  table, 
where  the  first  row  contains  the  valency  of  the  family,  the 
second  the  value  of  the  ratio  (il/p)/Wl  for  the  family,  and 
the  third  the  product  of  these  two. 

Table  XXX. 

Valency  of  family 1 

Ratio  

Product  of  valency  and  ratio  ... 

This  table  shows  that  if  n  is  the  valency,  or  perhaps  it  is 
safer  to  say  the  order  of  the  main  family,  tnen  n(M/p)/M'/ 


1 

2 

3 

4 

5 

8 

2-7 

1-0 

•92 

•75 

•62 

•41 

2-7 

2-0 

2*8 

3-0 

3-1 

3-3 
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shows  a  close  approach  to  constancy,  except  in  the  case  of 
the  second  family,  whose  place  seems  to  be  taken  by  the  dyad 
zinc  subfamily,  in  which  the  ratio  (M/p)/M'/  is  1*3,  and 
therefore  the  product  n(M/p)fM.H  is  2*6.  As  the  subfamilies 
have  a  ratio  {M/p)/M%  which  is  a  simple  multiple  or  sub- 
multiple  of  the  value  in  the  main  family,  we  can  say  that  in 
the  metals  n(M/p)/MH  is  close  to  2*8,  or  a  simple  multiple  or 
submultiple  of  2'8,  except  in  the  second  family,  where  it  is 
2*0.  Thus  the  attracting-power  of  a  metallic  atom  is  pro- 
portional to  the  square  root  of  its  volume  or  of  a  simple 
multiple  of  its  volume,  and  also  to  the  square  root  of  its 
valency.  This  relation  for  the  metals  can  also  be  stated  in 
another  interesting  form,  for  as  Ip  represents  the  potential 
energy  due  to  the  attractions  of  the  molecules  in  unit  mass, 
MV/{M/p)  is  the  potential  energy  of  mass  M,  which  may  be 
taken  as  forming  the  greater  part  of  the  heat  of  vaporization 
of  the  gramme-molecule ;  thus,  then,  the  potential  energy  of 
the  molecules  iu  a  gramme-equivalent  (and  probably  the 
latent  heat  of  vaporization  of  a  gramme-equivalent)  of  the 
metals  in  the  main  families  has  nearly  the  same  value  for  all, 
and  in  the  other  metals  a  value  which  is  a  simple  multiple  or 
submultiple  of  this.  The  methods  devised  in  this  paper  for 
calculating  M*Z  for  inorganic  compounds  also  lead  to  approxi- 
mate values  of  their  latent  heats  of  vaporization,  which  are  of 
some  importance  in  Thermochemistry, 

With  this  knowledge  of  the  relation  between  M*Z  and 
volume  in  the  uncombined  metals,  we  can  return  to  the  study 
of  the  relationship  of  the  parts  carried  by  the  metallic  atoms 
into  (M*Z)*  and  M/8.  We  have  already  seen  that  the  metallic 
atoms  in  combination  do  not  have  their  parts  of  (M^Z)*  and 
M)9  proportional  to  one  another;  and  in  the  light  of  what  we 
have  just  found  for  the  free  metals,  we  ought  to  compare  the 
square  of  the  part  F  carried  by  a  metal  atom  into  (M*/)*  in 
compounds  with  the  part  B  carried  into  M/p.  Here  are  the 
values  for  the  Li  family : — 

Tablb  XXXI. 
(Li  family  in  compounds.) 


B  or  volume  of  atom  ... 
F>  

li. 
20 

,    5-8 

6-2 

Na. 
7-4 

12-2 

111 

18-6 
21-2 
2M 

Eb. 
34-4 

860 

364 

08. 

660 
63-2 

•9B+4-4    

64-8 

The  first  two  rows  of  numbers  show  that  F*  and  the  volumes 
of  the  atoms  in  compounds  run  a  parallel  course,  but  are  not 
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strictly  proportional  to  one  another  as  in  the  free  stale,  yet 
the  numbers  in  the  third  row  show  that  the  connexion  between 
the  two  quantities  in  the  combined  state  is  the  simple  one 

F«=-9B  +  4-4, 
while  for  the  free  atoms  the  relation  was 

^  '-  2-7  p  • 
In  the  Be  family  we  get 

Table  XXXI.  [continued), 

(Be  family  in  compounds.) 

Be.  Mg.  Ca.  Sr.  Bs. 

B  1-0  6-6  86  10^  16-6 

11^/4 4-4  7  3  10-2  13-7  176 

•9B+3-0 3-9  8-0  107  12-5  18-0 

The  data  of  this  family  are  affected  with  considerable 
uncertainty,  but  the  third  row  of  numbers  shows  that  probably 
in  compounds 

F«/4=-9B  +  3-0, 

while  for  the  free  metals  the  relation  was  found  to  be 

It  is  noticeable  that  the  constant  '9  for  the  Be  family  is  the 
same  as  that  for  the  Li  family. 

It  is  not  possible  with  the  existing  data  to  follow  this 
interesting  inquiry  into  the  other  metallic  families,  and  trace 
the  transition  from  the  form  of  relation  F*=aM//5  +  i  holding 
amongst  the  powerfully  positive  metals  to  the  form  F=cMp 
(c  bemg  a  constant)  characteristic  of  the  non-metals,  and 
apparently  of  some  weakly  electropositive  metals. 

We  proceed  now  to  the  surface-tension  method  of  finding 
M'2  for  the  metals,  chiefly  to  draw  attention  again  to  a  dis- 
crepancy between  the  values  of  M*/  for  the  free  metals  given 
by  the  feinetic  Theory  of  Solids  and  those  by  the  method  of 
surface-tension.  This  was  pointed  out  at  the  end  of  the  paper 
on  the  Kinetic  Theory  of  Solids,  but  it  can  be  brought  out 
here  in  a  more  definite  manner  and  with  more  interest,  seeing 
that  the  two  methods  have  been  proved  in  this  paper  to  give 
accordant  results  for  binary  compounds.  To  the  gain  of  the 
Kinetic  Theorv  of  Solids,  the  discrepancy  will  he  largely 
cleared  up  as  aue  to  molecular  complexity. 


Digitized  by 


Google 


Laws  of  Molecular  Force.  41 

The  equation  for  the  surface-tension  of  the  elements  has  to 
be  modified  from  the  form  in  which  it  was  used  for  compounds, 
because  in  the  Laws  of  Molecular  Force  (Phil.  Mag.  March 
1893)  it  was  shown  that  the  virial  constant  I  of  compounds 
falls  in  the  liquid  to  half  of  the  limiting  value  in  the  gas, 
whereas  in  the  elements  Hj,  Os,  and  N^  it  retains  the  same 
value  in  both  states.  Now  the  equation  (9)  was  designed  to 
give  the  value  of  /  for  compounds  in  the  gaseous  state  from 
measurements  of  their  surface-tensions  as  liquids,  therefore 
in  applying  equation  (2)  to  the  elements  we  must  provisionally 
divide  by  2,  and  get 

M«/=^xlO-^««,(M/pJ^    .     .     .     (19) 

in  which  M  will  be  taken  as  the  usual  atomic  weight.  The 
follovring  are  the  data  for  the  metals  and  a  few  other  elements 
given  by  Quincke  (Pogg.  Ann.  cxxxv.  &  cxxxviii.),  with  the 
values  of  M*/  calculated  from  them  by  the  last  equation,  also 
the  values  of  M*/  reproduced  from  Table  XXIX.  as  given 
by  the  Kinetic  Theory  of  Solids,  and  finally  the  ratio  of  the 
two  values  of  M^/. 


a-.    

Tablb  XXXII, 

Na.       K.         Oa. 

26        37          69 

•97      -86       8-2 

23-7    46-4         7-2 

23-7       98         8-2 

8-6    16-2        111 

2-7      6-0           -8 

Zn.Zn.Od. 
88       83         71 
.      6-9      6-9         8-4 
91      91        12-9 
17-3    16-3       248 
7-3     7-8         97 
2-4      2-2         2-6 

Sb.                Bi. 
..25               39 
..    6-6               9-7 
..    17-9           211 
...    14-8           301 
..    16-4            161 
•9              1-9 

Ag. 
43 
10-0 
10-2 
10-4 
16-9 
•7 

Hg. 
69 
13-6 
14-7 
24-3 
4-8 
6-0 

Fe. 
26 
75 
7-2 
13-3 
16-9 
•8 

Ag. 

80 
10-0 
10-2 
19-6 
15-9 

1-2 

Sn. 

60 

71 
161 
29-6 
10-9 

2-7 

Au. 
100 

17 
10-2 
271 
187 

1-4 

Pb. 

46 
11-0 
18-1 
28-8 
16-3 

1-9 

PcL 
136 
10-8 
9-2 
28-8 
20^6 
1-4 

Au. 
131 

»i    •• 

o       ........... 

17 

rm     

M/Po    

MV 

10-2 
356 

IP/ from  Ta.  XXIX.... 
Eatio  

a        ......■•■.. -' 

18-7 
1-9 

Pb. 
34 

"w     

110 

9m     

M/Po     

M*/  



181 
21-3 

MV  from  Ta. 
Eatio  

XXIX.... 

15-3 
1-4 

a^  

Pt. 
169 

o     

18-9 

"m  

M/po  

Ifi 

91 
381 

Wl  from  Ta.  XXIX. .. 
Batio 

261 
1-4 
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Table  XXXII.  (co7Utnued). 

S.  Se.             p.  Br. 

a^  4-2  7-2  42  63 

p„  1-97  4-2  1-83  325 

M/po  15*7  171  13-5  27 

Wl 21  4-5  22  62 

M*/ from  Ta.  XXIX. .        f3  100  4-4  70 

RaUo -83  -45           -50  88 

Where  two  values  of  a^^  are  given  for  one  metal,  they  are 
the  result  of  different  methods  of  measurement ;  the  data  are 
all  Quincke's  except  one  of  the  measurements  for  lead  made 
by  myself.  If  matters  were  exactly  as  we  suppose  them  to  be, 
in  applying  equations  (9)  and  (19)  the  values  of  the  ratio  in 
the  last  table  ought  to  be  1,  or  a  constant  near  to  1,  such  as 
we  found  in  the  case  of  the  binary  compoimds,  while  the 
range  in  the  actual  values  of  the  ratio  is  from  '33  for  S  to 
6*0  for  K.  In  seeking  for  the  reason  for  this  discrepancy,  we 
must  remember  that  in  using  the  equation  (19)  of  the  capil- 
lary method  we  have  assum^  that  the  characteristic  equation 
of  the  metals  is  on  the  same  type  as  that  of  the  element  gases ; 
but  there  is  this  distinction  between  the  metals  and  the 
element  gases,  that  some  of  the  metals,  namely  Na,  K,  Zn, 
Cd,  and  Hg,  are  known  to  be  monatomic  in  the  vaporous 
state,  while  the  element  gases  are  diatomic ;  and  it  is  exactly 
for  these  metals  and  tin  that  the  ratio  in  the  last  table  has  its 
largest  values,  while  the  smallest  values  belong  to  S,  Se,  and 
P;  and  S  and  P  are  well-known  instances  of  exceptional 
molecular  complexity,  their  vapour-densities  at  low  tempera- 
tures being  such  as  correspond  to  the  formulas  8^  and  P4, 
It  is  therefore  probable  that  the  discrepancy  has  to  do  with 
an  effect  of  molecular  complexity  not  taken  account  of  in 
equation  (19).  We  saw  that  the  distinction  between  the 
diatomic  element  gases  and  compounds  was  expressed  by 
introducing  the  factor  2  into  the  left  side  of  equation  (2); 
and  if  we  suppose  that  amongst  the  elements  the  effect  of 
molecular  complexity  is  to  introduce  into  the  right  side  of 
the  equation  (19),  namely 

M«Z=2M6xio-«a„(M/p.)», 

a  factor  equal  to  the  molecular  complexity,  defining  the 
molecular  complexity  of  an  element  as  the  number  of  pairs 
of  atoms  in  its  molecule,  which  is  1/2  for  Na,  K,  Zn,  Cd,  and 
Hg,  2  for  P,  and  3  for  S,  then  the  values  of  M.H  by  the  capillary 
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method  in  the  last  table  would  be  multiplied  by  these  factors, 
and  also  the  values  of  the  ratio.  Treating  the  molecular 
complexity  where  unknown  as  1,  then  the  values  of  the  ratio 
become : — 


Na. 
1-3 

K. 

30 

Cu.    Ag.     Ag.        Au.      Au.       Zn.        Zn.      Cd.     Hg.      Sn. 
•8      7        1-2        1-4        1-9        1-2        11      1-2      25       27 

Pb. 
1-9 

Pb. 
1-4 

Sb.       Bi.       Fe.      Pd.        Pt.        S.         Se.          P.        Br. 
•9        1-9        -8        1-4        1-4        1-0        -9?        1-0        -9 

The  numbers  for  K,  Hg,  and  Sn  are  about  double  the 
average  for  the  other  elements  ;  the  experimental  value  of  «„, 
is  said  by  Quincke  to  be  uncerlkin  in  the  case  of  K,  and  also 
for  Cu  and  Fe,  while  the  pairs  of  values  given  for  Ag,  Au, 
and  Pb  show  that  in  some  cases  a  large  experimental  error  is 
possible  in  these  difficult  measurements.  Thus  the  effect 
which  we  have  assumed  as  due  to  molecular  complexity  brings 
the  discrepancies  within  the  range  of  experimental  error  in 
all  the  satisfactory  cases  except  that  of  Hg.  But  even  if  the 
explanation  just  suggested  for  the  inequalities  amongst  the 
values  of  the  ratio  in  the  last  table  proves  not  to  be  correct,  it 
has  at  least  been  demonstrated  that  these  inequalities  do  not 
indicate  any  real  discrepancy  amongst  our  equations,  because 
the  effect  of  different  molecular  complexity  has  to  be  allowed 
for.  Thus  while  the  results  of  the  capillary  method  of  finding 
TAH  do  not,  in  the  case  of  the  elements,  confirm  the  values 
given  by  the  Kinetic  Theory  of  Solids,  they  do  not  invalidate 
them,  and  the  complete  explanation  of  the  relation  of  the  two 
sets  of  values  may  not  be  obtainable  till  we  know  the  charac- 
teristic equations  of  the  metals. 

The  transition  cases  from  metal  element  to  non-metal 
element  will  not  be  gone  into  at  present,  but  it  will  be 
advantageous  to  gather  here  the  values  of  M)9  and  (M'/)* 
and  their  ratio  for  the  non-metal  elements.  We  have  seen 
reasons  for  believing  the  values  in  Table  XXIX.  to  be 
relatively  correct  on  the  whole,  although  it  must  be  expected 
in  such  an  instance  as  that  of  CI  that  the  method  there  used 
for  finding  TAH  must  give  a  rather  rough  value :  in  the 
following  table  the  values  given  are  reproduced  from 
Tables  VIII.  and  XXIX. 

Tablb  XXXIII. 

From  Table  VIII. 

Hj.  Oj.  Nj.  Cla. 

M0  8-6  193  227  34 

(M^/)* 0-47  1-08  1-11  2-4 

Baiio  18  18  20  14 
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Table  XXXIII.  {continued). 
From  Table  XXIX. 

Cl.  Br.  L           S.  Se.  P. 

Mi3  17  22  25-6  16-7  171  13-6 

(M'O   1-9  2-6  3-6         2-6  32  21 

Eatio  90  8-3  71          63  53  64 

As  has  already  been  pointed  out,  the  numbers  for  Cl  are 
rough,  so  that  no  importance  attaches  to  the  discrepance 
between  the  ratio  9  for  Cl  and  14  for  Clj,  which  numbers 
ought  to  be  identical.  All  that  the  table  shows  is  that  the 
relation  found  to  hold  between  M^  and  (M'Z)^  in  the  gaseous 
non-metals  does  not  extend  to  the  other  non-metals.  The 
transition  cases  from  metal  to  non-metal  will  have  to  be 
worked  out  before  the  principle  ruling  in  the  values  of  (M*// 
for  the  non-metals  becomes  clear. 

4.   General  Summary  and  Analysis  of  Molecular  into 
Atomic  Attractions. 

The  chief  result  of  the  present  inquiry  has  been  the 
demonstration  that  M'2,  which  occurs  in  the  treatment  of  the 
attractions  of  like  molecules,  and  which  represents  Am^  in  the 
expression  3AmV»**  for  the  attraction  between  two  molecules 
of  mass  m,  can  be  analysed  into  two  factors  (M^/)*  which  are 
the  sum  of  numbers  characteristic  of  the  atoms  composing 
the  molecule  whose  mass  referred  to  the  atom  of  hydrogen  is 
M.  This  is  the  logical  outcome  of  the  proof  given  in  the 
papers  on  "  The  Attraction  of  Unlike  Molecules,"  that  the 
attraction  of  two  unlike  molecules  is  expressed  by  the  product 
of  two  parameters  characteristic  of  each  and  equal  to  the  square 
roots  of  the  corresponding  attractions  for  a  pair  of  each  of  the 
molecules.  The  values  of  (M'Z)*  studied  in  this  paper  are  there- 
fore relative  values  of  A*m.  But  as  we  have  found  no  evidence 
of  a  direct  connexion  between  m  and  A^m^  it  is  desirable  to 
remove  all  implication  of  such  a  connexion,  which  was 
originally  adopted  for  the  sake  of  analogy  with  the  Newtonian 
law  of  ^vitation.  Accordingly  A*/n  would  be  better  denoted 
by  a  smgle  symbol  a,  so  that  the  attraction  between  two 
molecules  of  mass  m^  at  distance  r  apart  is  ^a^jr^y  and  of  two 
molecules  of  masses  yni,  m^  is  3ai  a^r^^  and  so  on. 

The  fact  that  a  for  a  molecule  is  tne  sum  of  parts  due  to 
the  atoms  in  it  enables  us  to  analyse  molecular  into  atomic 
attraction ;  for  if  two  molecules  of  composition  B^,  C^^  Dj . . . 
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are  at  a  distance  r  apart,  and  if  the  force  between  the  atom  or 
radical  B  in  one  molecule  and  C  in  the  other  is  kfitfir)}  *°^ 
between  C  in  one  and  D  in  another  is  hfif(r)y  and  so  on, 
then  the  attraction  between  the  two  molecales  is 

*(6«)8«-|-cy+.--+2ci7S+2d68/3  +  26c^7+  ...) 
=A(6y8+c7+dS+  .•.)'> 
so  that  a,  the  parameter  for  the  whole  molecnle,  is  given  by 

which  is  the  symbolical  statement  of  onr  resolt  for  the  carbon 
series  of  componnds  that  the  parameter  a  for  a  molecnle  is  the 
snm  of  parts  due  to  the  separate  atoms  and  radicals  in  it^  and 
shows  that  in  these  compounds  the  atoms  and  radicals  attract 
one  another  with  a  force  proportional  to  the  product  of 
parameters  characteristic  of  each.  This  does  not  imply  that 
the  parameter  belonging  to  an  atom  is  inyariable,  for  the 
atoms  in  a  free  element  haye  different  parameters  from  those 
they  possess  in  a  compound  :  by  chemical  combination  both 
the  volumes  and  force-parameters  of  many  atoms  are  altered, 
and  the  amount  of  alteration  depends  on  the  chemical  function 
of  the  atom  in  the  molecule ;  while  the  chemical  function  of 
an  atom  or  radical  in  an  organic  compound  is  constant,  its 
force-parameter  is  constant.  This  innuence  of  chemical 
function  on  the  parameter  of  molecular  force  becomes  mani- 
fest in  the  typical  inorganic  compounds,  especially  of  the 
metals.  If  the  compound  is  of  the  type  RS^  where  R  is  an 
atom  of  valency  n  combined  with  n  monad  atoms  S,  then  the 
expression  for  a  takes  the  form 


«=(-)  ip-^ria) 


{p  and  a  being  parameters  belonging  to  R  and  S) ;  or  perhaps 
a  more  suggestive  form  in  which  to  put  it  is 

aVn=(p/n  +  a)% 

which  means  that  the  mutual  energy  of  two  molecules  of  this 
type  divided  by  the  number  of  equivalents  in  each  can  be 
obtained  by  regarding  each  e(]uivalent  as  a  separate  attracting 
entity.  The  equations  just  given  hold  true  not  only  when  R 
is  a  metal  and  S  a  non-metal,  but  also  when  R  is  an  acid 
radical  of  any  basicity  and  S  a  monad  metal.  The  law  for 
the  more  general  case  of  a  compound  RmS»  has  not  been 
investigated  in  this  paper  because  of  the  want  of  suitable 
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data ;  nor  have  the  transition  cases  between  the  simple 
typical  compounds  and  the  organic  series  been  worked  out. 
It  is  interesting  to  find  in  molecular  force  a  new  clue  towards 
the  realization  of  the  desire  of  chemists  to  trace  out  the 
transition  from  the  dualistic  to  the  unitary  type  of  compound. 

The  atomic  parameters  /9,  7,  . . .  p,  a- . . .,  relative  values  of 
which  have  been  given  under  the  symbol  F,  which  is  the 
part  contributed  by  an  atom  to  (M^Z)*,  have  been  shown  to 
be  related  to  the  volumes  of  the  atoms  ;  in  the  organic  com- 
pounds many  atoms  and  radicals  have  F  closely  proportional 
to  the  volume  of  the  atom,  and  in  the  case  of  the  halogens 
this  holds  good  also  in  the  inorganic  compounds.  Denoting 
the  volume  of  an  atom  by  B,  the  approximate  relation  is 
B=10F  or  9  F,  but  for  a  compound  acid  radical  of  basicity 
higher  than  one  the  relation  becomes  B=9F/2  ;  here  again 
is  evidence  of  chemical  influence  on  molecular  force.  In  the 
case  of  metallic  atoms  in  their  compounds,  it  has  been 
shown  that  F  is  not  pronoiiional  to  the  volume  of  the  atom, 
and  on  passing  on  to  the  uncombined  metals  it  is  found 
that  F,  which  represents  the  atomic  parameter,  is  in  the 
main  families  of  .metals  approximately  proportional  both  to 
the  square  root  of  the  volume  of  the  atom  and  the  square 
root  of  the  valency,  and  in  the  subfamilies  is  a  simple 
multiple  of  a  number  which  is  so  proportional.  On  returning 
to  the  metal  atoms  in  the  combined  state,  it  was  found  that 
the  relation  is  F^=aB-|-6  in  each  family,  a  and  h  being 
constants  characteristic  of  the  family.  The  profound  influence 
of  valency  in  the  uncombined  metals  is  again  of  deep  chemical 
interest,  as  is  also  the  great  difference  in  the  law  connecting 
atomic  parameter  and  volume  from  that  holding  amongst  the 
extreme  non-metals.  These  are  the  main  results  ;  amongst 
subsidiary  results  may  be  mentioned  a  certain  amount  of  con- 
firmation given  to  the  Kinetic  Theory  of  Solids  by  its  successful 
application  to  the  calculation  of  force  parameters,  successful 
insomuch  as  its  results  are  in  harmony  with  those  obtained 
by  a  perfectly  independent  method.  This  confirmation  is  the 
more  useful  because  it  applies  to  the  extension  of  the  theory 
to  compound  solids,  whereas  in  the  original  paper  the  metals 
only  were  treated  of. 

Melbourne,  August  1894 
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II.  The  Influence  of  Temperature  on  the  Spedfic  Heed  of 
Aniline.    By  E.  H.  Griffiths,  M.A.* 

[Plates  I.  &  U.] 

OUR  knowledge  of  the  effect  of  changes  of  temperature 
upon  the  specific  heat  of  substances  is  limited.  The 
reason  of  this  is  evident,  for,  in  addition  to  the  difficulties  of 
thermometry,  the  experimental  methods  usually  adopted  are 
based  on  comparisons  in  which  water  is  used  as  a  standard, 
and  our  knowledge  of  its  capacity  for  heat  at  different  tem- 
peratures is  far  from  satisfactory.  The  conclusions  of  Rowland 
(1879),  of  Bartoli  and  Stracciati  (1893),  and  my  own 
investigation  completed  in  1892,  all  point  to  the  fact  that  the 
specific  heat  of  water  diminishes  as  the  temperature  rises  to 
20°  C,  at  which  temperature  Bartoli  and  Stracciati  find  it  is 
a  minimum.  My  observations  did  not  extend  beyond  27°  C, 
up  to  which  temperature  I  found  no  signs  of  a  minimum, 
which  Rowland  places  at  about  34°  C.  When  such  discre- 
pancies exist  with  regard  to  the  standard,  it  is  not  surprising 
that  the  conclusions  arrived  at  regarding  other  substances  are 
unsatisfactory. 

For  other  reasons  water  is  by  no  means  an  ideal  standard 
for  calorimetry.  Its  capacity  for  heat  is  so  great  that  the 
changes  in  temperature  caused  by  the  immersion  in  it  of 
bodies  whose  specific  heats  are  small  are  too  minute  to  be 
measured  with  exactness  under  ordinary  circumstances. 
The  difficulty  is  surmounted  in  practice  by  causing  the 
immersed  body  to  cool  through  a  considerable  range.  Other 
errors  are,  however,  introduced  by  this  method,  for  the 
transference  of  the  hot  body  into  the  cool  water  can  rarely  be 
conducted  without  loss  of  heat.  What  we  require  is  a  liquid 
of  small  capacity  for  heat  whose  temperature-coefficient  of 
specific  heat  is  accurately  known.  It  should  also,  if  possible, 
be  a  liquid  easily  obtainable  in  a  fairly  pure  state  and  should 
have  a  low  vapour-pressure  at  ordinary  temperatures.  I 
believe  that  in  Aniline  we  possess  such  a  liquid,  and  I  hope  to 
be  able  to  adduce  sufficient  evidence  to  lead  to  the  conclusion 
that  its  specific  heat  is  now  known  with  considerable  accuracy 
over  a  range  of  15°  to  52°  C. 

The  method  I  have  adopted  is  an  old  one,  viz.  a  supply  of 
heat  to  the  interior  of  the  calorimeter  by  means  of  an  im- 
mersed conductor  whose  ends  are  kept  at  a  constant  potential- 
diiference.     I  admit  that  there  are  difficulties  inseparable  from 

*  Communicated  by  the  Physical  Society :  read  October  20, 1894. 
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the  method  (such  as  doubts  as  to  the  actual  resistance  of  the 
conductor  when  its  temperature  is  raised  by  the  current, 
&c.),  but  when  once  these  difficulties  are  overcome,  there  is 
no  such  accurate  means  of  determining  the  quantity  of  heat 
passed  into  a  calorimeter  in  a  riven  time. 

The  limits  of  this  paper  forbid  any  detailed  account  of  the 
somewhat  complicated  apparatus  used  in  this  investigation,  and 
I  do  not  contend  that  it  is  of  the  form  which  I  should  have 
selected  had  my  object  simply  been  to  determine  the  specific 
heat  of  aniline.  I  am  at  present  engaged  in  a  determination 
of  the  latent  heat  of  evaporation  of  water  and  other  liquids  at 
different  temperatures,  consequently  the  apparatus  has  been 
designed  and  put  together  in  anticipation  only  of  that  investi- 
gation, and  many  portions  of  it  are  unnecessary  and  in  fact 
detrimental  to  tne  inquiry  I  am  now  describing.  Hence  I 
have  been  compelled  to  adopt  methods  of  observation  which 
mav  noty  at  first  sight,  seem  the  most  advantageous. 

t  have  in  my  possession  an  apparatus  for  maintaining  the 
walls  of  a  chamber  at  a  constant  temperature.  The  arrange- 
ment has  been  fully  described  in  a  communication  entitled  "The 
Mechanical  Equivalentof  Heat," Phil. Trans. clxxxiv. A  (1893), 
and  as  I  shall  somewhat  frequently  have  to  refer  to  this  paper, 
I  will  now  label  it  with  the  letter  "  J."  Briefly,  the  apparatus 
as  there  described  consists  of  a  tank  containing  al3out  20 
gallons  of  water  within  which  is  a  steel  chamber  shaped  some- 
what like  a  hat-box  with  vertical  sides,  the  space  between  the 
double  walls  and  tioor  containing  rather  more  than  70  lbs.  of 
mercury,  which  communicates  by  a  narrow  tube  with  a  gas- 
regulator  differing  but  little  from  the  ordinary  pattern.  Thus 
a  row  of  about  50  tiny  gas-jets  (placed  under  a  tube  throngh 
which  water  is  always  flowing)  are  so  controlled  as  to  be  dis- 
tinctly affected  by  a  change  of  ^i^°  C.  in  the  temperature  of 
the  steel  chamber.  An  addition  has  been  made  to  the  appa- 
ratus since  the  publication  of  the  description  in  paper  J,  wnere 
it  is  stated  that  tap-water  continually  passed  into  the  tank 
through  a  silver  tube  placed  above  the  gas-jets :  this  plan 
answered  admirably  from  the  temperature  of  the  tap-water 
(10°  to  12°  C.)  to  about  30°  C.  Last  year,  however.  Prof.  Cal- 
lendar  and  I  wished  to  use  the  tank  for  purposes  of  comparison 
of  platinum  and  air  thermometers  up  to  50°  or  60°  C,  when 
it  was  found  that  alterations  in  temperature  presented  them- 
selves, occasionally  amounting  to  as  much  as  tj\j°  C, — the  lag 
in  the  temperature  of  the  large  mass  of  mercury  being  so 
great  that  when  the  gas  was  lowered  by  the  action  of  the 
regulator,  the  resulting  inflow  of  cold  water  tended  to  lower 
the  temperature  of  the  tank  before  the  reaction  of  the  regu- 
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lator  coald  again  heat  the  inflow.  As  now  arranged,  when 
working  above  temperatures  about  20°  C.  a  small  motor  acts 
as  a  heart  and,  the  tap-water  being  shut  off,  pomps  the  tank- 
water  itself  round  through  the  silver  tube  placed  above  the 
gas-jets.  The  water,  by  passing  through  the  pump  Ac,  is 
slightly  cooled  :  thus  the  work  of  the  regulator  is  confined  to 
simply  supplying  the  heat  lost  by  convection,  radiation,  Ac, 
and  it  performs  this  task  admirably.  As  an  illustration,  I 
may  mention  that  in  the  series  of  over  50  experiments  treated 
of  in  this  communication  on  only  one  occasion  did  the  tem- 
perature of  the  steel  chamber  change  by  as  much  as  yJ^^C. 
throughout  the  duration  of  an  experiment.  On  the  solitary 
occasion  that  a  change  amounting  to  nearly  ^^  C.  was 
observed,  the  cause  was  found  in  the  caking  of  the  lime  through 
which  the  gas  was  passed  on  its  way  to  the  regulator,  and,  in 
consequence,  the  experiment  was  discarded  before  working 
oat  its  results. 

A  large  screw,  placed  in  the  tank-water,  revolved  at  about 
800  times  per  minute  and  raised  a  considerable  sea — the  flow 
-passing  round,  under,  and  over  the  steel  chamber,  the  top  of 
which  was  about  4  in.  beneath  the  surface  of  the  water. 

The  calorimeter  was  formed  of  brass  and  was  suspended  by 
glass  tubes  which,  after  passing  through  the  lid  of  the  steel 
chamber  and  through  the  water,  projected  above  the  lid  of 
the  tank.  The  diameter  and  depth  were  each  about  10  oentims* 
and  the  capacity  about  700  cubic  centims.  Within  it  was  suf*- 
pended  a  silver  flask  with  which  three  silver  tubes  communi- 
cated. One  was  connected  with  a  glass  tube  passing  to  the 
exterior  through  which  substances  could  be  introduced.  The 
second  tube,  which  was  about  18  feet  in  length,  was,  after 
leaving  the  top  of  the  flask,  twisted  into  a  spiral  within  the 
calorimeter  ;  tne  other  end,  terminating  in  the  lid  of  the 
calorimeter,  was  then  connected  by  a  glaiss  tube  with  a  four- 
way  tap  entirelv  immersed  in  the  outer  tank.  The  third  tube, 
which  opened  into  the  bottom  of  the  flask,  communicated  with 
about  30  feet  of  copper  tubing  placed  in  the  tank-water.  The 
object  of  the  whole  arrangement  was  that  the  gas  on  leaving 
the  calorimeter  (after  evaporating  any  liquid  in  the  flask) 
should  have  acquired  the  temperature  of  the  calorimeter,  and 
that  any  gas  passed  into  the  flask  should  assume  the  tempera- 
ture of  the  outer  tank.  True,  this  portion  of  the  ap^ratns 
was  not  necessary  to  the  experiments  on  aniline,  but  I  have 
felt  it  advisable  to  describe  it,  as  explaining  some  of  the  sub- 
sequent operations. 

A  coil  of  fine  german-silver  wire,  supported  on  glass  pillars, 
was  placed  within  the  calorimeter  and   so   arranged  as  to 

Phil.  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  E 
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surround  the  silver  flask.  Communicatiiig  with  this  coil 
were  four  leads — Nos.  1  and  2  of  which  were  fastened  to  one 
endy  and  Nos.  3  and  4  to  the  other  end  of  the  coil  at  the  roof 
of  the  calorimeter,  and,  passing  up  through  the  steel  vessel, 
communicated  with  the  exterior.  Nos.  1  and  3  formed  the 
ends  of  a  circuit  in  which  were  placed  a  high-resistance 
galvanometer  and  the  Clark  cells  ;  Nos.  2  and  4  a  circuit 
which  contained  a  rheochord  of  special  construction  (for  a 
description  see  paper  J),  reversing-keys,  and  storage-cells. 
It  was  thus  possible  to  maintain  the  ends  of  the  calorimeter- 
coil  at  a  difference  of  potential  equal  to  that  of  any  number 
of  Clark  cells  ;  and  I  am  convinced  that  the  variations  in  the 
potential-difference  during  the  course  of  an  experiment  rarely 

amounted  to  ttttvaa*     (The  grounds  on  which  this  somewhat 

bold  statement  is  based  are  fully  given  in  paper  J,  p.  283.) 
The  contents  of  the  calorimeter  could  thus  be  heated  or  cooled 
without  any  disturbing  effects  from  external  causes.  By 
means  of  the  electrical  arrangements  above  described,  the 
supply  of  heat  could  be  regulated  at  will  and  accurately  de- 
terminedy  while,  by  the  insertion  into  the  flask  of  a  volatile 
liquid  such  as  ether,  it  was  possible,  by  adjusting  the  current 
of  dried  air,  to  regulate  the  rate  of  cooling. 

Particulars  of  the  Clark  cells  have  already  been  published 
(paper  J,  pp.  286-288),  and  the  whole  86  maintain  to-day 
almost  exactly  the  same  relative  values  as  they  had  when 
compared  with  the  Cavendish  standard  in  1892  :  there  is, 
therefore,  every  reason  to  believe  that  their  absolute  value 
remains  unchanged.  I  have  not  yet  had  time  to  repeat  the  com- 

ririson  with  the  Cavendish  standard,  but  I  hope  to  do  so  shortly, 
do  not,  however,  anticipate  that  any  correction  will  be  found 
necessary.  The  whole  of  these  cells  were  contained  in  a  bath, 
through  which  the  tap-water  was  turned  by  means  of  a  regulator 
whenever  the  temperature  exceeded  15°  C. 

The  calorimeter  previously  described  differed  considerably 
from  that  used  in  my  determinations  of  the  mechanical  equi- 
valent. During  these  experiments  the  air-pressure  in  the 
space  between  the  walls  of  the  calorimeter  and  those  of  the 
steel  chamber  containing  it  was  reduced  to  from  *5  to  '2  millim. 
as  measured  by  McLeod  s  gauge;  and  my  observations  proved 
that  there  was  a  strangely  rapid  diminution  in  the  loss  by 
convection,  &c.;  when  the  pressure  fell  below  half  a  milli- 
metre^. I  proposed,  however,  during  the  experiments  for 
which  this  second  calorimeter  was  designed  to  maintain  the 

*  A  similar  codcIusIod  wbs  airived  at  by  Bottomlev :  see  Phil.  Trans. 
1887,  A. 
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calorimeter  and  the  steel  chamber  at  nearly  equal  tempera- 
tures, and  it  did  not,  therefore,  appear  so  necessary  to  guard 
against  convection  and  radiation  gains  and  losses.  Previous 
experience  had  convinced  me  of  the  absolute  necessity  for 
keeping  this  intramural  space  dry,  for  I  found  that  the 
sligntest  moisture  in  the  contained  air  has  the  most  astonish- 
ing effect  in  changing  the  conditions.  It  was  therefore 
necessary  that  all  joins  should  be  absolutely  tight^  for  the  lid 
of  the  steel  chamber  was  under  water,  and  I  proposed,  in  the 
preliminarv  experiments,  to  place  water  within  the  calori- 
meter. The  use  of  indiarubber  was  forbidden,  as  I  intended 
to  insert  ether  in  the  silver  flask  and  aniline  in  the  calori- 
meter ;  and  even  if  such  had  not  been  the  case,  indiarubber 
connexions  are,  at  the  best,  unsatisfactory  and  unreliable. 
I  decided,  therefore,  not  to  commence  my  experiments  until 
I  found  that  the  apparatus  was  absolutely  gas-tight  in  all 
parts  ;  and  I  may  mention  that  the  greater  part  of  last  summer 
was  unsuccessfully  devoted  to  the  endeavour  to  secure  per- 
fection in  this  respect.  During  last  winter  I  spent  considerable 
time  in  the  effort  to  obtain  some  suitable  medium  by  which 
to  join  glass  to  metal ;  and  with  the  assistance  of  Mr,  Thomas 
I  was  at  last  successful  in  procuring  an  alloy  by  which  an 
air-tight  join  could  be  formed  *,  and  which  would  stand  con- 
8iderable  changes  of  temperature.  Five  glass  tubes  passed 
from  the  calorimeter  to  the  steel  lid,  rendering  ten  such  glass- 
to-metal  joins  necessary,  besides  several  similar  ones  in  the 
exterior  connexions. 

In  the  spring  of  this  year  the  intramural  space  was  ex- 
hausted until  the  reading  of  the  McLeod  gauge  connected 
therewith  was  reduced  to  11,  indicating  a  pressure  of  about 
0*12  millim.  The  apparatus  was  then  left  untouched  for  a 
month  except  tliat  the  temperature  was  occasionally  raised  or 
lowered,  and  at  the  end  of  that  time  the  reading  of  the  gauge 
was  still  less  than  12.  Dry  air  was  then  readmitted  to  this 
space,  and  the  silver  flask  with  its  connected  tubes  (embracing 
about  50  feet  of  tubing  with  several  joins)  tested  in  a  similar 
manner.  Those  who  have  had  to  deal  with  low  pressures  will 
understand  that  when  all  was  found  satisfactory  a  great  diflS- 
culty  had  been  surmounted.  I  did  not  retain  this  vacuum 
during  the  experiments,  as  I  felt  that  it  would  subject  the  glass 
tubes  &c.  to  a  continuous  strain  which  the  conditions  of  the 
experiments  rendered  unnecessary.  The  labour  had  not  been 
lost,  however,  for  1  was  able  to  count  with  confidence  on  the 
gas-tightness  of  the  whole  apparatus. 

I  now  pass  to  a  description  of  that  vital  part  of  any  such 
♦  Proc.  Camb.  Phil.  Soc.  1894. 
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investigation,  viz.  the  thermometry.  The  method  I  proposed 
to  adopt  necessitated  extremely  accurate  measurements  of 
small  differences  of  temperature.  The  actual  elevation  was 
of  little  consequence,  and  therefore  the  use  of  differential 
thermometers  immediatelv  suggested  itself.  Two  platinum 
thermometers  (lahelled  AB  and  CD)  were  constructed  with 
great  care:  four  stout  platinum  leads  passed  down  the  stem  of 
each,  supported  and  insulated  in  the  usual  manner  by  small 
disks  of  mica,  and  the  resistance  of  all  these  leads  was  made 
as  equal  as  possible  before  attaching  the  coils«  Great  atten- 
tion was  given  to  this  matter,  and  it  is  safe  to  assume  that  the 
leads  in  no  case  differed  amongst  themselves  by  1  in  10,000. 
The  coils,  consisting  of  a  particularly  pure  sample  of  platinum 
wire,  were  then  attached,  and  several  days  were  devoted  to 
securing  their  equality.  Their  resistance  in  ice  was  about 
18  ohms :  thus  jA^  of  their  resistance  could  be  directly 
determined  in  the  box.  The  galvanometer  swing  was  about 
500  for  a  change  of  *01  in  the  box ;  and  such  equality  was 
secured  that  when  both  thermometers  were  placed  in  ice  (the 
necessary  precautions  being  taken  with  regard  to  exterior 
connexions  &c.),  no  difference  in  the  swing  of  the  galvano- 
meter could  be  observed ;  thus  they  differed  by  a  Quantity 
certainly  less  than  1  in  100,000.  This  equality,  although 
not  a  necessity,  was  a  great  convenience. 

Although  cut  from  the  same  length  of  wire  and  insulated 
in  a  precisely  similar  manner^  the  coils  did  not  possess  exactly 
the  same  coefficients.  The  resistances  in  steam  and  sulphur 
were  repeatedly  determined  and  checked  by  observations  in 
the  vapour  of  aniline.  Both  thermometers  were  on  several 
occasions  heated  to  a  red  heat,  the  hard  glass  tubes  containing 
them  becoming  slightly  bent  in  the  process ;  but  since  this 
annealing  no  further  change  has  been  observable  in  them. 
The  method  of  completely  standardizing  such  instruments 
has  been  fully  described  by  Professor  Callendar  and  mvself 
in  Phil.  Trans.  1891,  A,  and  I  need  not  therefore  here  dwell 
upon  it.  The  values  of  S  differed  slightly,  viz.  1*513  and 
1'511 ;  but  such  a  difference,  even  if  not  allowed  for,  would 
over  die  range  (f  to  100°  0.  in  no  case  cause  an  error 
exceeding  about  ^^Aa^  C.  in  elevation.  These  thermometers 
were  so  connected  that  the  compensating  leads  of  A  were 
placed  in  series  with  the  coil  of  B,  and  vice  versd.  Any 
neating  of  the  stem  of  A  or  B,  therefore,  added  an  equal 
resistance  to  each  arm  of  the  bridge  ;  and  as  the  leads  were 
everywhere  bound  together,  the  indications  were  absolutely 
independent  of  all  changes  in  temperature  except  those  of  the 
bulbs. 
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Great  care  is  required  to  aecnrately  determine  the  fixed 
points  of  such  thermometers.  For  example,  a  difference  of  1° 
at  100°  C.  made  a  difference  of '067835  ohm:  thus  a  difference 
of  1  millim.  on  the  barometer  caused  a  difference  of  '00244 
ohm.  Readings  of  the  pressure  were  taken  on  a  standardized 
|-inch  diameter  mercury-barometer,  and  also  on  a  compen- 
sated sulphuric  barometer  suspended  beside  it.  It  was  found 
that  the  observations,  if  corrected  to  100°  C.  by  the  pressure 
as  deduced  from  a  mercury-barometer,  were  not  m  close 
agreement;  but  if  by  the  sulphuric-acid  barometer,  the 
results  were  satis&.ctory.  On  examination  it  appeared  that 
the  first  observations  of  each  series,  when  corrected  for  pres- 
sure, were  in  harmony  whichever  barometer  was  used  ;  but 
such  was  not  the  case  with  subsequent  ones  of  the  same  series. 
The  cause  is,  I  believe,  to  be  found  in  the  necessary  handling 
of  the  barometer  that  takes  place  when  adiusting  the  mercury 
to  the  ivory  point.  The  temperature  within  the  case  under- 
goes a  change,  and  the  indications  of  the  thermometer  usually 
placed  within  the  metal  tube  surrounding  the  barometer  give 
but  little  information  as  to  the  real  temperature  of  the  mer- 
cury column,  whereas  the  sulphuric-acid  barometer  requires 
no  mam'pulution  and  is  independent  of  such  temperature 
changes.  As  an  example  of  the  consistency  of  the  boiling- 
point  when  corrected  by  the  H2SO4  barometer,  I  give  the 
following  consecutive  results  : — 

(Difference  in  R.for  1°  C.  at  100°= -067835.) 


Bate. 

Barter 
oorreotion 
for  tempe- 
rature of 
box,  plug 
errors^  &o. 

Barometer 
corrected 
to  sea-leyel, 
lat.46°and 
temp.  0«>0. 

Boiling- 
point. 

Correction 
to  100*^  0. 

(afclOU^O.). 

Thermometer  AB. 

June  3  ... 

M     6    ... 

July  7  ... 

24-56798 
24-57187 
24-58336 

761-10 
75467 
759-25 

100040 
99-802 
99-972 

-•00271 
+01342 
+•00190 

24  58527 
24-58529 
24-58526 

Thermometer  CD. 

June  3  ... 

»    6  ... 

July  7  ... 

24-58306 
24-56961 
24-58163 

761-10 
754-52 
759-34 

100-(H0 
99-796 
99-975 

—00271 
+  01883 
+  00168 

24-58335 
24-58344 
24-58333 
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The  above  examples  will  show  that  it  is  possible  to  deter- 
mine the  resistance  at  100^  C.  to  better  than  1  part  in  250,000, 
and  nearly  the  same  order  of  accuracy  is  obtainable,  with 
proper  precautions,  in  the  vapour  of  sulphur. 

I  believe  the  most  difficult  point  to  accurately  determine  is 
freezing-point,  and  for  really  satisfactory  determinations  it  is 
advisable  to  use  distilled-water  ice ;  but  if  this  is  manufactured 
in  Uie  usual  manner  there  is  great  danger  that  some  trace  of 
salt  may  be  carried  from  the  freezing-mixture  to  the  ice. 
One  precaution  I  have  found  advantageous  when  using 
ordinary  ice,  viz.,  on  adding  water  to  the  powdered  ice  it  is 
advisable  to  use  water  resulting  from  the  melting  of  that  ice 
itself  rather  than  either  distilled  or  tap  water. 

I  will  not  burden  this  paper  witn  any  further  detailed 
account  of  the  standardization  of  these  thermometers.  Between 
March  4th  and  July  7th  the  fixed  points  were  determined  on 
over  30  occasion^,  in  ice,  steam,  or  sulphur  vapour,  and  no 
variation  which  would  aifect  temperature  measurements  be- 
tween 0°  and  100°  C.  by  as  much  as  2o\)"9°  C.  presented  itself 
during  the  latter  half  of  these  observations,  the  record  and 
reductions  of  which  alone  make  a  large  pile  of  manuscript. 

The  two  thermometers,  with  their  leads  connected  aa 
described,  were  placed  at  opposite  ends  of  a  bridge  wire  of 
platinum-silver.  During  the  spring  of  this  year  this  wire  was 
subjected  to  a  most  careful  calibration  by  what  was  practically 
Carey  Foster's  method,  and  it  proved  to  be  more  unequal  than 
I  haa  expected.  It  was  therefore  re-calibrated  by  a  different 
method  m  which  a  resistance-box  was  used  as  a  shunt,  and  the 
agreement  between  the  results  was  satisfactory.  The  whole 
wire  was  80  centim.  long  and  had  a  total  resistjmce  of  about 
•4  ohm.  For  convenience,  and  to  avoid  thermal  effects,  a 
similar  wire  connected  with  the  galvanometer  was  laid  along- 
side it,  and  the  sliding-piece  was  fitted  with  a  screw  so  arranged 
that  a  small  turn  of  the  screw-head  made  contact  with  both 
wires*. 

The  wire  and  contact-maker  were  covered  by  a  thick 
copper  shield  (the  screw-head  projecting  through  a  narrow 
slit)  passing  from  end  to  end  of  the  bridge:  thus  the  tempera- 
ture of  the  wire  was  kept  uniform.  By  means  of  a  vernier  the 
divisions  on  the  scale  could  be  read  to  ^  millim.,  which  with 
this  wire  and  thermometers  AB  and  CI)  indicated  at  50°  C. 
a  temperature  difference  of '000915®  C.f    The  temperature- 

*  This  method  of  making  the  connexion  is  due  to  Professor  CaUendar, 
and  is  ezceedinglj  effective  and  convenient. 

t  A  thicker  wire  giving  a  more  open  scale  was  tried  at  first,  but  found 
to  be  less  convenient  than  the  one  finally  adopted  and  calibrated. 
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coefficient  of  this  wire  was  found  to  be  •00029.  The  re- 
sistances of  the  di£Ferent  parts  of  the  wire  were,  after 
correction  for  the  errors  of  individual  coils,  &c.,  merely  ex- 
pressed in  terms  of  the  mean  box  ohm^  the  absolute  value 
peing  of  no  consequence  so  long  as  the  fixed  points  were 
determined  in  terms  of  the  same  standard.  The  remaining 
two  arms  of  the  bridge  were  constructed  of  german-silver. 
They  were  wound  together,  boiled  in  paraffin,  placed  in  a 
bottle,  and  I  expended  much  care  in  finally  adjusting  them 
until  equal.  Their  resistance  was  about  5  ohms  and  the 
galvanometer  about  8  ohms,  which,  assuming  the  resistance  of 
the  thermometers  as  about  20  ohms  each^  would  give  nearly  the 
maximum  of  sensitiveness.  A  single  storage-cell  was  always 
used,  and  a  resistance  of  40  ohms  was  placed  in  the  battery 
circuit  when  the  thermometers  were  in  ice.  A  table  was 
then  calculated  which  gave  the  resistance  necessary  in  the 
battery  circuit  when  the  thermometers  were  at  any  tempera- 
ture in  order  that  CR  (where  B  is  the  thermometer  resistance) 
should  be  constant.  Thus  the  rise  in  the  temperature  of  the 
thermometer  coils  due  to  current-heating  was  always  the 
same,  and  consequent  errors  were  eliminated,  a  point  to  which 
I  attach  considerable  importance. 

The  value  of  Rj— Rq  in  thermometer  AB  was  6*88815  ; 
therefore  a  difference  of  1  ohm  at  50^  C.  indicated  a  difier- 
ence  of  14°*5177  C,  and  as 


dpt      f,     ;j2<-100\* 


the  degree  value  of  any  bridge-reading  at  other  tempera- 
tures can  be  deduced. 

There  was  no  difficulty,  in  the  arrangement  above  described, 
in  reading  with  certaint^  a  difference  of  17^^°  0.,  and,  as  an 
illustration,  I  may  mention  the  fact  that  if  the  thermometers 
were  placed  in  separate  hypsometers  side  by  side  on  the 
bench  and  one  of  the  hypsometers  was  then  removed  to  the 
ground  (about  3  feet  below),  the  difference  in  the  bridge- wire 
reading  thus  caused  slightly  exceeded  '4  millim. 

Before  leaving  this  portion  of  the  subject  I  may  mention 
that  I  carefully  compared  the  thermometer  AB  with  two 
standards  from  the  International  Bureau  of  Weights  and 
Measures,  which  passed  through  my  hands  this  summer 
on  their  way  to  Sydney  University,  and  further  with  a 
separate  standard  sent  me  by  the  Bureau  in  February  1893. 
As  the  particulars  of  this  comparison  are  now  in  the  press  f,  I 

•  Trans.  1801,  A.  p.  142. 

t  *  Science  Progress/  September  1894. 
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need  not  refer  to  them  further  than  to  say  that  the  results 
were  most  satisfactory. 

When  the  experiments  were  in  progress  the  thermometer 
CD  was  placed  in  a  hole  drilled  in  the  wall  of  the  steel 
chamber  parallel  to  the  side  and  separated  from  the  inner 
surface  by  only  ^  in.:  thas  it  assumed  the  temperature  of  the 
walls  surrounding  the  calorimeter.  Thermometer  AB  passed 
within  the  calorimeter  and  was  immersed  to  an  inch  above 
its  bulb  in  the  contained  liquid.  The  reading  on  the  bridge- 
wire  thus  gave  the  diiference  between  the  temperature  of  the 
calorimeter  and  the  walls  of  the  surrounding  chamber. 

To  ascertain  the  actual  temperature  and  the  constancy  of  the 
temperHture  of  the  surrounding  walls,  a  second  hole,  like  that 
already  described,  was  drilled  m  the  steel,  in  which  a  mercurjr 
thermometer  of  open  scale  was  placed.  The  stem,  where  it 
protruded  above  the  lid  ot  the  tank,  was  surrounded  by  a  glass 
tube  up  which  the  motor  pumped  the  tank-water,  which,  passing 
out  at  the  top,  returned  to  the  tank.  The  stem,  therefore,  was 
maintained  at  a  steady  temperature,  and  the  fluctuations  ob- 
served might  be  considered  as  solely  due  to  changes  in  the 
walls  of  the  steel  chamber.  The  stem  of  thermometer  A  (used 
at  the  lower  temperatures)  was  divided  into  millimetres,  about 
27  to  a  degree,  and  No.  II.  (used  at  the  higher)  about  20  millim. 
per  degree.  They  were  observed  through  a  telescope  con- 
taining a  micrometer-scale  giving  direct  readings  to  j^  of  a 
milhmetre.  The  tenth  of  one  of  these  divisions  could  be  esti- 
mated, and  thus  changes  of  i^^°  C.  (i.  e,  about  '025  millim.) 
were  easily  observable.  This  was  important,  as  the  bridge-wire 
readings  nad  to  be  corrected  for  any  movement  in  the  tempe- 
rature of  thermometer  CD — that  is,  the  temperature  of  the 
walls  of  the  chamber. 

The  stirrer  (which  consisted  of  two  nearly  vertical  narrow 
paddles,  reaching  from  top  to  bottom  of  the  calorimeter)  was 
so  placed  as  to  throw  the  liquid  across  the  silver  flask  and  coil 
against  the  thermometer.  This  form  of  stirrer  was  not  the 
one  I  should  have  adopted  had  the  apparatus  been  designed 
solely  for  the  experiments  which  I  am  now  describing.  In 
that  case  I  should  have  preferred  the  form  described  in 
paper  J,  which  threw  the  liquid  from  the  bottom  to  the  top 
of  the  calorimeter ;  and  I  believe  that  such  irregularities  as 
have  presents  themselves  in  these  experiments,  especially 
with  the  smallest  mass,  are  due  to  insufficient  stirring.  When 
the  calorimeter  is  full  of  liquid  the  nature  of  the  stirring  is  of 
less  consequence  ;  and  as  I  proposed  in  the  experiments  for 
which  the  apparatus  was  designed  to  completely  fill  the  calori- 
meter, I  adopted  the  form  which  it  appeared  to  me  would 
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generate  the  least  heat  compatible  with  efficient  mixing.  The 
stirrer  was  sapported  in  the  same  manner  as  that  described  in 
a  former  paper ;  that  is,  its  bearings  were  entirely  external  to 
the  calorimeter  except  at  the  base,  where,  to  check  vibration, 
an  agate  cylinder  hung  within  a  ring  *. 

In  place  of  the  2000  revolutions  per  minute  used  in  my 
former  work  I  confined  myself,  for  the  reasons  above  stated, 
to  a  <5bmparatively  slow  rotation  of  from  500  to  300  revolutions 
I>er  minute.  The  revolving  shaft  was  electrically  connected 
with  the  chronograph  in  sucn  a  manner  that  the  time  of  every 
1000  revolutions  was  automatically  recorded  on  the  tape. 

Before  commencing  the  observations  on  aniline  1  introduced 
299'35  gnus,  (in  vaciw)  of  water  into  the  calorimeter,  and, 
with  a  view  to  ascertaining  the  water-equivalent,  performed 
a  few  experiments  to  determine  the  rate  of  rise  when  a  known 
current  was  passed  through  the  coil.  The  point  was  not  of 
great  importance,  as  I  proposed  to  determine  the  specific  heat 
of  aniline  by  a  method  requiring  no  knowledge  of  the  water- 
equivalent,  which,  however,  when  the  specific  heat  of  aniline 
was  known,  could  be  deduced  from  the  experiments,  and  thus 
a  previous  determination  by  means  of  water  would  serve  as 
an  independent  test  of  the  accuracy  of  the  results.  I  had  not 
covered  the  german-silver  coil  with  any  insulator,  since, 
aniline  being  itself  an  insulator,  the  precaution  was  un- 
necessary ;  and  this  freedom  to  use  the  naked  wire  was  one 
of  the  chief  reasons  which  led  to  the  adoption  of  aniline  as  a 
suitable  liquid  for  my  subsequent  work.  I  was  therefore 
aware  that  I  could  not  expect  verj'  satisfactory  results  from 
the  use  of  water.  The  polarization  was  considerable,  as  shown 
bv  the  back  E.M.F.  at  the  termination  of  an  experiment,  and 
also  by  the  difficulty  experienced  in  making  any  accurate 
determination  of  the  coil-resistance.  However,  it  was  sub- 
sequently found  that  the  ex|)eriments  gave  very  fair  results. 
The  temperature  was  raised  from  about  '5°  C.  below  to  '5°  C. 
above  the  surrounding  temperature  (i.  ^.,  through  about 
12  centim.  of  the  bridge-wire),  and  the  times  of  passing  the 
several  divisions  of  the  bridge- wire  were  recorded  on  the  chro- 
nograph. Five  experiments  were  performed,  and  the  results  of 
the  first  three  gave  a  water-equivalent  of  80*1,  and  Nos.  4  and  5 
of  79*8.  They  were  thus  divided  into  groups  before  the  results 
were  calculated,  as  the  coil  showed  decided  signs  of  change  in 
resistance  between  the  two  batches  of  experiments.  I  had 
proposed  to  continue  these  experiments  with  a  different  mass 
pf  water,  but  became  alarmed  as  to  the  effect  on  the  coil  of 

*  A  portioa  of  the  shaft  of  the  stirrer  was  constructed  of  ivory,  to 
diminisn  ito  thermal  conductivity. 
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the  change  that  was  going  on,  and  decided  to  withdraw  the 
water,  for  had  the  coil  become  useless  from  any  cause,  the 
whole  apparatus  would  have  had  to  be  taken  to  pieces  and  the 
base  of  the  calorimeter  unsoldered,  &c.,  involving  a  delay  of 
at  least  a  week  or  two. 

During  the  time  that  the  water  was  in  the  calorimeter 
I  performed  a  considerable  number  of  experiments  to  deter- 
mme  the  rise  in  temperature  due  to  the  work  done  by  the 
stirrer.  With  this  form  of  stirrer  and  the  low  rates,  (r*  was 
practically  a  constant^  where  t  was  the  time  of  rising  1  centim. 
of  the  bridge-wire  and  r  the  rate  of  revolution  per  second. 
The  resulting  correction  was  comparatively  small,  amounting 
to  about  ^  of  the  heat  generated  by  the  current  during  the 
water-equivalent  experiments ;  thus  any  small  error  in  the 
correction  introduced  when  eliminating  the  heat  supplied  by 
the  stirrer  became  unimportant 

After  the  water  was  withdrawn,  the  whole  apparatus  was 
kept  for  three  days  at  a  temperature  between  40  and  50^  C, 
while  dried  air  was  forced  continuously  through  every  part  of 
it.  At  the  end  of  this  time  a  sulphuric-acid  bulb  (through 
which  the  air  passed  on  its  exit  from  the  apparatus)  showed 
no  increase  in  weight.  I  then  introduced  294*1)9  grms.  (in 
vacuo)  of  aniline  into  the  calorimeter  *. 

I  will  at  once  state  that  no  great  pains  were  taken  to  secure 
an  absolutely  pure  specimen  of  aniline.  For  my  subsequent 
experiments  the  purity  of  the  aniline  was  a  matter  of  no  con- 
sequence, as  I  only  required  to  know  the  actual  capacity  of 
the  calorimeter  and  contents  at  different  temperatures. 

Acain,  as  regards  the  purposes  of  this  investigation  I  think 
that  it  will  be  of  greater  service  if  I  am  able  to  supply  experi- 
menters with  the  specific  heat  of  a  quality  of  aniline  at  all 
times  procurable,  rather  than  if  I  ^ave  the  constants  of  a 
quality  only  to  be  obtained  with  difficulty.  The  sample  I 
used  was  supplied  by  Messrs.  Harrington  Bros.,  as  "  pure 
colourless,"  and  had  but  a  light  brown  tinge.  It  was  re- 
distilled by  me  once  before  use,  and  I  also  determined  its 
boiling-point,  which  was  in  agreement  with  that  of  a  speciallv 
pure  sample  which  I  had  examined  on  a  previous  occasion  f. 
Further  (and  this  I  have  alwavs  found  to  oe  a  fair  test  of  the 
purity),  the  temperature  of  the  boiling-point  did  not  change 
during  distillation. 

From  the  time  that  aniline  was  first  introduced  into  the 

*  The  precautions  observed  in  order  that  the  mass  introduced  might 
be  Accurately  determined  are  fully  described  in  paper  J,  p.  418. 
t  Trans.  1891  A,  p.  64. 
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onlorimeter  all  si^s  of  polarization  disappeared,  and  the  in- 
sulation  of  the  coil  was  very  perfect. 

I  will  now  describe  the  metnod  of  conducting  an  experiment. 
The  tank  was  first  brought  to  the  desired  temperature,  and 
the  experiment  was  not  proceeded  with  until  the  tank- tempera- 
ture had  had  time  to  become  steady.  Freshly  distilled  ether 
was  then  introduced  into  the  silver  flask,  and  dried  air  passed 
through  it  (the  stirrer  in  the  surrounding  aniline  being  con- 
tinually at  work)  until  the  whole  of  the  euier  was  evaporated. 
The  taps  connected  with  the  silver  flask  were  then  closed,  the 
key  inserted  in  the  storage-circuit,  the  connexion  with  the 
Clark  cells  made,  and  the  rheochord  adjusted  until  the  potential 
difference  at  the  ends  of  the  coil  was  shown  by  toe  high- 
resistance  galvanometer  to  bo  equal  to  that  of  the  Clark  cells 
used.  Three  or  four  of  these  cells  were  placed  in  parallel  arc, 
and  the  files  thus  formed  in  series  :  therefore,  when  using  an 
electromotive  force  of  4  Clark  cells,  we  had  really  in  use  12 
or  16. 

Throughout  an  experiment  the  attention  of  my  assistant  * 
was  directed  to  keeping  the  potential  balance  as  even  as 
possible.  I  meanwhile  had  to  observe  and  mark  the  time  of 
transit  across  the  graduations  of  the  bridge-wire.  A  reversing- 
key  was  maintained  at  a  conshint  period  of  oscillation  (about 
twice  per  second),  and  as  the  temperature  rose  the  oscillations 
of  a  dead-beat  galvanometer  mirror  (which  were  viewed 
through  a  telescope  fitted  with  a  micrometer-scale)  steadily 
diminished,  and  the  moment  when  they  ceased  could,  to  my 
surprise,  be  determined  with  great  accuracy.  By  pressing  a 
kev,  the  time  was  recorded  on  the  chronograph  tape. 

The  mercury-thermometer  inserted  in  the  walls  of  the  steel 
chamber  was  observed  at  regular  intervals,  any  alteration 
noted,  and  a  correction  afterwards  applied  to  the  bridge-wire 
reading — the  value  of  each  division  of  the  bridge- wire  in 
terms  of  a  millimetre  of  the  thermometer-scale  being  known. 
The  time  of  each  1000  revolutions  of  the  stirrer  was  auto- 
matically recorded  on  the  tape,  thus  the  only  notes  that  had 
to  be  taken  during  an  experiment  were  of  the  changes  of  the 
mercury- thermometer.  The  chronograph  was  one  of  some- 
what novel  construction,  for  which  I  am  indebted  to  Mr.  £. 
A.  Pochin.  It  was  worked  by  a  water  motor,  had  a  triple  set 
of  recording  hammers,  and  was  controlled  by  an  electric 
clock  which  was  compared  at  regular  intervals  with  a  ^'  rated  '* 

*  I  take  this  opportunity  of  returning  mj  thanks  to  Mr.  C.  Qreen, 
Scholar  of  Sydney  Collegei  Cambridge,  for  his  able  assbtance  during 
these  experimente. 
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Dent's  chronometer,  but  as  the  greatest  gain  in  rate  observed 
was  less  than  1  in  12,000,  no  correction  was  necessary. 

I  find  it  impossible  to  sive  a  detailed  record  of  the  obser- 
vations, as  it  would  fill  a  volume.  I  therefore  propose  to  give 
an  example  in  full  of  one  of  the  experiments  by  drawing  at 
random  one  of  the  leaves  from  the  mass  of  records. 


Table  I. 
Aniline  Exp.  No.  26  :  4  cells.     July  28th. 

Cooled  to  reading  36  cm.  b.w.    Temp,  of  b.w.  =s  67^*5  F. 
Temp.  Clark  Cells  =  15''-27  C.  throughout. 

Experiment  commenced  at  1-17-30. 


Bridge-wire 
reading  in 
oeotims. 

Time  by 
chrono- 
graph. 

Number  of 
rerolutions. 

Time. 

Time  per 

1000  rero- 

lutions. 

Temp,  by 
thermo- 
meter A. 

645 
560 
65-6 
66-0 
56-5 

Mean 

61-6 
62-0 
62-6 
63-0 
63-6 

Mean 

68-0 
68-5 
690 
69-6 
70-0 

Mean 

75-0 
766 
76-0 
76-5 
77-0 

Mean 

8608. 

331-4 
347-7 
366-9 
384-4 
4034 

0 
1000 

2000 
3000 

4000 

sees. 
»481 

552-() 

757-2 
961-4 

1166-7 

sees. 
204-5 

204-6 

204-2 
2053 

millim. 
166-53 

16655 

166  58 

166-60 

166-61 

16660 

166-60 

166-69 

36(>-8 

582-5 
600-5 
619-4 
6381 
6560 

6193 

819-9 
838-6 
866-2 
874-9 
892-6 

856-4 

10796 
1098-7 
1118-3 
1137-4 
1156-2 

1118-0 

Mean  reading  of  tbermoiueter  A  =  16668  iiiillim.  =  16° -4590. 
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Reduction  of  the  Hesults. 

Let  00  be  the  temperature  of  the  surrounding  envelope  and 
01  that  of  the  calorimeter  at  any  time  t.  Let  the  change  in 
temperature  per  second  due  to  the  work  done  by  the  stirrer 
be  o-,  and  let  p  equal  the  gain  iu  temperature  per  second  due 
to  the  combined  effects  of  convection,  conduction,  and  radiation 
when  the  difference  in  temperature  between  the  calorimeter 
and  the  surrounding  envelope  is  unity. 

Let  a  wire  whose  resistance  is  R  at  0o  and  Rx  at  ^^  be  im- 
mersed in  a  liquid  contained  in  the  calorimeter,  and  let  the 
mass  of  the  contained  liquid  be  M  and  its  specific  heat  S| 
when  the  temperature  is  u^ 

Let  the  capacity  for  heat  of  the  calorimeter  be  u)i  when 
the  temperature  is  d|. 

Thus  the  thermal  capacity  of  the  calorimeter  and  contents 
at  any  temperature  0i  is  SjM  +  w?!. 

If  the  ends  of  the  wire  be  kept  at  a  constant  potential- 
difference  of  E,  then  we  get  (paper  J,  p.  367)  : — 

Since  c  is  small  and  we  can  make  0i  —  0q  of  any  magnitude 
we  please,  it  is  always  possible  to  obtain  a  value  of  0i  such 
that  0-— p(^i— ^o)  =0,  and  in  that  case 

E« /d0^\ 

J.Ri(8xM  +  iri)  ^\dt); 

the  stiffix  denoting  the  nature  of  the  supply. 

This  temperature  (viz.  that  value  of  ^,  which  causes 
a— p(^i— ^o)  to  vanish)  I  shall  denote  throughout  this  paper 
by  the  term  **  null  point,"  by  which  I  mean  that  value  of  0. 
at  y^  hich  the  observed  rate  of  rise  is  due  to  the  electrical 
supply  only,  and  I  shall  use  0^  to  indicate  that  temperature. 

Two  or  three  methods  of  findmg  ^if  suggest  themselves. 
If  the  stirrer  be  set  working  when  there  is  no  electrical 
supply,  then  0i  will  gradually  approximate  to  0js[,  and  a  few 
observations  as  to  the  rate  of  change  in  0i  will  supply  sufficient 
information  to  enable  the  observer  to  set  the  value  near  to 
^N,  and  the  calorimeter  can  then  be  left  to  gradually  assume 
the  true  value.  I  have  given  this  method  a  fair  trial,  for  the 
apparatus  has  been  left  working  for  twenty-four  hours  at  a 
time,  and  the  value  of  0jf  ascertained  with  precision. 

For  example,  at  the  rate  of  9*10  revolutions  per  second  it 
was  found  that  the  value  of  ^n— ^o  (expressed  in  terms  of  the 
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mean  bridge-wire  centimetre)  was  about  9*2  (i.  e.  0°*85  C. 
approximately),  and  that  when  the  rate  was  5*00  the  valne 
was  about  2"7  (=s0^*25  C.  approximately) ;  and  it  is  noticeable 
that  the  ratio  9-2  :  2'7  is  nearly  that  of  (9-l)«  :  (5-0)«,  thus 
indicating  that  the  heat  developed  by  the  stirrer  varied 
approximately  as  r*,  where  r  is  the  rate  of  revolution. 

A  modification  of  this  method  renders  it  possible  to  deter- 
mine the  thermal  value  of  the  stirring  work.  After  obtaining 
0^  as  above,  find  what  value  of  di  will  cause  the  temperature 
to  remain  steady  when  the  heating  effect  is  that  due  to  the 
stirring  and  a  potential-difference  of  one  Clark  cell.  Call 
this  temperature  0^^ ;  we  have  thus  two  equations, 

<r-f>(^N-^o)=0, 
and 

hence  a 

"""^  J.H,(SiM  +  tri)"fiH.-:^o' 
Whatever  method  is  adopted  the  experiments  involve  much 
lubour  and  time,  for  a  redetermination  of  0^  must  be  made 
for  each  change  in  ^qj  »9  i^  is  probable  that  owing  to  changes 
in  the  viscosity  and  surface-fnction  of  the  contained  liquid, 
0^  would  be  some  function  of  ^o  when  the  rate  of  revolution 
of  the  stirrer  is  constant ;  and  a  complete  determination  of 
the  value  of  0^  for  each  value  of  0^  would  have  doubled  or 
trebled  the  length  of  the  investigation. 

It  has  always  appeared  to  me  to  be  possible  that  the  value 
of  /o  is  a  function  of  the  rate  of  change  in  the  temperature  of 
the  calorimeter.  The  temperature-gradient  from  the  calori- 
meter to  the  surrounding  walls  must  alter  slightly  with  the 
rate  of  change  in  dj,  and  the  rate  of  loss  or  gain  m  temperature 
of  the  calorimeter  must  as  a  consequence  oe  affected  ;  or,  in 
other  words,  I  think  it  probable  that  the  value  of  0^  is  a 

function  of -^>  hence  the  value  of  0^  obtained  by  experiments 

such  as  those  described  above,  where  the  temperature  of  the 
calorimeter  is  constant,  may  differ  appreciably  from  the  valne 
of  0^  when  the  temperature  is  rising. 

The  method  I  finally  adopted  must  diminish,  although  it 
does  not  entirely  eliminate,  any  error  due  to  this  change  in 

Let  several  experiments  be  performed  similar  in  all  respects 
except  that  the  potential -difference  is  changed  in  each  case. 
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Let  the  potential-difference  of  a  Clark  cell  be  e^  and  let  n 
be  the  nnmoer  of  cells  used. 
Then 

hence 

\</<;  "*».«"   J  Uj(S,M  +  tr,)  "^  n« 

Ijet  us  nssame  for  the  time  that  dir  is  independent  of  n, 
then,  when  0^=6^l|,  we  get 

rf^^  1,_ c» 

rf<   ^  n«~  JR,(S,'M  +  Wi)' 
hence 

liT''  V"  "rfT^  V"  ^     ^" 

where  n^,  n,,  wj  Ac.  are  the  number  of  celb  used  in  each 

case. 

If,  therefore,  we  plot  the  curves  (which  in  this  case  are 

straight  lines  since  the  variables,  viz., /:)(^i— ^o)  and  Rj,  Si, 

and  Wi  may  for  small  changes  of  temperature  be  considered 

as  linear  functions  of  ^j,  see  paper  J,  pp.  442-448),  which 

d0        1 
we  obtain  by  taking  -^-i  x  -^  as  ordinate,  and  0i  as  abscissa, 

they  will  intersect  where  the  abscissa  is  ^k^  and  there  only, 

i]0 
and  since  the  value  of  --7~  can  be  experimentally  determined 

for  different  values  of  ^j,  the  observations  themselves  can 
be  made  to   give    the  value   of   ^j^,   and  we  can  thus  find 

T  tj  /o  mf  . — T  J  the  rise  due  to  the  electrical  supply  alone. 
J.Ki(8iM  +  tri)  '  rtr  J 

A  small  deviation  from  the  true  value  of  0s  is  of  little 

d0       1 
consequence,  for  the  resulting  value  of  -~  x  -5  will  only 

differ  from    -^  X  —^  by  the  quantity  ^       ^    ^  ,  and  since 

p  is  small  as  compared  with  the  other  magnitudes,  01"  0s 
must  be  considerable  before  the  error  becomes  appreciable. 

As  this  is  an  important  point,  I  will  select  one  of  the  three* 
cell  experiments  (No.  37)  in  order  to  show  the  relative  mag- 
nitude of  the  various  quantities,  and  the  probable  limit  of 
error  arising  from  the  assumption  that  0s  is  independent  of  n. 
The  differences  in  temperature  are  expressed  in  terms  of  the 
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temperatu 
wire,  but 
any  scale. 


temperature  diiFerence  equivalent  to  1  centim.  of  the  bridge- 
wire,  but  would  of  course  have  the  same  relative  values  in 


p= -000082. 
a =-000230. 


C^)- 


Let  us  assume  that  the  value  taken  for  0^  differed  from 
the  true  value  by  as  much  as  1  bridge-wire  degree  (as  will 
be  seen  when  the  experimental  results  are  given  this  is  an 
excessive  estimate),  then  ^j— ^jj=l,  hence  (supra)  the  value 

of  ~  would  differ  from 


dt 


^  by  pM=^=  -OOOOfx  1^.000009. 
at      ''  rr  \) 


dO        1 
When  the  values  of  -^=  -j  (where  »i  =  2,  3,  or  4)   were 

I)lotted  as  ordinates  with  0i  as  abscissa,  the  resulting  straight 
ines  were  found  to  intersect  not  in  one  but  in  three  points, 
which,  however,  were  so  near  to  each  other  that  (except  in 
one  case)  the  probable  error  introduced  by  assuming  that  any 
one  intersection  gave  the  true  value  of  6^  was  less  than  that 
above  indicated.  The  triangle  formed  by  joining  the  three 
points  of  intersection  was  almost  invariably  of  one  form  and 
of  nearly  equal  dimensions,  indicating  that  its  existence  was 
not  due  to  experimental  irregularities  but  was  connected  in 
some  way  with  the  difference  in  the  rate  of  rise  with  different 
values  of  n.     1  think  that  my  impression  that  p  and  hence 

fi^  are  functions  of  — ~  is  thus  confirmed. 

^  at 

In  any  case  the  error  caused  by  the  assumption  that  6^  is 
the  same  with  different  rates  of  increase  in  temperature,  must 
be  less  than  the  error  resulting  from  the  assumption  that  it  is 
the  same  when  the  temperature  is  rising  and  when  it  is 
steady. 

Again,  the  null  point  finally  selected  for  each  group  of  ex- 
periments was  always  obtained  in  the  same  manner  from  the 
three  points  of  intersection.  Any  error,  therefore,  is  of  the 
same  nature  in  each  case,  and  as  the  specific  heat  was  obtained 
by  the  subtraction  of  one  ordinate  from  another,  the  effect  of 
any  error  is  diminished  considerably.  True,  when  the  absolute 
value  of  the  ordinate  is  used  in  order  to  obtain  the  water 
equivalent  of  the  calorimefew,  any  error  in  the  position  of  0jg^ 
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and  therefore  in  the  length  of  the  ordinate,  would  produce 
its  fall  effect,  and  might  be  appreciable,  but  as  regards  the 
determination  of  the  specific  heat  bjr  the  method  of  differences 
it  is  almost  certainly  negligible.     It  would  be  represented  by^ 

— —     \  ^ —^  where  45i  and  p^  are  the  values  of  p  when 

the  masses  of  the  liquid  are  M|  and  M^ ;  and  since 

Pi(MiSi+ M?,)  =f)s(M,Si  +  w?,), 
the  limit  of  error  is  given  by  the  expression 

eiSi(M^-Mo^  0x-e^ 

Now  the  value  of    -iV  J ^  in  these   experiments 

M2Si  +  w?i  ^ 

about  i,  hence  we  get  ^  •    ^    %  ^  as  the  expression  for  the 

(IB 
error,  and  this  would  in  no  case  amount  to  x^m  ^^  'IT* 

dB 
I  assume,  therefore,  that  the  values  of  -^  given  by  the 

experiments  are  sufficiently  approximate. 

if  C^  is  the  value,  in  degrees  C.  of  the  air-thermometer,  of 
the  temperature  difference  equivalent  to  1  centim.  of  the 
bridge- wire*,  then 

~dt   ^   ■"?"" 

gives  the  rise  per  second  in  degrees  C.  with  unit  resistance 
and  unit  potential-difference. 

The  reciprocal  of  the  quantity  thus  found  gives  us  T,  the 
time  of  rbing  1^,  when  E  =  l  and  R=l. 

Now  ,p 

j=:<riM  +  t^l. 

Let  the  value  of  T  be  Ti  when  M  is  M^,  and  T^  when  M 
is  M3. 
Then  we  get  a  lu-   .  ^i 

*  See  p.  54,  tupra, 
PhU.  Mag.  S.  5.  Vol.  39.  No.  236.  'jan.  1895.  F 
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and 

hence 

^^-J(M,-M,)- 
We  can  now  find  the  value  of  SiMi,  and  therefore 

Thus  both  the  specific  heat  of  the  liquid  and  the  water- 
equivalent  can  be  found  if  two  groups  of  experiments  with 
different  masses  of  liquid  have  been  performed  at  the  same 
temperature. 

Since  J =4*198  x  10'  *  ergs,  when  the  unit  of  heat  is  "  the 
quantity  of  heat  required  to  raise  1  grm.  of  water  through 
1°  C.  of  the  air-thermometer  at  15°  G.,"  it  follows  that  the 
results  obtained  at  different  temperatures  are  all  expressed  in 
terms  of  that  unit,  and  are  not  dependent  upon  our  Knowledge 
of  the  changes  in  the  specific  heat  of  water. 

Corrections. 

Before  proceeding  to  plot  the  results  the  following  cor- 
rections had  to  be  made  : — 

I.  For  changes  in  the  temperature  of  the  steel  chamber 
during  the  time  of  an  experiment.  For  temperatures  below 
26°  0.  a  mercury-thermometer  labelled  A  was  used,  situated 
as  described  on  p.  56,  and  1  millim.  change  in  A  was  equi- 
valent to  4*05  millim.  in  the  bridge-wire  reading.  Thermo- 
meter II.  was  used  for  temperatures  above  26°  C,  and 
1  millim.  change  in  XL  was  equivalent  to  5'5  millim.  of  the 
bridge-wire.  The  resulting  correction  had  to  be  added  or 
subtracted  from  the  bridge-wire  value  of  d0i,  and  it  rarely 
exceeded  0*2  millim. 

II.  The  correction  to  the  "  mean  bridge  centimetre/'  This 
correction  was  given  with  creat  exactness  by  the  table  result- 
ing from  the  caubration  of  me  bridge-wire  previously  referred 

to.    It  is  applied  as  a  factor  to  -^• 

III.  The  normal  rate  of  stirring  during  experiments  1  to  8 

♦  Proct  Roy.  Soc.  Iv.  p.  26. 
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was  9*10  revolutions  per  second,  for  the  remaining  experi- 
ments 5'00.  A  considerable  number  of  experiments  gave 
er*=r  800,000  approximately,  where  r  is  the  rate  per  second, 
and  t  the  time  of  rising  1  centim.  of  the  bridge-wire.    The 

correction  to  the  normal  rate  therefore  is  q/^^  aaa?  where  r  is 
the  normal  and  ri  the  observed  rate,  * 

As  the  stirring  rarely  departed  much  from  the  normal  this 
correction  was  always  small,  it  in  no  case  exceeded  '00006, 
and  rarely  exceeded  '00002  ;  and  as  the  values  of  ti^  given 
by  the  stirring  experiments  did  not  differ  by  more  than 
1  part  in  50,  the  correction  is  sufficiently  close. 

IV.  The  correction  consequent  on  changes  in  the  tempera- 
ture of  the  bridge-wire.  This  is  given  with  sufficient  accuracy 
by  the  expression 

^x{l  +  -00016(5,-59)}, 

0^  being  measured  by  a  Fahrenheit  thermometer. 

V.  The  correction  for  the  temperature  of  the  Clark  cells. 
Assuming  Lord   Rayleigh's  temperature-coefficient  '00077, 

we_get-T7{l  + -00154(^—15)};  for  the  rate  of  rise  varies 
as  W.    ^^ 

VI.  The  subsequent  operations  are  simplified  if  some  arbi- 

trary  value  is  assigned  to  R',  and  the  consequent  value  of  —^^ 

for  that  value  of  R'  ascertained.  As  the  resistance  of  the  coil 
increased  from  about  8'45  to  8*6  ohms  as  Ox  increased  from 
15°  to  50°  C,  it  was  found  convenient  to  take  8*5  ohms  as 

the  arbitrary  resistance.     The  correction  is  -^r  x  -^ 

The  true  value  of  Ri,  however,  is  not  that  obtained  by 
merely  taking  the  resistance  in  the  usual  manner  with  a 
small  current.  I  have  in  paper  J,  pp.  404-7,  published 
a  full  account  of  a  method  of  finding  the  increase  in  R^ 
due  to  an  increase  in  the  potential-difference  of  1,  2,  &c. 
Clark  cells. 

The  increase,  with  this  coil,  was  carefully  determined,  with 
the  following  results*: — 

•  I  have  to  thank  Mr.  F.  H.  Neville,  Fellow  of  Sidney  College,  Cam- 
bridge, for  his  kindnees  in  assiBting  me  in  this  somewnat  troublesome 
detennination. 

F2 
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Tablb  II. 

Potential-difference 
(in  terms  of  a  Clark  cell).  dR  (in  true  ohms). 

1  -00087 

2  -00227 

3  -00433 

4  -00723 

Th6  resistance  of  the  coil  was  carefully  determined  for 
each  groap  of  experiments,  at  the  mean  temperature  of  the 
group,  and  also  occasionally  at  a  fixed  temperature,  in  order 
to  trace  any  change.  During  the  first  series  a  slight  increase 
was  observable  (apart  from  the  natural  increase  due  to  its 
temperature-coeflScient).  This  was  possibly  a  consequence 
of  an  oversight  on  my  part,  as  I  had  forgotfon  to  previously 
anneal  the  wire.  After  it  had  been  raised  to  the  highest 
temperature  attained  during  these  experiments  the  further 
change  became  negligible. 

The  absolute  value  of  Ri  was  obtained  by  means  of  the 
dial-box  described  in  paper  J,  pp.  408-10.  The  errors  of  the 
separate  coils  and  of  the  coils  in  the  bridge-arms  had  been 
ascertained  by  a  direct  comparison,  which  had  been  made  by 
kind  permission  of  Mr.  Glazebrook,  with  the  B.A.  standards 
in  the  autumn  of  1892. 

VIT.  The  value  of--j7^  at  several  points  of  the  range  (which 

was  usually  about  15  centim.  of  the  bridge-wire,  t.  e,  about 
l°-4  C.)  having  been  ascertained,  the  results  were  plotted 
(with  01  as  abscissa)  in  order  io  ascertain  the  regularity  &c. 
of  the  observations,  which  was  generally  found  to  be  satis- 
factory.   The  values  of -^*  at  the  readings  60  and  70  of  the 

bridge-wire  were  then  obtained  and  divided  by  n*.  Three 
experiments  having  been  performed  at  each  temperature  with 
three  diflereut  values  of  n,  the  intersection  of  the  three  lines 
thus  found  gave  ^n>  the  ordinate  for  that  abscissa  giving  the 
rate  of  rise  due  to  the  electrical  supply  alone.  A  plan  of 
these  intersections  is  given  on  Plate  I. 

A  glance  at  Plate  1.  will  show  that  the  null  point  in  each 
jcase  is  not  accurately  defined. 

The  intersection  of  the  3-  and  4-cell  lines  is  always  to  the 
left  of  the  other  intersections. 
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I  have  shown  (p.  65)  that  the  error  introduced  by  this 
nncertainiy  is  in  anj  case  small,  more  especially  so  as  the 
results  are  deduced  from  differences  in  the  ordinates.  The 
most  probable  position  appears  to  me  to  be  about  midway 
between  the  points  of  intersection  of  the  2-cell  line  with  the 
other  lines  ;  but  as  it  is  improbable  that  the  position  of  the 
point  would  vary  capriciously  as  the  temperature  rose,  I  bive 
selected  points  on  the  smoothed  curve  (called  the  "  null-point 
curve  ")  which  passes  most  nearly  through  the  various  inter- 
sections. 

It  will  be  noticed  that  the  null-point  curve  approaches  more 
nearly  to  the  outside  temperature  as  the  value  of  ^i  increases  *. 
This  indicates  either  (1)  that  the  work  done  by  the  stirrer 
had  diminished  (this  would  probably  be  due  to  diminished 
viscosity  or  surface  friction)  ;  or  (2)  that  the  loss  by  con- 
vection, Ac.,  had  increased.  The  former  is  I  think  the  more 
probable  explanation. 

When  the  depth  of  the  Uquid  is  increased,  the  stirrer  has  more 
work  to  do  and  the  supply  of  heat  is  greater  while  the  loss 
remains  unchanged.  The  null  point  therefore  is  at  a  higher 
elevation  when  the  mass  is  greater,  and  PI.  I.  shows  that 
Ov^Oq  18  nearly  proportional  to  the  depth^  i.e,  to  the  mass,  of 
the  contained  liquid. 

In  order  to  illustrate  the  method  of  applying  the  various 
corrections,  and  also  to  indicate  their  comparative  magnitude, 
1  give  in  full  (Table  III.)  the  working  out  of  experiment  26, 
of  which  the  details  were  given  in  Table  II.  The  numbers  in 
Roman  numerals  indicate  tne  sections  on  the  preceding  pages, 
in  which  the  particulars  of  the  correction  are  given.  The 
greatest  correction  is  that  given  by  the  calibration  of  the 
bridge-wire,  and  this  can  be  applied  with  great  certainty. 

I  do  not  consider  it  necessary  to  crowd  this  paper  with 
similar  details  regarding  the  remaining  experiments.  Table 
IV.  (pp.  71,  72)  is  a  summary  in  which  I  have  given  the 
numbers  necessary  for  the  remaining  calculations. 

*  This  ctmratnre  is  more  marked  than  would  tSi  fil^  sight  appear  fittm 
an  inspection  of  Plate  L  Owing  to  the  difference  in  the  temperature 
coefficient  bf  the  two  differential  thermometers,  the  true  bridge  null  point  is 
given  by  the  expression  69-84+-0(XKi  6^,  where  6^  is  the  temperature  of 
the  thermometers.  The  position  of  the  bridge  null  point  ic  ehown  by 
the  vertical  lines  on  the  left. 
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Tablb  III. 

Showing  the  Corrections  necesssary  for  the  Redaction  of 
Experiment  26.    July  28. 


Obserred  time  oyer  range  (t)    ... 

Change  in  exteniiJ  temp.  (Uierm.  A) 
during  the  experiment  

Change  in  range  consequent  on 
change  in  therm.  A  (1  mm.  A= 
4*05  mm.  of  bridge-wire)  


Uncorrected  riae  per  1  aec,  t. «.  -y} 

at 

Mean  Talue  of  1  cm.  of  the  bridge- 
wire  orer  this  range  in  terms  of 
mean  bridge-wire  oiu 


Correction  of  -i^to  mean 
"^     wire  cm. 


bridge-  I 

»   for  temp,  of  Clark  I 

cells.  / 

for     temp,     of  1 

bridge-wire.     J 

for    stirring    to  1 

rate6'00.  f 


-T^  after  correctior.s  

Mean  point  of  range  (bridge-wire). . 


Bange  on     |    Bange  on 

bridge-wire  '  bridge-wire. 

65*5-tl2-6cm.  62  5-69-0  cm. 


Bange  on 
bridge-wire. 
69-0-760  cm. 


252*5  sees. 
+•05  mm. 

+ -020  cm. 


2371 


261*68 


•027802 


100245 


-f -000068 
-f -000010 
-h -000037 
+-000012 


•027929 
5900 


I 


Bef. 
No. 


+*015mm.     --010  mm. 
+•006 cm.  I    -O04cm.    1   I. 


•027440 


•99281 


-•000197 
+  •000010 
+  •000037 
+•000011 


•026743 

•99494 

-•000135 
+•000009 
+  •000086 
+•000011 


IT. 

V. 

IV. 
I 
III. 


•027301 
6575 


•026664 
7250 


r 


I 


c. 


Since  the  pomte  thus  found  should  lie  on  a  straight  line,  the  best  result  is  ' 
arnved  at  by  treatm^  the  results  so  as  to  obtain  2  points  only.    If  we  mean 
A  and  B,  and  again  B  and  C,  we  attach  undue  value  to  B.    The  true  mean 


is  obtained  by 


3  3 


We  thus  ^  :— 

Bndge-wire  readings  61-25  cm. 

Mean  Talue  of  37^  ^027720 


70-25  cm. 

jf  -KT^WM  -026877 

We  can  thus  obtain  (either  arithmetically  op  by  plotting)  the  values  of 

-jJ  at  B.W.  readings  60-00  cm.  7000  cm. 

which  are  ^027837  ^026900 

Now  ti»e  ▼aJue  of  Bj  near  the  '•null  point"  (about  62  5  b.w.)  was 
found  to  be  8-46093  true  ohms.  To  this  add  -00720  for  tlie  rise  in  resistance 
due  to  a  potential-difference  of  4  Clark  cells  (Table  U.) ;   hence  B. =8-4681. 

hence  correction  to  B=8-5000  is  - -000104 ]?. 

Hence  ^at  B.W.  readings  60-00  cm.  70O0  cm. 

whfln  B  is  8-5000,  =   -027733  ^026796 

MMl^  X  ly  =    001733  -001675 


VI. 
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The  value  of  — ij^  having  heen  ascertained  as  above  indi- 
cated, the  capacity  for  heat  of  calorimeter  and  contents  is 
easily  deduced. 

The  operations  are  shown  in  Table  V. 

Col.    I,  gives   the   temperature  of  the  null  point  in  de- 
grees C.  of  the  air-thermometer  (from  Table  IV.). 

^f  II.  the  rate  of  rise  at  the  null  point  as  deduced  from 
the  group  of  experiments  at  that  temperature 
(from  Table  IV.). 

„  III.  the  value  of  the  mean  centimetre  of  the  bridge- 
wire  at  the  temperature  of  the  null  pointy  denoted 
byC». 

„  IV.  gives  the  rate  of  rise  when  R=  1  true  ohm  and  the 
potential-difference  1  volt  (e=  1-4342,  ««=2-0570), 
expressed  in  degrees  C.  of  the  air-thermometer. 
The  value  of  R'  used  in  this  reduction  is  8*4966 
instead  of  the  8*5  ohms  which  was  selected  as  a 
convenient  arbitrary  value  of  R'  in  the  reductions 
in  Table  IV.  The  two  wires  connecting  the  roof 
of  the  calorimeter  with  the  steel  Hd  had  a  total 
resistance  of  '0068  ohm.  We  may  assume  that 
half  the  heat  generated  in  these  wires  passed  into 
the  steel  lid,  and  half  into  the  calorimeter.  We 
may  therefore  consider  their  resistance  as  •0034 
ohm=r.  Now  the  points  which  were  kept  at  a 
constant  P.D.  were  at  the  lid  of  the  calorimeter 
and  between  these  wires  and  the  coil.     The  equa- 

tion  is  J.H.=|T-(  1  +  Tj  U ;  hence  the  effective 

resistance  Ri-r= 8*5 -'0034. 
„     V.  gives  the  reciprocals  of  the  numbers  in  Col.  IV. 

„  VI.  The  value  of  J  is  assumed  as  4*198  *.  The 
numbers  in  this  column  give  the  capacity  for  heat 
of  calorimeter  and  contents  expressed  in  terras  of 
'*  a  thermal  unit  at  15°  C"  The  results  when 
plotted  as  ordinates,  with  0i  as  abscissa,  are  shown 
in  Plate  II  (a). 

•  rroc.  Roy.  Soc.  vol  Iv.  p.  24  (1894). 
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Table  V. 


Experiments. 

I. 

n. 

IIL 

IV. 

V. 

VI. 

On. 

^xm 

c*. 

dt^      e'     XlO. 

T. 

T 
T 

1  to  6  ... 

17-784 

2748 

•09040 

10266 

9742 

232-06 

6  to  8  ... 

9  ,.  12  ... 
13  ,.  16  ... 
16  „  18  ... 
19  .,  21  ... 
22  „  24  ... 

25^33 
16-562 
25-471 
33-158 
40-548 
50  398 

2392 
2417 
2396 
2370 
2346 
2314 

-09062 
•09037 
-09061 
•09081 
•09102 
•09129 

8962 
9020 

8964 
8890 
8816 
8722 

11 17^0 
1108^6 
1116^ 
1124-9 
1134-3 
11465 

266-08 
264-10 
266-77 
26797 
27022 
27312 

25  to  27  ... 
28  „  30  ... 
31  „  33  ... 
84  ..  36  ... 
37  „  39  ... 
40  „  42  ... 

16-705 
25-454 
33-230 
40645 
50524 
16-780 

1711 
1696 
1680 
1664 
1640 
1712 

•09037 
-09061 
•09082 
-09102 
-09120 
•09037 

6387 
6348 
6300 
6251 
6185 
6390 

1566-7 
1575-3 
1587-1 
1699-8 
1616-8 
15649 

372?»9 
37530 
27810 
38111 
38514 
372-iO 

Remarks  on  Tables  I V.  and  F. 

Experiments  1  /o  3  (3  cells)  and  i  to  b  {2  cells)  were  per- 
formed with  a  view  to  testing  the  w^orking  of  the  vanous 
portions  of  the  apparatus,  and  in  order  to  ascertain  the 
minimum  quantity  of  liquid  that  could  be  used  with  safety. 

The  results  were  not  satisfactory :  the  values  of  -~  at  the 

same  temperature,  when  deduced  from  the  different  experi- 
ments in  which  the  conditions  were  similar,  differed  con- 
siderably, occasionally  by  as  much  a«  1  per  cent.  The  cause 
was  evident :  the  depth  of  liquid  was  too  small  to  give  satis- 
factory results  with  this  form  of  stirrer.  Considerable 
difficulty  was  experienced  in  maintaining  the  potential  balance, 
and  it  is  possible  that  at  times  portions  of  the  coils  were 
uncovered.  I  therefore  decided  on  increasing  the  depth  ol 
the  liquid. 

Experiments  6  to  8. — The  mass  of  aniline  was  now  increased 
by  about  60  grms.,  and  the  observations  became  more  satis- 
factory. These  experiments  were  performed  with  a  stirring 
rate  of  9*10  per  second.  I  had  not  yet  decided  upon  the  best 
method  of  ascertaining  the  null  point,  and  unfortunately  did  not 

ferform  any  4-cell  experiments.    When  deducing  the  results, 
assumed  that  the  intersection  of  the  2-  and  3-ceTl  lines  stoocl 
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in  the  same  relative  position  to  the  intersection  of  the  2-  and 
4-cell  lines  as  was  found  in  those  eases  where  a  4-cell  experi- 
ment had  been  performed. 

The  null  point  is  of  course  (see  Plate  I.)  in  a  very  diflferent 
position  from  that  found  when  the  stirring-rate  was  5'00  ;  and 
the  close  agreement  between  the  results  given  by  these  three 
experiments  at  the  high  rate,  and  experiments  13  to  J  5  at  the 
same  temperature  but  with  a  slow  rate,  is  a  satisfactory  proof 
of  the  validity  of  this  method  of  finding  6^. 

Expenments  8  to  39  call  for  no  special  comment.  They 
were  all  conducted  with  a  stirring-rate  of  (approximately)  5'00; 
Nos.  9  to  24  with  tbe  same  mass  of  aniline  as  6  to  8.  From 
No.  25  upwards  the  mass  of  aniline  was  increased  to  569'f»3 
grms. 

On  plotting  the  values  of  the  capacity  for  heat  of  this  mass 
of  aniline  and  the  calorimeter,  the  spot  obtained  from  experi- 
ments 25  to  27  appeared  in  a  somewhat  abnormal  position  ; 
consequently,  although  I  had  considered  the  experimental 
work  as  completed,  I  decided  to  repeat  these  experiments,  and 
Nos.  40,  41,  and  42  give  the  result.  They  agree  so  closely 
with  the  corresponding  group  as  to  confirm  the  position 
originally  assigned  to  the  curve  at  that  temperature  (about 
16°-7C.). 

The  curves  on  Plate  II.  (a)  give  the  capacity  for  heat  of  the 
diflPerent  masses  of  aniline  together  with  the  calorimeter,  at 
diflPerent  temperatures.  Both  of  the  curves  resulting  from 
the  larger  masses  show  a  marked  change  between  15°  and 
25°  C.  It  is  worthy  of  notice  that  the  specific  heat  as  de- 
duced from  these  curves  shows  little  or  no  signs  of  any  similar 
change,  but  that  it  appears  very  markedly  in  the  water- 
equivalent  curve,  and  m  such  a  manner  as  to  indicate  that  it 
was  approaching  a  minimum.  Had  I  not  been  able  to  deter- 
mine the  specific  heats  by  methods  independent  of  the 
behaviour  of  the  calorimeter,  I  should  have  concluded  that 
the  temperature  coefficient  of  the  specific  heat  of  aniline 
altered  considerably  at  the  lower  temperatures. 

This  indicates  the  necessity  for  extreme  caution  in  similar 
investigations. 

Table  VI.  gives  a  summary  of  the  results,  obtained  from 
the  values  given  by  the  curves  in  Plate  II.  (a). 
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Tablb  VI. 

Col.     I.  givefl  the  capacity  for  heat  of  calorimeter  +358*20  gnns.   (m 

vacuo)  of  aniline. 
,1     II.  gives  the  capacity  for  heat  of  calorimeter  +560*53  grms.  (m 

tacHo)  of  aniline. 
„    IIL  is  the  difference  between  the  numbers  in  Cols.  I.  &  II.,  and  U 

therefore  the  capacity  for  heat  of  211*33  grms.  (in  vacuo)  of 

aniline. 
,,    IV.  the  specific  heat  of  aniline  at  the  respective  temperature?. 
„     V.  the  water-equivalent  of  the  calorimeter. 


I. 

U. 

in. 

IV. 

V. 

Temp. 

Mi=358*20. 

Ma=&9^. 

=211-33. 

Si. 

^v 

iS 

26382 

372-38 

108*56 

•5137 

79-82    1 

18 

264-36 

373*13 

10877 

•5147 

8002 

20 

264-74 

373-69 

108^5 

-5155 

80^11 

25 

265-80 

37514 

109-34 

•5175 

80-44 

30 

26710 

376-88 

109-86 

•5198 

80-90    1 

35 

268-50 

37882 

11032 

-5221 

81-49    ' 

40 

27002 

380-86 

110-84 

•5244 

8219 

45 

271*58 

382-90 

111-32 

•5268 

82-88 

50 

27300 

384-88 

111-88 

'5294 

83-39 

52 

273-55 

385-63 

11208 

•5304 

83-60 

Experiments  1  to  5  give  ^  =23205  (Table  V.  supra)  when 

M3=  294-99,  and  di=17°-78  C.      From  the  above  table  we 
get  i^^,  =  80-01  when  ^i=17°-7«. 

Hence 

SiM8+u^i= 23205 
wi=  80-01 

.-.  SiM8=  152-04    hence  81= '5154  (cf.  with  -5146  supra). 
Again,  the  eariy  experiments  with  water  (p.  57)  gave  : — 
when  ^1  =  17-2        tri=80-l 

and  ^1=17-2        tri=79-8 


hence  when  ^i=17-2         u;i=79;95  {cf.  with  79*99  supra). 

Although  I  have  referred  to  experiments  1  to  5  as  un- 
satisfactory in  themselves,  the  value  obtained  from  them  is 
(as  above  pointed  out)  in  fair  agreement  with  that  deduced 
from  the  remaining  experiments. 

The  same  remark  applies  to  the  absolutely  independent 
determinations  of  the  water-equivalent  when  conducted  with 
water  itself,  and  they  aflford  strong  corroborative  testimony 
as  to  the  accuracy  of  the  conclusions. 
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The  following  simple  formula  gives  the  specific-heat  curve 

with  sufficient  accuracy: — 
S,=0-5156  +  (^1-20)  X  -0004+  (^j-20)«  x  -OOOOO^.     (A) 
The  following  table  gives  the  experimental  results  and 

those  obtained  from  the  above  formula. 

Table  VII. 


e,. 

8i 
(Bxperimental  Results). 

Si               1 
(from  formula  A). 

o 
16 

•5137 

•5137 

20 

•5155 

•5150 

25 

•5175 

•5176 

ao 

•5198 

•5198 

35 

•5221 

•5221 

40 

•5244 

•5244             1 

45 

•5208 

•5269             , 

50 

•5294 

•5294             1 

52 

•5304 

•5305 

I  have  made  a  careful  search  for  records  of  previous  deter- 
minations, but  I  have  been  unable  to  find  any  in  addition  to 
those  given  in  Landolt  and  Bomstein's  tables—  which  are  as 
follows : — 

Temp.  S,.  Observer. 

8°  to    82°  -5120  Schiff. 

12°  to  138°  -5231 

12°  to  150°  -464  Petit. 

Note  {Sept.  6,  1894). — Having  unfortunately  strained  one 
of  the  leads  when  the  tank  was  at  a  high  temperature,  the 
insulation  between  the  coil  and  the  steel  chamber  commenced 
to  fall  ofi^  on  Sept.  1st.  I  have  therefore  most  reluctantly 
been  compelled  to  take  the  whole  apparatus  to  pieces,  in  order 
to  replace  the  ebonite  insulators.  On  Sept.  3rd  1  withdrew 
the  whole  of  the  aniline,  and  on  examining  it  I  found  that 
in  colour  it  had  darkened  considerably.  The  experiments 
described  in  this  paper  were  completed  on  Aug.  3rd  and 
on  Aug.  16th  the  apparatus  was  again  set  going,  and 
was  kept  continually  at  work  until  Sept.  3rd.  During  this 
time  electrical  currents  were  continually  passing  through  the 
coil  and  the  stirrer  must  have  made  some  millions  of  revolu- 
tions. The  nature  of  the  experiments  that  I  was  then  engaged 
upon  compelled  close  attention  to  the  capacity  for  heat  of  the 
aniline,  and  I  am  convinced  that  even  a  small  change  in  the 
specific  heat  could  not  have  escaped  my  notice.  It  would 
appear,  therefore,  that  the  change  indicated  by  this  darkening 
was  not  of  a  nature  to  sensibly  affect  the  specific  heat. 

[An  additional  Note  will  be  found  among  the  Miscellaneoas 
Articles  in  the  present  Number.] 
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III.  A  Method  for  Comparing  the  Values  of  tlie  Specific 
Inductive  Capacity  of  a  Substance  under  Slowly  and  Rapidly 
Changing  Juelds :  Results  for  Parajfin  and  Glass.  By 
Edwin  F.  Northrup*. 

[Plate  m.] 

MAXWELL'S  electromagnetic  theory  of  light  entails  the 
relation  that  the  square  of  the  index  of  refraction  of 
a  substance,  for  infinitely  long  waves,  shall  equal  its  specific 
inductive  capacity.  But  as  the  refractive  index  has  only 
been  obtained  for  very  short  waves  (excepting  some  experi- 
ments upon  the  refractive  index  of  a  few  dielectrics  for  electric 
waves),  it  is  not  unexpected  that  this  relation  should  not  hold 
in  the  case  of  many  substances  whose  specific  inductive 
capacity  has  been  determined  in  steady  or  verv  slowly 
alternating  fields.  It  is  to  be  expected,  however,  if  the  field 
of  force  under  which  the  value  of  K  is  obtained  could  be 
made  to  alternate  at  a  rate  which  would  produce  waves  com- 
parable in  length  to  the  waves  with  which  the  refractive  index 
is  determined,  that  the  agreement  of  K  and  /n^  required  by 
the  theory  would  be  obtained.  The  experiments  of  Professor 
Hertz  upon  electrical  oscillation  have  suggested  certain 
methods  for  determining  the  specific  inductive  capacity  under 
fields  changing  at  a  rate  which  approaches  that  required.  No 
research,  however,  aiming  at  a  direct  comparison  of  the  values 
of  K  under  slowly  changing  and  oscillating  fields,  which  is  as 
fully  conclusive  as  could  be  desired  appears  to  have  been 
made.  The  objects  held  in  view  in  the  following  investigation 
were  : — 1st.  To  perfect  a  method  which  will  enable  the  specific 
inductive  capacity  of  solids  (for  which  substances  the  value 
of  K  departs  most  from  the  required  relation)  to  be  deter- 
mined under  fields  of  force  varying  slowly  or  rapidly  as 
desired  ;  and  2nd.  To  employ  the  method  on  one  or  two  sub- 
stances, to  learn  if  the  agreement  with  the  theory  is  closer  in 
the  latter  than  it  is  in  the  former  case.  With  the  method 
under  consideration  this  comparison  may  be  made  with  the 
same  apparatus  and  under  conditions  similar  in  all  essential 
features. 

Description  of  Apparatus. 

Fig.  1,  PI.  III.,  gives  in  elevation  the  apparatus  employed. 
Fig.  2  in  plan.     The  dimensions  of  the  parts  are  given  ia 
the  diagram  in   centimetres.     The  following  are  its  essential 
•  Communicated  by  the  Author. 
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features : — ^Three  heavy  brass  plates,  A,  B,  and  C  (fig.  1) , 
each  12  x  14  inches,  are  fastened  parallel  to  one  another,  and 
are  capable  of  being  separated  each  from  the  other  through  a 
range  of  several  inches.     Each  plate  is  held  in  position  by- 
four  insulating  strips  of  ebonite  which  extend  out  from  its 
edge  ;  four  iron  rods,  with  a  screw-thread  cut  upon  their 
entire  length,  pass  through  the  ends  of  the  ebonite  strips, 
which  may  be  secured  in  any  position  upon  the  rods  by  bolts 
one  above  and  one  below  each  strip  (figs.  1,  2,  and  3).     At 
the  centre  of  each  of  the  two  outside  plates,  and  perpendicular 
to  them,  is  fastened  a  heavy  brass  tube.    A  rod,  half  of  which 
is  brass  and  half  ebonite,  slides  in  this   tube,   the   ebonite 
portion  extending  between  the  plates ;  and  the  whole  is  capable 
of  being  moved  m  the  tube  by  means  of  a  rack  and  pinion. 
A  scale,  divided  into  twentieths  of  a  centim.,  is  markea  upon 
the  brass  portion  of  the  rod,  and  a  vernier  is  attached  to  the 
side  of  a  section  cut  in  the  tube.     Each  of  the  ebonite  rods 
carries  at  its  end  between  the  large  plates  a  thin  plane  plate 
of  glass ;  its  surface  facing  the  centre  plate  being  covered 
with   a  thin   metal  foil.     These   two    small   plates   are   as 
nearly  as  possible  parallel  to  the  parallel  largo  plates,  and 
their  position  between  them  is  given  by  the  vernier  scale. 
The  two  outside  plates,  B  and  C,  are  connected  by  a  brass 
rod,  as  shown  in  fig.  1.     At  the  centre  of  this  rod  is  a  brass 
ball  kept  well   polished,   which   is    capable   of  adjustment 
towards  or  away  from  the  centre  plate,  by  having  the  ends  of 
the  brass  rod  made  to  slide  in  tubes  fitted  to  the  two  outside 
plates.    The  ball  may  also  be  rotated  about  the  rod  as  an  axis, 
or  moved  up  and  down.     Another  ball,  nearly  opposite  the 
firot,  is  fastened  to  the  centre  plate  by  a  short  metal  pin, 
which  permits  it  also  to  be  rotated.     This  arrangement  of  the 
two  balls  allows  them  to  have  a  wide  range  of  adjustment  in 
relation  to  each  other,  and  permits  different  portions  of  their 
untarnished  surfaces  to  be  brought  opposite. 

This  apparatus  is  arranged  as  follows : — ^The  two  outside 
plates  are  connected  to  the  earth.  One  terminal  of  a  large 
induction-coil  is  also  connected  to  the  earth,  while  the 
other  is  attached  to  the  ball,  n,  which  is  fastened  to  the  centre 
plate.  When  the  balls  are  separated  about  6  or  8  millim., 
sparks  pass  between  them  when  the  coil  is  put  in  operation. 

We  have  here  an  oscillating  electric  system.  The  lines  of 
force  divide  themselves  between  the  two  halves  of  the  appa- 
ratus, reaching  from  the  centre  plate  to  the  two  outside  plates. 
In  the  region  of  the  smallplates,  the  field  may  be  considered 
as  practically  uniform.  Hence,  if  these  two  small  plates  are 
at  equal  dis^nces  from  the  centre  platp,  which  we  consider  for. 
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the  present  as  midway  between  the  ontside  plates,  thej  are 
always  at  the  same  potential  with  respect  to  each  other. 

If  a  slab  of  dielectric  be  now  placed  npon  the  centre  plate 
and  beneath  the  movable  plate,  it  will  have  two  effects  :  1st, 
to  make  the  capacity  npon  its  side  of  the  centre  plate  greater 
than  it  is  npon  the  other  side  ;  and,  2nd,  to  raise  the  potential 
at  any  point  above  it  to  a  higher  valne  than  is  the  potential 
at  a  corresponding  point  npon  the  opposite  side  of  the  middle 
plate.  Therefore,  in  order  to  keep  the  two  small  plates  at  an 
eqnal  potential  in  reference  to  each  other,  they  must  be 
placed  at  unequal  distances  from  the  centre  plate.  The  value 
of  the  specific  inductive  capacity  of  a  substance  is  deduced  in 
a  manner  presently  to  be  shown,  from  the  relative  positions 
of  these  plates.  Either  one  or  two  slabs  of  dielectric  may  be 
used,  ana  several  different  dispositions  may  be  given  to  the 
apparatus  in  a  manner  serving  to  prove  the  correctness  of  the 
determinations. 

As  the  object  of  the  experiment  is  to  make  a  comparison 
of  the  values  of  the  specific  inductive  capacity  when  obtained 
under  slowly  and  rapidly  oscillating  fields,  it  becomes  necessarv, 
in  obtaining  the  value  under  the  latter  condition,  to  completely 
separate  out  any  slow  changes  in  potential,  which  the  centre 
plate  may  be  subject  to,  from  the  rapid  changes  which  take 
place  when  oscillation  occurs,  and  which  alone  are  to  be  made 
use  of.  It  follows  as  a  consequence  of  the  large  self-induction 
of  the  secondary  of  the  induction-coil,  that  the  potential  of 
the  plate  to  wmch  the  coil  is  attached  rises  slowly  at  first, 
until,  finally,  it  becomes  sufficiently  high  to  break  down  the 
dielectric  of  the  spark-gap ;  the  rapid  oscillations  occurring 
only  during  the  passage  of  the  sparl^.  The  following  method 
was  successfully  employed  to  tell  when  the  movable  plates 
had  the  same  potential  in  reference  t3  each  other,  and  to 
"  weed  "  out  the  eflTects  of  the  rapid  oscillation  to  be  used 
from  any  effects  of  slow  changes  in  potential  which  might 
take  place. 

Two  fine  wires  were  led  from  the  movable  plates  to  the 
primary  of  a  highly  insulated  transformer  which  was  distant 
about  2^  feet  from  the  apparatus  (figs.  1  and  2).  The 
secondary  of  the  transformer  had  its  terminals  end  in  a  spark- 
gap.  This  was  made  by  approximating  the  points  of  two 
needles,  fastened  to  the  end  of  a  small  slab  of  paraffin  held  in 
a  wooden  clamp.  One  needle  was  made  to  slide  in  a  fine 
glass  tube,  to  allow  the  length  of  the  spark-gap  to  be  readily 
adjusted.  It  may  be  mentioned  here  that  any  device  which  his 
an  appreciable  capacitv  as  compared  with  that  of  the  movable 
plat^  cannot  be  employed  to  show  when  these  plates  bave 
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the  same  potential,  if  the  spark-gap  is  used  directly  connected 
to  the  plates ;  and  such  is  the  case  when  the  apparatus 
is  used  with  slowly  varying  fields.  When  the  plates  are 
connected  with  the  primary  of  the  transformer,  it  is  not  a 
disadvantage  to  add  capacity  to  the  secondary.  However, 
after  trying  a  large  number  of  devices  such  as  a  telephone, 
electrometer,  electroscope,  &c.,  a  spark-gap  was  found  to  be 
the  simplest,  most  accurate,  and  in  all  respects  the  most  con- 
venient arrangement  both  with  slowly  changing  and  oscillating 
fields.  One  reason  why  the  spark-gap  best  serves  the  purpose 
is  because  it  requires  at  least  300  volts  to  make  a  spark  pass, 
and  consequently  small  and  irregular  alterations  in  potential 
are  not  shown.  An  electrometer-needle,  on  the  other  hand, 
keeps  up  a  continual  oscillation  which  is  very  confusing.  A 
lens  was  adjusted  in  front  of  the  spark-gap,  and  the  room 
darkened  when  readings  were  taken.  The  transformer  which 
was  finally  adopted,  after  many  trials  of  different  forms,  con- 
sisted of  fine  wire  wound  upon  two  glass  tubes  which  slid 
over  each  other  ;  the  wire  upon  the  inner  one  forming  the 
primary,  that  upon  the  outer  one  the  secondary.  The  inside 
tube  was  1^  inches  in  diameter  and  7  inches  long.  This  tube 
was  given  a  thin  coating  of  paraffin  to  insure  high  insulation; 
and  in  this  was  traced,  with  the  aid  of  a  lathe,  a  uniform  spiral 
groove,  there  being  in  all  55  turns,  16  to  the  inch.  No.  42 
copper  wire  was  wound  in  this  groove,  and  the  ends,  soldered 
to  terminal  loops  of  somewhat  larger  wire,  were  secured  at 
the  ends  of  tne  tubes  with  drops  of  sealing-wax.  The 
secondary,  made  in  the  same  manner,  consisted  of  116  turns 
of  wire  of  the  same  size,  wound  in  a  groove  35  turns  to  the 
inch.  When  all  is  in  proper  adjustment  for  oscillating  fields, 
and  the  two  small  plates  are  at  unequal  potentials,  bright 
sparks  pass  at  the  detector  spark-gap,  whenever  rapid  oscula- 
ttons  in  the  potential  of  the  centre  plate  occur.  If,  however, 
the  two  balls  {p  and  n,  fig.  1,  PI.  III.)  are  so  far  separated 
that  no  sparks  can  pass  between  them,  the  potential  of  the 
centre  plate  is  then  only  varying  at  a  slow  rate  and  no  sparks 
pass  at  the  detector  spark-gap,  for  the  change  of  induction  in 
the  secondary  is  not  sufficiently  rapid  to  raise  the  potential  to 
the  300  volts  or  more  required  to  break  down  the  dielectric. 
This  point  was  carefully  tested  by  working  the  coil — which 
had  a  sparking  distance  of  4  inches — to  its  full  capacity  and 
so  placing  the  movable  plates  as  to  be  always  at  the  greatest 
difference  of  potential  in  reference  to  each  other.  Unless 
sparks  passed  oetween  the  balls,  no  sparks  whatever  passed  at 
the  detector  spark-gap.  But  whenever  sparks  did  pass 
between  the  balls,  so  tlmt  rapid  oscillations  were  taking  place, 
Fhil.  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  G 
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bright  sparks  at  the  spark-gap  always  occurred.  This  was 
considered  proof  that  wnenever  the  transformer  was  employed, 
only  the  effects  of  the  rapid  oscillations  were  being  observed. 
If,  now,  the  transformer  is  dispensed  with,  and  the  wires 
from  the  movable  plates  are  connected  directly  to  the  spark- 
gap,  and  the  two  balls  (p  and  n,  fig.  1)  are  separated  so  that 
no  sparks  can  pass  between  them,*  then  evidently  we  have  a 
slowly  changing  field,  and  the  movable  plates  are,  as  before 
shown,  at  the  same  potential  in  reference  to  each  other  when 
the  sparks  go  out  at  the  detector  spark-gap.  The  manner  of 
taking  the  observations  and  the  results  obtained  will  be  given 
after  describing  the  mathematical  theory  of  the  method. 

Thbory  of  the  Method. 

The  apparatus  may  be  disposed  in  two  distinct  ways  : — 1st. 
Where  one  block  of  dielectric  is  used  which  is  placed  in  the 
apparatus,  as  shown  in  fig.  1.  2nd.  Where  two  equal  slabs 
of  dielectric  are  used  and  disposed,  as  shown  in  fig.  4. 

Case  I.—  Where  one  Slab  of  Dielectric  is  used. 

Let  V  be  the  potential  at  any  instant  of  the  plate  A,  while 
the  potentials  of  B  and  C  are  always  kept  at  zero.  Let  the 
adjustable  plates,  M  and  N,  be  so  placed  as  to  have  partitions 

rn  opposite  sides  of  A  where  the  potential  at  any  instant  is 
Tnen  for  the  side  AB  of  the  double  condenser, 

where  K  is  the  specific  inductive  capacity  of  the  dielectric  to 
be  measured  (K,  fig.  1),  and  ^i,  d^  are  the  distances  shown  in 
fig.  1,  and  a'  is  the  surface-density  upon  the  upper  side  of 
plate  A.     This  gives 

V-V,=  i^rfi  +  4,r,7'd, (1) 

Likewise  for  the  condenser  AC, 

V-Vi  =  47r(rrf„ (2) 

where  a  is  the  surface-density  upon  the  lower  side  of  plate  A. 
Equating  the  second  members  of  (1)  and  (2)  we  obtain 

■^"JS^ w 

Considering  a  unit  area  in  the  middle  of  plate  A,  0^=^ 
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for  the  npper  side  of  the  plate,  and  <r=fj  for  the  under  side, 

where  e'  and  e  are  the  quantities  of  electricity  unon  unit  area 

of  the  respective  sides.     Whence  we  have  for  the  capacities 

d  and  c  of  unit  areas  of  the  two  sides,  c'=^V  =  <r'V  and 

d  c 

c=^V=<rV,and<7'=  y ,  and  <r=  ^ .     Substitute  these  values 

for  <r'  and  a  in  (3),  and 

^=  Td~7d: (*) 

Now,  if  the  dielectric  is  as  large  as  the  plates,  and  these 
are  not  too  far  apart,  the  field  may  be  taken  as  uniform  over 
an  area,  A,  equal  to  that  of  one  of  the  small  plates,  M  or  N. 

Hence,  . 

and                                    _          A  , ., 

""iTrCt/j  +  t/s) ^  ' 

Substitute  these  values  oF  J  and  c  in  (4)  and 


di 
K 


+  d^  +  d 

^^-r" 1 — (') 


Reduced, 


'^«  +  '^^      ^+J,+  d 


K=-r^rj (8) 

dd^  —  did^ 


d^  may  be  taken  =0,  and  then 

K-'^' W 

We  shall  now  determine  the  best  thickness  to  give  to  the 
dielectric  so  that  errors  made  in  adjusting  the  plate  N  will 
produce  the  smallest  error  in  deducing  the  value  of  K.  The 
errors  made  in  measuring  d  and  di  may  be  neglected  in 
comparison  with  the  error  made  in  setting  the  plate  N. 
Now,  taking  the  case  where  ^4  =  0,  and  where  each  pair  of 
large  plates  are  the  same  distance  apart, 

K-.lD^ ('») 

G2 
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Here  D  is  the  total  distance  between  either  pair  of  large 
plates.  The  variation  in  the  value  obtained  for  K  when  d^ 
varies  from  its  true  value  is  the  error.  Call  the  error  E. 
Then 

from  (10) 

"*""  K(D-d3)' 
Substitute  this  value  o(  d  in  (11),  and  we  obtain 

^-*Ai "'' 

The  error  is  least  when  BE=0.  Diflferentiating  (12)  we 
obtain 

^^_  -KD(K-2d,)Zd, 

^^^       d,\D^d^y      ' 
which,  put  =0,  gives 

d,=  j (13) 

This  says  that  a  variation  of  ds  ^roni  i^  true  value  produces 
the  minimum  error  in  the  value  deduced  for  K  when  the 

?late  N  is  halfway  between  the  two  large  plates  A  and  C. 
o  have  the  plate  in  this  position  the  following  relations 
must  hold  : — 


d,= 

,      D     d+di 
d»=  2=2' 

and  from  (9) 

Whence  we  obtain 

D 

g  +  rf, 

2 

2     ' 

This  result,  of  course,  can  only  be  of  value  when  K  is 
approximately  known. 
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Case  II. —  Where  two  equal  Slabs  of  DieUctric  are  used. 

In  this  case  plate  A  (fig.  4)  is  placed  exactly  midway  be- 
tween the  plates  B  and  C.  Two  equal  slabs  of  dielectric  are 
used,  one  being  placed  upon  C,  the  other  upon  A.  The 
thickness  of  the  blocks  of  dielectric  and  the  distances  between 
BA  and  CA  are  determined  by  considerations  respecting  the 
approximate  value  of  K  for  the  dielectric.  If  these  distances 
are  correctly  taken,  positions  may  be  found  for  plates  N  and 
M  where  they  are  always  at  the  same  potential^  and  where 
they  are  approximately  in  the  centre  of  the  spaces  between 
the  plates  and  the  dielectric. 

The  plate  N  is  supported  on  three  small  ebonite  posts  upon 
the  slab  D.  Or,  in  the  case  of  any  other  substance  than 
glass,  a  hole  may  be  bored  through  the  dielectric,  through 
which  the  ebonite  rod  which  carries  N  may  pass.  The 
capacities  of  the  two  sides  of  the  apparatus  will  now  always 
remain  equal,  for  if  the  field  alternates  at  different  rates,  both 
dielectrics  will  change  their  specific  inductive  capacities 
equally.  The  formula  giving  the  value  of  K  is  then  obtained 
as  follows : — 

For  the  side  AB, 

whence 

V-Vi=^rfi  +  4wrf, (15) 

For  the  side  AC, 

Y-Y^^iiradu (16) 

Equate  (15)  and  (16),  and  we  obtain 

^=<^, (1^) 

Use  of  Apparatus  according  to  First  Method. 

According  to  the  theory  given  under  Case  I.,  the  value  of 
K  may  be  obtained  when  tne  capacities  of  the  two  sides  of  the 
apparatus  are  unlike  and  unknown.  It  was  found,  however, 
unless  the  apparatus  is  so  disposed  that  the  capacities  of  the 
two  sides  are  nearly  equal,  that  the  value  of  K  obtained  is 
not  quite  exact  in  the  case  of  slowly  varying  fields,  and  that 
with  oscillating  fields  no  result  whatever  can  be  obtained. 
The  formula  is  based  upon  the  assumption  that  static  condi- 
tions hold.  Now  the  formula  assumes  that,  when  the  centre 
plate  has  a  given  potential,  the  surface-density  of  each  side  of 
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the  plate  is  proportional  to  the  capacity  of  the  corresponding 
side  of  the  apparatus.  This,  however,  is  not  strictly  true.  As 
the  alternations  grow  more  rapid,  the  average  surface-densities 
upon  the  two  sides  of  the  middle  plate  tend  to  become  equal, 
tnough  the  capacities  of  the  two  sides  of  the  apparatus  are 
unlike.  Moreover,  if  the  capacities  of  the  two  sides  diflFer 
largely,  there  is  such  an  interference  of  waves,  when  rapid 
oscillations  are  taking  place,  that  no  position  can  be  found  for 
the  movable  plates  where  their  potentials  in  reference  to  each 
other  will  always  be  equal,  and  consequently  the  sparks  in  the 
detector  spark-gap  cannot  be  made  to  disappear.  This  diffi- 
culty is  not  observable  if  the  capacities  are  made  nearly  the 
same.  It  becomes  necessary  then,  in  using  the  apparatus 
with  one  slab  of  dielectric,  to  have  the  capacities  of  the  two 
sides  approximately  equal.  This  adjustment  can  be  made  in 
a  manner  to  be  shown  presentlv. 

In  taking  observations  by  tliis  method  we  proceed  thus : 
The  plates  M  and  N  are  first  brought  into  contact  with  the 
centre  plate  and  the  zero  positions  upon  the  scales  are  deter- 
mined. The  block  of  dielectric  to  be  tested  is  then  placed 
upon  the  plate  A,  and  plate  M  is  brought  to  rest  upon  it. 
The  reading  upon  the  vernier  scale  gives  the  thickness  of  the 
block.  Great  care,  of  course,  is  taken  to  cut  this  block  so 
that  its  two  faces  are  parallel.  We  may  now  leave  plate  M 
resting  upon  the  dielectric  or  give  it  any  desired  position 
above  it.  The  wires  leading  from  N  and  M  are  first  connected 
directly  to  the  spark-gap  and  the  balls,  p  and  n,  are  so  far  sepa- 
rated that  no  spark  can  pass  between  them.  In  the  experi- 
ment as  tried,  two  large  coils  were  connected  in  series  so  as 
to  make  the  period  of  the  slowly  changing  field  as  long  as 
possible.  Tne  coil  being  set  in  action,  the  sparks  at  the 
detector  spark-gap  are  observed,  and  the  plate  N  is  slowly 
moved  up  and  down  until  a  point  is  found  where  the  sparks 
entirely  disapjpear.  There  is  a  distance  of  about  2  millim. 
through  which  the  plate  may  be  moved  without  the  sparks 
appearing.  A  reading  is  taken  at  the  upper  and  at  the  lower 
limit  of  tnis  space,  and  the  mean  taken  as  the  true  reading. 
The  limits  of  accuracy  of  the  method  are  confined  to  the 
accuracy  with  which  this  setting  of  the  plate  N  can  be  made. 
Any  other  error  should  be  attributed  to  crudeness  in  the  con- 
struction of  the  apparatus,  and  not  be  considered  as  intrinsic 
to  the  method.  These  readings  so  taken,  give  by  applying 
formula  (8)  an  approximate  value  of  K  for  slowly  clianging 
fields.  Tne  capacities  of  the  two  sides  may  now  be  made 
nearly  equal  by  approaching  the  two  lower  plates  until  they 
are  the  proper  distance  apart.     This  distance  is  determined 
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as  follows: — Using  the  nearly  correct  valae  of  K  just  obtained, 
we  have  for  the  capacity  of  the  side  AB,  taking  ^4  =  0, 

For  the  side  AC, 

^=OT (19) 

Equating  the  right-hand  members  of  (18)  and  (19),  we 
obtain 

D=^-l±^ (20) 

This  value  of  D,  then,  makes  the  capacities  of  the  two  sides 
the  same,  within  the  limits  in  which  K  is  known.  A  still 
closer  value  of  K  may  now  be  obtained  as  before.  Two 
adjustments  of  the  apparatus  are  sufficient  for  an  accurate 
determination.  If  the  adjustment  is  exactly  right  a  and  </ 
cancel  out  in  expression  (3),  and  hence 

K=s     ^* 

Readings  should  now  be  taken  with  the  diflFerent  values  given 
to  d^.  The  closeness  of  the  agreement  of  the  values  of  K 
then  obtained  furnish  a  test  of  their  accuracy. 

To  obtain,  next,  the  value  of  K  under  oscillating  fields  we 
proceed  as  follows  : — ^The  two  balls,  n  and  »,  are  approached 
80  that  sparks  can  pass  between  them,  tne  distance  being 
chosen  such  that  the  best  conditions  may  exist  for  oscillations 
taking  place.  The  movable  plates  are  then  connected  to 
the  primary  of  the  transformer,  and  the  spark-gap  to  the 
secondary.  Great  care  should  be  taken  tnat  the  primary 
leads  are  symmetrically  arranged  and  of  the  same  length, 
and  that  no  conductor  be  near  them.  Curelessness  on  this 
point  led  for  some  time  to  conflicting  results.  Waves  of 
energy  should  reach  the  transformer  along  both  leads  at  the 
same  instant,  which  they  will  not  do  if  the  leads  are  of  un- 
equal length.  The  plates  are  set  by  means  of  the  spark-gap, 
as  in  the  case  of  slowly  changing  fields.  If  the  value  of  K 
comes  out  much  smaller  than  in  the  case  of  slow  fields, 
another  adjustment  of  the  apparatus  may  be  necessary.  This 
being  made,  another  determination  can  be  made  for  slowly 
varying  fields,  using  formula  (8),  which  for  small  differences 
in  the  capacities  of  the  two  sides  gives  results  correct  within 
the  limits  of  other  necessary  errors.  Thus,  after  the  appa- 
ratus  has   been   correctly   arranged,  a  comparison  by  this 
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method  of  the  values  of  K  under  slowly  changing  and  oscil- 
lating fields  is  possible,  without  changing  the  plates.  How- 
ever, if  the  capacities  are  equal  for  the  two  sides  when  slowly 
changing  fields  are  used,  it  waa  found  by  a  careful  test  that 

the  simple  formula,  K=  -i — ^  ,  may  still  be  used  when  the 

field  is  oscillating,  although  the  capacities  of  the  two  sides 
are  now  slightly  different.  The  reason  for  this  is  that  witk 
oscillating  fields  the  average  surface-densities  upon  the  two 
sides  of  the  centre  plate  are  the  same,  and  hence  cancel  out 
of  formula  (3).  The  proof  of  this  rests  upon  the  fact  that  K 
was  found  to  be  the  same  for  all  positions  of  d^^  and  this 
would  not  be  the  case  if  the  formula  were  incorrect.  Thus, 
as  shown, 

Let  <r=<j'  + Ao',  then 

Now  whenever  d^  is  changed  d^  must  change.  Hence  if  A</ 
has  any  value,  K  must  change  with  d^  if  calculated  by  the 

formula  K=  ,  ^s  >  but  as  a  series  of  tests  showed,  using  the 

simple  formula  to  calculate  the  value  of  K,  that  its  value  did 
not  change,  Ac/=:0,  a-^t/ ;  and  hence  under  the  conditions 

stated,  the  simple  formula,  K=-^ — ^,  may  be  used. 

Use  of  the  Apparatus  according  to  the  Second  Method. 

The  disposition  of  the  apparatus  discussed  under  Case  II. 
admits  of  results  being  obtained  more  quickly  and  satisfac- 
torily than  in  the  one  just  described,  and  should  be  preferred 
to  the  other  if  two  equal  slabs  of  dielectric  are  obtainable. 
Beadin^s  are  taken  in  the  same  manner  as  with  the  other 
disposition  of  the  apparatus.  The  results  may  be  tested  in  a 
variety  of  ways  wmch  are  readily  suggested  by  the  above 
discussion. 

Observations  upon  Paraffin. 

The  first  substance  experimented  upon  was  hard  paraffin- 
wax.  The  block  used  was  a  little  larger  than  the  plates  and 
4*34  centim.  thick.  Its  melting-point  was  determined  to  be 
54^^  Centigrade.  Only  one  suitable  block  was  readily  ob- 
tainable, and  60  the  first  method  was  employed.     Previously 
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to  obtaining  the  final  resnlt  many  different  dispositions  of  the 
apparatus  were  tried,  and  the  method  tested  in  most  of  its 
featnres.  Experiments  were  also  made  upon  b  block  of 
paraffin  smaller  than  the  large  plate  ;  bnt  it  was  foand  that 
the  results  were  incorrect  in  this  case,  which  fact  makes  it 
necessary  to  use  blocks  of  the  same  size  as  or  larger  than  the 
plates  of  the  apparatus. 

In  obtaining  the  final  valoes,  the  apparatus  was  adjusted 
so  that  di-^-d^^Z'il  centim.,  and  D  was  changed  until  the 
capacities  of  the  two  sides  were  nearly  equal.  In  all  cases 
superior  and  inferior  readings  were  taken  as  previously 
described,  and  the  mean  taken  as  the  true  reading.  The 
following  characteristic  set  of  ten  readings,  taken  with  slow 
fields,  are  given  to  illustrate  the  accuracy  with  which  the 
plate  may  be  adjusted.  One  scale-division  =  ^  centim. 
d^^2  Bcale-divisioDs. 


1 

13-82 

2 

14-32 

3 

13-80 

4 

14-20 

5 

13-78 

6 

14-22 

7 

13-80 

8 

14-22 

9 

13-79 

10 

14-20 

14"015  =  mean. 
8*450  =  zero-reading  of  scale. 

5*565  =  d%. 

The  final  values  obtained  for  paraffin  are  embodied  in  the 
following  table.  The  value  for  slow  fields  differs  a  trifle  from 
that  published  in  a  preliminary  article  ;  further  experience 
with  tbe  apparatus  having  led  to  the  present  value. 

Slow  Fields. 

d.  h 
div 


scale-              Number  of 
sions.                Beadings. 

0  20 

1  20 

2  20 

3  20 

K. 
2-316 
2-334 
2-322 
2-303 

Total  .  .  80        Mean  . 
CaUed  K=2-32. 

.  2-319 
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Oscillating  Fields. 


d^  Ml  scale-              Number  of 
dinsioiiA.                 Headings. 

K'. 

0                       50 

2-256 

1                        50 

2  244 

2                       50 

2-254 

3                       50 

2-255 

Total  .  .  200 

Mean  . 

;  2-252 

Called  K'= 

=  2-25. 

Thus  K  for  paraffin  is  3  per  cent,  less  in  oscillating  fields 
than  in  slowly  varying  fields. 

Ohsei'vations  nptm  Gla$B. 

Phite-glass  seems  to  be  the  most  important  substance  upon 
which  to  experiment,  as  its  specific  inductive  capacity  has 
been  found  very  different  by  different  observers,  and  because 
the  values  of  K  found  for  it  are  much  greater  than  the  square 
of  its  index  of  refraction.  The  greatest  pains  were  taken  to 
obtain  certain  results  for  this  substance ;  and  as  the  values 
obtained  differ  considerably  from  those  found  by  other  ob- 
servers, it  is  hoped  my  readers  will  pardon  the  mention  of 
some  tedious  details. 

The  second  method  was  employed  as  described  under 
Case  II.  Twelve  plates  of  American  plate-glass  were  used, 
six  plates  being  placed  in  each  half  of  the  apparatus.  By 
making  the  proper  selection  of  plates  for  eacn  side,  the  two 
piles  were  made  of  the  same  thickness.  The  density  of  this 
glass  was  determined  with  a  Jolly  balance  and  found  to  be 
2*678.  All  measurements  of  dimensions  were  made  with  an 
excellent  pair  of  vernier  calipers  and  repeated  a  large  number 
of  times.  Referring  to  fig.  4  for  the  meaning  of  the  letters, 
the  following  dimensions  were  employed.  These  are  all  given 
in  scale-divisions  which  equal  one  half  the  metric  system  : — 
P=10-21,  di=ll-964,  (f,=5-010,  d^^x- 

In  order  that  there  might  be  no  springing  of  the  plates 
after  all  had  been  adjusted,  eight  ebonite  posts  were  placed 
at  the  corners  as  shown  in  fig.  4.  The  plate  N  was  supported 
upon  three  thin  tubes  of  ebonite.  All  surfaces  where  there 
could  be  any  harmful  leakage  of  electricity,  such  as  along  the 
supports  to  the  plates  M  and  N,  were  covered  with  a  thin 
coating  of  paraffin.  The  small  plates  were  connected  to  the. 
spark-gap  or  transformer  with  two  No.  36  bare  copper  wires, 
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each  2^  feet  long.  These  wires  were  supported  near  the 
spark-gap  at  the  ends  of  glass  rods  covered  with  paraffin. 
The  transformer  and  spark-gap  were  also  carefully  insulated 
by  glass  and  paraffin.  These  precautions  are  necessary  by 
reason  of  the  fact  that  a  small  leakage  of  electricity  from 
the  surface  of  the  small  plates  changes  the  reading  in  a  marked 
manner.  Leakage  of  electricity,  however,  could  be  seen  by 
darkening  the  room,  and  could  also  be  detected  by  a  peculiar 
manner  in  which  the  sparks  went  out.  This  was  carefully 
looked  for  and  avoided.  In  making  the  test  with  oscillating 
fields,  half  of  the  readings  were  taken  with  the  transformer 
in  one  position  and  then  the  other  half  were  taken  with  the 
ends  of  the  transformer  reversed,  and  the  mean  of  the  two 
j^eries  taken  as  the  true  reading.  This  becomes  necessary 
unless  the  primary  and  secondary  of  the  transformer  are 
symmetrically  arranged  in  reference  to  each  other.  Indeed 
it  was  found  that  the  readings  could  be  perceptibly  changed 
by  sliding  the  secondary  coil  over  the  primary  into  different 
positions.  It  is  easily  seen,  however,  that  if  the  primary  and 
secondary  always  have  the  same  relation,  and  the  connexions 
to  the  primary  are  reversed  after  half  the  readings  are  taken, 
the  error  is  eliminated  in  the  mean  of  all  the  readings. 
The  current  through  the  coil  was  at  times  large  and  again 
Hinall,  and  also  occasionally  reversed  ;  but  these  changes,  as 
expected,  did  not  affect  the  results.  The  length  of  the  indi- 
cator spark-gap  could  also  be  changed  without  affecting  the 
mean  reading.  Readings  for  slow  fields  were  taken  in  sets 
of  ten  and  averaged.  The  mean  of  twenty  such  sets,  taken 
with  slow  fields,  was  3*097.  The  greatest  departure  from 
the  mean  was  H-*09.  Finally,  from  (17),  when  rfi=  11*964, 
rfa= 5*010,  c?4= 3*097,  we  obtain  K  =  ()-254. 

Called  K  =  6*2.5. 

The  value  was  next  obtained  for  oscillating  fields,  no 
change  being  made  in  the  apparatus,  except  to  connect  in  the 
transformer  and  approach  the  balls  to  the  proper  distance  for 
sparks  to  pass  and  cause  oscillations.  Readings  were  taken 
in  sets  of  twenty  each.  Following  is  the  average  of  each  of 
the  sets  taken  : — 

10-982 

10*910 

11*052 

10*970 

The  connexions  to  the  transformer  were  now  reversed  : — 
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11-030 
11052 
11-000 
10-998 

10-999  =  mean  of  160  readings. 
8*030  =  zero-reading  of  scale. 

2-969  =  ^4. 
d,=5-010,  di=ll-964,  and  hence  K'=5-861. 
Called  K^=5-86. 

These  results,  then,  give  the  specific  inductive  capacity  of 
plate-glass  6*2  per  cent,  less  in  oscillating  than  in  slowly 
changing  fields. 

Though  the  relative  values  of  E  for  glass  under  these  two 
conditions  seemed  to  be  undoubtedly  correct,  it  was  not  ex- 
pected to  find  such  a  low  value  for  slow  fields  ;  and  so,  to 
verify  the  results  obtained,  the  apparatus  was  taken  apart 
and  put  together  again  with  the  dimensions  changed  and  the 
experiment  repeated  for  slow  fields.  The  distances  chosen 
were  P= 6-401,  d^^  3-524,  di  =  11-964  ;  and  as  the  result  of 
thirty  readings  ^4= 1-574.  Whence  K=6*14,  or  1*8  per 
cent,  less  than  before. 

These  results  show  that  there  is  a  decrease  in  the  value  of 
E  for  paraffin  and  glass  when  the  alternations  of  force  are 
rapid,  but  that  the  change  is  much  smaller  than  several 
observers  have  stated.  M.  Blondlot  found  E  for  glass  in 
oscillating  fields  to  be  2*84.  J.  J.  Thomson  obtained  for 
glass  the  value  2*7  (see  *  Recent  Researches  in  Electricity 
and  Magnetism,'  by  J.  J.  Thomson,  p.  471  and  following). 
Ewing  K)und  the  value  of  mirror-glass  by  a  method  of  oscil- 
lations (Physical  Review,  July  and  August  1894,  p.  51)  to  be 
5*84.     His  calculated  value  for  glass  was  6*24. 

The  above  method,  it  is  believed,  is  capable  of  giving 
accurate  results  if  the  apparatus  be  well  made,  and  it  is  noped 
that  the  detailed  description  given  above  will  enable  anyone 
to  readily  repeat  the  experiment.  Should  this  be  done,  1 
would  suggest  that  the  apparatus  might  with  advantage  be 
made  considerably  smaller. 

I  desire  to  say,  in  conclusion,  that  I  am  greatly  indebted 
to  Professor  Henry  A.  Rowland  for  suggestions,  and  especially 
for  the  opportunity  of  performing  the  experiment*. 

*  The  entire  original  idea  of  this  method  and  all  its  details  are  due  to 
Mr.  Northrup,  and  only  one  or  two  very  minor  points  are  my  own. — 

HSNBT  A.  KOWLAND. 
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IV.  '*  Densities  in  the  Earth's  Crust,'' 
By  J.  Brill,  M.A^ 

IN  the  seventeenth  chapter  of  his  *  Physics  of  the  Earth's 
Crust/  the  Rev.  0.  Fisher  has  investigated  an  arrange- 
ment of  the  densities  and  thicknesses  of  the  different  layers 
composing  the  Earth's  crust,  which  would  give,  to  a  high 
degree  of  approximation,  a  uniform  value  for  gravity  over  the 
Earth's  surface.  As  attempts  have  recently  been  made,  in 
the  page«  of  this  Journal  and  elsewhere,  to  criticise  the  method 
of  investigation,  it  occurred  to  me  that  it  might  be  desirable 
to  give  an  independent  investigation  of  the  equations  obtained 
by  Mr.  Fisher.  This  might  possibly  serve  to  render  the 
meaning  of  the  work  clearer  than  is  done  in  the  book. 

In  the  chapter  referred  to  above  the  central  nucleus  is 
supposed  to  consist  of  concentric  spherical  shells  of  uniform 
density,  so  that  it  will  only  be  necessary  to  consider  the 
portion  outside  this,  which  we  will  hereafter  refer  to  as  the 
"  crust.'*  We  will  suppose  this  portion  to  consist  of  m  layers, 
whose  densities,  commencing  from  the  outermost,  are  re- 
spectively />!,  p2,  . . .,  p^.  We  will  also  use  the  symbols 
^1,  its,  •  •  'J  ^m'  ^  denote  the  distances  of  the  lower  surfaces 
of  the  respective  layers  from  the  Earth's  surface,  these  dis- 
tances being  measured  along  a  radius  of  the  Earth.  This  will 
be  more  convenient  than  taking  symbols  to  denote  the  thick- 
nesses of  the  layers.  Since  we  suppose  the  layers  forming 
the  crust  to  be  of  varying  density  and  thickness,  we  see  that 
the  p's  will  vary  from  one  radius  to  another,  as  also  will  the 
*'s,  with  the  single  exception  of  k^.  We  must  suppose 
k^  constant,  as  we  have  laid  down  that  the  inner  surface  of 
the  Earth's  crust  shall  be  a  sphere  concentric  with  the  outer 
one. 

Let  0  be  the  Earth's  centre,  and  P  a  fixed  point  on  its 
surface.  We  will  take  OP  as  the  axis  of  polar  coordinates, 
and  consider  the  vertical  component  of  the  attraction  at  P  of 
a  polar  element  taken  somewhere  within  the  crust.  If  p  be 
the  density  of  the  element  we  are  considering,  this  will  be 
represented  by  the  expression 

r*  sin  ^(a— r  cos  0)    ,   j^  .. 

a  being  the  Earth's  radius. 

•  Communicated  by  the  Author. 
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We  will  change  tho  variables  in  this  expression  by  writing 
cos  6=ifi  and  r  =  ah.    The  expression  then  becomes 

where  we  have  rejected  the  negative  sign  that  arises  in  the 
transformation  from  ^  to  /lc,  as  we  afterwards  intend  to 
integrate  with  regard  to  /i  in  the  direction  in  which  that 
variable  increases. 

Now,  if  h  be  less  than  unity,  as  it  is  in  the  case  we  are  con- 
sidering, we  may  write 

^^—l^-^^^  =  l  +  nF,  +  h^P,+  . ..  +A-P.  +  &C, 

and  therefore 

(T^^i^TA^  ='*+ ''<>*P' - 1)  +  •  •  •  + '••('^P- -  P--') + *«• 

Now,  we  have  the  formnla 

(2/H.l)^P,  =  (n  +  l)P,+,  +  nP,.i, 
and  therefore 

mP.-P.-,=  ^(P,+i-P,-i). 
Thus  we  obt^iin 

If  we  diiferentiate  this  with  respect  to  /t,  we  deduce 

=  1+2AP,+  ...  +(n+l)A»P,  +  &c., 
since 

Thus  the  expression  for  the  portion  contributed  to  the  value 
of  gravity  at  P  by  our  element  is 

apdhdfid4f{h'^'\-2h^Pi+  ...  +(n-l)/<-P^.a  +  &c.}. 

Imagine  a  solid  element  cut  out  of  the  <Tust  by  radii  drawn 
from  the  Earth's  centre  to  all  points  of  the  contour  of  a  polar 
surface-element  drawn  upon  the  Earth's  surface.  The  portion 
contributed  to  the  value  of  gravity  at  P  by  our  solid  element 
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can  be  obtained  from  the  above  expression  by  direct  integra- 
tion. We  will  not  write  down  the  whole  series,  but  only  the 
term  obtained  by  the  integration  of  that  containing  A".  The 
other  terms  can  be  deduced  from  this.  The  value  of  this 
term  will  be 

n-r  i 
where 

'^={'-('-r'}'.-{c-*^r-(-r>. 

We  will  now  introduce  the  following  assumptions  : — 


where  Aj,  Aj, . . .,  Ap  are  constant  throughout  the  entire 
extent  of  the  crust.  The  first  Tp— 2)  terms  of  our  series 
expressing  the  poition  contributea  to  the  value  of  gravity  at 
P  by  our  solid  element,  may  then  be  written 

adiid<t>{Ci-¥2C,F,^  ...  -f  (;>-2)Gp-2Pp-8}, 
where 

Ci  =  Ai— A2  + JA3, 

t,=A,-JA,  +  A,-tA., 


(V..=  A.-EI^A.+  (£:iiK£i^A.- ...  -k-d^-Ia,. 

The  (/>— l)th  term  of  the  series  may  be  written  in  the 
form 

where 
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and 

Similarly  we  can  obtain  expressions  for  the  remaining  terms. 
Now 

f Sir  f-f I  f +1 

if  n  be  a  positive  integer.  Hence  that  portion  contributed 
to  the  value  of  gravity  by  the  crust,  which  does  not  depend 
on  the  position  of  the  point  P,  will  be  47raC,.  Besides  this 
there  will  be  a  minute  residual  effect,  the  most  important 
term  in  whose  expression  will  be 


p2»  p+1 

a  I       I       iivdfi  d^y 
where 

.=(».-ft)0*V  ...  +(,.-,-,.)(%!)'*V^^)'", 
and 

We  cannot  evaluate  this  term  until  we  know  the  manner 
in  which  u  depends  upon  fi,  and  <^.  As  /i  and  ^  vary  the 
quantity  u  will  experience  discontinuities  in  its  variation,  but 
it  is  doubtful  if  anything  of  the  nature  of  an  abrupt  discon- 
tinuity would  arise.  If  such  discontinuities  arise  they  must 
be  rare.  Of  course  at  the  seaboard  there  is  an  abrupt  variation 
in  the  density  of  the  topmost  layer,  but  the  depth  of  the  sea 
is  at  first  quite  small  as  regards  our  problem,  and  afterwards 
increases  with  a  fair  approximation  to  continuity. 

We  have  supposed  m  layers  to  exist,  but  this  is  to  be  taken 
as  the  maximum  number.  There  may  be  less  than  m  in 
certain  portions  of  the  crust,  and  this  may  be  provided  for  by 
considering  certain  pairs  of  consecutive  k'%  to  be  equal 
throughout  the  said  portions. 

The  equations  introduced  above  as  assumptions  are  prac- 
tically the  same  as  those  discussed  by  Mr.  Fisher.  It  is 
evident  that  we  cannot  introduce  more  than  a  certain  number 
of  these  assumptions  without  making  the  crust  to  consist  of 
uniform  concentric  shells.  But,  woncing  on  the  assumption 
that  this  is  not  the  case,  we  find  that  we  have  to  stay  our 
approximation  at  a  still  earlier  point  than  this  consideration 
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wo  aid  appear  to  indicate.  This  will  be  evident  from  a  con- 
sideration of  the  method  nsed  on  page  241  of  the  ^  Physics 
of  the  Earth's  Crust,'  and  its  subsequent  applications  in 
chapters  xvii.  and  xxvi.  We  have,  in  each  of  the  cases  dis- 
cussed, gone  to  the  furthest  approximation  allowable  under 
the  circumstances.  The  limitations  are  made  perfectly  clear 
in  the  book,  and  I  do  not  think  that  there  is  anything  to  be 
added  to  this  part  of  the  work. 

Finally,  we  see  that  we  are  left  with  a  residual  effect,  which 
is  undoubtedly  very  small,  and  it  is  not  impossible  that  such 
an  effect  might  exist  in  the  case  of  the  Earth. 


V.  The  Significance  of  Wiener^ s  Localization  of  the  Photo- 
graphic  Action  of  Stationary  Light-  Waves,  By  J .  Labmor, 
'F.R.S.J  Fellow  of  St.  John's  College,  Cambridge*. 

THE  experiments  by  which  Wiener  demonstrated  t  that, 
when  stationary  plane-polarized  optical  undulations  are 
produced  in  a  photographic  nlm,  by  reflexion  of  a  stream  of 
incident  plane-polarizecl  light  at  a  metallic  or  other  backing, 
the  photographic  action  occurs  at  the  antinodes  of  Fresnel  s 
vibration-vector  and  not  at  the  nodes,  have  been  employed  by 
its  author  and  others  to  decide  between  the  various  tueories 
of  light.  If  for  purposes  of  precise  description  we  utilize 
the  terminology  of  the  electric  theory  of  light,  which  formally 
includes  all  the  other  theories  by  proper  choice  of  the  vibra- 
tion-vector, we  may  say  that  the  photographic  action  takes 
place  at  the  antinodes  of  the  electric  vector  which  corresponds 
to  FresnePs  vibration,  and  not  at  the  intermediate  antinodes 
of  the  magnetic  vector  which  corresponds  to  MacCullagh's 
and  to  Neumann's  vibration. 

The  crucial  experiment  of  Wiener  relates  to  the  case  when 
the  angle  of  incidence  is  half  a  right  angle,  so  that  the  direct 
and  reflected  waves  which  interfere  are  at  right  angles  to  each 
other.  If  the  vibration  take  place  along  the  direction  of 
intersection  of  the  two  wave-planes,  it  will  present  a  series  of 
nodes  and  antinodes  ;  but  if  in  the  perpendicular  direction 
there  will  not  be  such  alternations  of  intensity.  The  experi- 
ment showed  that  when  the  light  is  polarized  in  the  plane  of 
incidence,  the  photographic  plate  develops  a  series  ot  bands  ; 
but  when  it  is  polarized  in  the  perpendicular  plane  these 
bands  are  absent. 

The  argument  employed  is  that  the  photographic  effect  will 

♦  Communicated  by  the  Physical  Society :  read  November  9, 1894. 
t  Wiedemaivn*a  Annalen^  1890. 
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be  greatest  at  those  places  in  the  stationary  wave- train  where 
the  vibration  is  most  intense  ;  and  the  conclusion  is  drawn 
from  it  that  the  actual  vibration  is  represented  by  Fresnel's 
vector  and  not  by  MacCullagh's ;  in  other  words^  that  the 
vibrations  of  polarized  light  are  at  right  angles  to  the  plane 
of  polarization.  The  force  of  this  argument,  as  against 
MacCullagh*s  theory,  would,  however,  be  evaded  if  the  vector 
of  that  theory  were  taken  to  represent  something  different 
from  the  linear  displacement  of  the  sether,  or  if  vibrations 
were  excited  in  the  molecule  by  rotation  instead  of  transla- 
tion, or  by  stress,  as  Poincar^  has  pointed  out  *. 

But  as  a  matter  of  fact  it  seems  difficult  to  assign  any 
reason  of  the  above  simple  kind,  on  either  theory,  in  favour 
of  the  photographic  disturbance  occurring  at  the  antinodes 
rather  than  at  the  nodes  of  the  optical  vibration.  The  re- 
markable suggestion  thrown  out  by  Lord  Rayleigh  some  time 
irevious  to  Wiener's  experiments,  and  afterwards  verified  by 
lippmann,  that  certain  effects  in  colour  photography  produced 
by  Fox  Talbot  and  Becquerel  were  really  duo  to  this  kind  of 
localization  of  the  photographic  effect,  is  not  in  opposition  to 
such  a  view  ;  for  the  consideration  adduced  was  simply  that 
a  localization,  periodic  with  the  waves,  would,  if  it  happened 
to  exist,  produce  effects  like  the  observed  ones.  At  any  rate, 
the  observed  localization  demonstrates  the  important  result 
that  the  effect  is  due  to  a  specific  dynamical  action  of  the 
waves,  and  not  to  mere  general  absorption  of  the  radiation. 

TiOt  us  consider  the  actual  circumstances  of  the  case. 
There  are  about  10*  molecules  of  the  sensitive  medium  in  the 
length  of  a  single  wave  of  light :  thus  in  the  stationary  wave- 
train  all  the  parts  of  a  single  molecule  would  at  any  instant 
be  moving  with  a  sensibly  uniform  velocity,  which  increases 
and  diminishes  periodically.  The  vibration  of  the  molecule 
would  thus  be,  were  it  not  for  the  influence  of  differences  of 
inertia  or  elasticity  between  its  parts  and  the  surrounding 
sether,  very  nearly  a  swaying  to  and  fro  of  it  as  a  whole  : 
if  it  were  exactly  this,  it  could  not  be  expected  to  produce 
any  breaking  up  of  the  molecule  at  all.  Moreover,  as  at  the 
antinodes  of  the  vibration  there  is  movement  but  no  stress  in 
the  medium,  so  at  the  nodes  there  is  stress  but  no  movement ; 
and  it  does  not  seem  at  all  clear  that  alternating  stress  might 
not  be  as  potent  a  factor  in  disintegration  as  alternating 
motion.  A  representation  has  been  constructed  by  Lord 
Kelvin  f  of  a  system  in  which  internal  vibrations  can  be 

*  See  a  discussion  on  this  subject  in  Comptes  Bendus^  cxii.  189J,  in 
which  MM.  Cornu,  Poincar^  and  Poller  took  part, 
t  *^  Lectures  on  Molecular  Dynamics,"  Baltimore,  1884 
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excited  by  simple  translation,  by  means  of  the  device  of  an 
cater  shell  imbedded  in  the  aether  and  containing  inside  it 
masses  with  spring  connexions  ;  and  such  a  system  might  also 
be  adjusted  so  as  to  respond  to  simple  rotation,  and  therefore  be 
excited  at  the  nodes  of  the  wave-train  instead  of  the  antinodes. 

A  theory  based  in  this  manner  on  difference  of  inertia  must 
take  the  density  of  the  aether  to  be  very  minute  compared 
with  that  of  matter  ;  therefore  if  the  molecule  is  to  have  free 
periods  of  the  same  order  of  magnitude  as  the  periods  of  the 
incident  light-waves,  the  elastic  forces  acting  between  the 
atoms  and  concerned  in  these  periods  must  be  very  intense. 
But  Lord  Kelvin's  well-known  estimate  of  the  rigidity  of  the 
flBtber  on  this  hypothesis  makes  it  very  small  compared  with 
the  ordinary  rigidity  of  material  bodies*.  In  fact  on 
Pouillet's  data,  which  imply  a  considerable  underestimate, 
the  energy  of  the  solar  radiation  near  the  sun*s  surface  is 
about  4  X  10~*  ergs  per  cubic  centimetre;  it  easily  follows  that 
if  the  amplitude  of  the  sethereal  disturbance  is,  say,  €  times 
the  wave-length,  the  density  of  the  aether  must  be  about  l/10**e, 
and  its  rigidity,  which  is  equal  to  the  density  multiplied  by 
the  square  of  the  velocity  of  propagation,  therefore  1/1  Oe*. 
On  an  elastic  solid  theory  it  is  desirable  to  have  the  density 
very  small :  thus  if  we  adopt  10~*  as  the  maximum  likely 
value  of  £,  the  density  of  the  aether  comes  out  10~**  of  that  of 
Mater,  and  its  rigidity  about  10^,  whereas  the  rigidity  of  steel 
or  glass  is  of  the  order  10". 

Now  at  first  sight  it  would  appear  that  the  elastic  tractions 
exerted  by  an  aether  of  such  small  rigidity  on  an  imbedded 
molecule  swaying  backwards  and  forwards  in  it,  would  be 
vanishingly  small  compared  with  the  elastic  forces  between 
its  constituent  atoms  which  are  concerned  with  free  vibrations 
of  the  kind  of  period  under  consideration  ;  and  that  therefore 
they  would  be  quite  incompetent  to  produce  violent  disturb- 
ance in  the  molecule.  But  on  a  closer  examination  this 
difficulty  may  to  a  considerable  extent  be  evaded. 

Let  us  imagine  an  imbedded  rigid  nodule  of  linear  dimen- 
sion  L,  and  let  the  force  necessary  to  displace  it  in  the  aether 
in  any  manner  through  a  distance  x  be  Lx.  Let  us  compare 
with  it  a  similar  nodule  of  linear  dimensions  kL  displaced 
through  a  distance  kx.  There  is  complete  dynamical  simi- 
larity between  the  two  cases  ;  the  strains  at  corresponding 
points  in  the  aether  are  equal,  and  therefore  so  are  the  trac- 
tions per  unit  area.  Thus  the  forcive  necessary  in  the  latter 
case  to  produce  the  displacement  ko,  is  /c^L^,  and  therefore  to 
produce  the  same  displacement  x  as  in  the  previous  case  a. 
•  Cf  Maxwell,  Znryc,  Frit.,  article  "  ^ther." 
H2 
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forcive  xJiX  is  required.  If  now  instead  of  comparing  the 
total  forcives  in  tne  two  cases  we  compare  the  forcives  per 
unit  volume,  an  increase  of  linear  dimensions  in  the  ratio  of 
H  to  one  diminishes  this  forcive  in  the  ratio  of  #c*  to  one. 
Thus,  if  only  the  atoms  are  taken  small  enough,  an  aether  of 
very  slight  rigidity  can  exert  a  forcive  on  them  which,  esti- 
mated per  unit  volume,  is  of  any  order  of  magnitude  we 
please.  The  features  of  the  case  are  in  fact  analogous  to 
those  of  the  suspension  of  small  bodies,  such  as  motes,  in  a 
viscous  fluid  medium  like  the  atmosphere :  if  only  the  par- 
ticles are  small  enough  they  will  float  for  an  indefinitely 
Sreat  time  against  the  force  of  gravity,  even  be  they  as 
ense  as  platinum, — the  only  limit  oeing  in  that  case  the  one 
imposed  by  the  molecular  discreteness  of  the  air  itself. 

It  would  appear  that  the  application  of  this  principle  does 
much  to  vivify  the  notion  of  an  elastic  solid  aether.  A  medium 
of  this  kind,  which  is  excessively  rare  and,  as  a  consequence, 
of  very  feeble  elasticity,  would  exert  practically  negligible 
tractions  on  the  surfaces  of  a  mass  of  matter  in  bulk,  while 
it  may  exert  relatively  very  powerful  ones  on  the  individual 
atoms  of  which  the  mass  is  composed  if  only  they  are  suf- 
ficiently small,  it  being  of  course  supposed  that  the  structure 
of  the  medium  itself  is  absolutely  continuous.  And  it  would 
even  appear  that  a  medium  of  very  small  density  and 
rigidity  may  be  competent  to  excite  powerful  vibrations  in 
the  molecules  notwithstanding  the  strength  of  the  forcives 
which  hold  them  together. 

We  may  thus  ima^ne  a  working  illustration  of  a  ponder- 
able transparent  medium  of  elastic  solid  type  as  made  up  of 
very  small  spherical  nodules  of  great  density  and  rigidity 
dispersed  through  the  aether  and  imbedded  in .  it.  We  may 
even  imagine  these  nodules  to  be  collected  into  more  or  less 
independent  groups,  each  of  which  will  have  free  periods  of 
relative  vibrations  of  its  own  nearly  independent  of  other 
groups,  in  the  manner  now  well  known  in  connexion  with 
Prof.  Ewing's  model  of  a  magnetic  medium.  A  wave  running 
across  such  a  medium  may  excite  these  groups,  and  thus 
illustrate  the  theory  of  selective  absorption  by  means  of  a 
system  in  which  only  the  elasticity  of  the  ambient  medium  is 
operative,  but  no  other  internal  forcive. 

The  explanation  of  a  very  weak  medium  exciting  such 
powerful  tractions  implies  of  course  strains  of  enormous 
intensity,  so  that  its  limits  of  perfect  elasticity  must  be  taken 
enormously  wide  compared  with  anything  we  know  in  ordi- 
nary matter.  The  magnitude  of  the  strains  also  requires 
that  the  displacement  of  an  atom  relative  to  the  ather  must 
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be  a  considerable  fraction  of  its  diameter ;  and  this  is  suf- 
ficiently secured  by  the  large  value  of  €  above  that  which  is 
required  to  keep  down  the  density  of  the  aether,  combined  with 
the  great  relative  density  of  the  atom.  It  would  thus  seem  to 
be  possible  to  account  for  sufiiciently  large  differential  trac- 
tions between  the  component  atoms  of  a  molecule,  especially 
if  some  of  them  lie  well  under  the  lee  of  others,  to  produce 
brisk  internal  vibration. 

In  this  way  we  could  imagine  the  construction  of  a  sort  of 
model  illustrative  of  an  elastic  solid  theory  of  refraction^ 
including  selective  absorption  and  other  such  phenomena,  in 
the  form  in  which  it  is  presented  by  von  Helmholtz  and 
others.  In  the  simpler  case,  in  which  the  atoms  are  not 
grouped  into  systems  capable  of  synchronous  free  internal 
vibrations,  let  (f ,  rj,  ^  denote  the  mean  displacement  of  the 
free  aether,  and  (fi,  rju  fi)  that  of  the  atoms.  Then  the 
equations  of  vibration  assume  the  forms 

in  which  P^^\T''^zr  "^^l  5  ^^^ ^^®  phenomena  of  crj'^s. 

talline  media  could  be  included  by  assuming  a  vector-coefficient 
instead  of  the  scalar  a. 

The  conclusion,  then,  is  that  in  this  limited  range  an  elastic- 
solid  theory  of  a  very  rare  aether  is  not  so  much  at  fault  as 
would  at  first  sight  appear. 

A  theory  based  on  difference  of  rigidity  without  difference 
of  inertia,  after  MacCullagh's  manner,  would  have  to  be 
renlized  by  ascribing  to  the  atom  an  atmosphere  of  intrinsic 
aethereal  strain,  instead  of  endowing  it  with  great  inertia  ; 
and  this  could  only  be  possible  in  a  rotational  aether,  and 
would  in  fact  form  a  mechanical  representation  of  the  electric 
theory.     As  such  it  must  be  expected  to  give  an  account  of 

*  There  are  introduced  by  von  Helmholtz  (Wiss.  Ahh.  ii,  p.  216)  in 
Addition,  a  forcive  proportional  to  the  absolute  displacement  of  the  atom, 
and  a  i Fictional  one  proportional  to  its  absolute  velocity.  The  former  is 
derived  from  the  idea  that  the  heavy  central  masses  of  the  atoms  are 
unmoved  by  the  lether,  and  only  outlying  satellites  are  affected  by  its 
motion.  On  our  present  view  this  restriction  might  be  dispensed  with, 
except  in  so  far  as  it  renders  possible  an  illut^trative  theory  of  absorption 
of  an  analytically  simple  character.  The  consequences  of  the  above  equa- 
tions are  set  out  by  various  wi^iters,  e.  g.  Carvallo  {Comptes  Hendus,  cxii. 
p.  52-2). 
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the  phenomena  of  electricity  ad  well  as  those  of  light*,  and 
in  such  an  account  is  founded  one  of  its  chief  claims. 

A  development  of  the  electric  theory  has  recently  been 
essayed  by  von  Helmholtx  t,  on  the  basis  of  the  formal  equa- 
tions of  Heaviside  and  Hertz,  in  which  the  free  aether  is  still 
supposed  to  be  an  elasdc  medium  of  excessively  small  density 
in  which  the  dense  atoms  are  imbedded.  If  such  a  view 
should  turn  out  to  be  the  bisis  of  a  consistent  body  of  theory, 
the  considerations  given  above  with  respect  to  the  intensities 
of  molecular  tractions  would  have  a  bearing  on  it  also. 

Let  ns  now  consider  more  particularly  the  explanation  thai 
would  be  offered  by  the  electric  theory  of  light.  The  d  ifference 
betv/een  a  material  medium  and  a  vacuum  consists  in  an  altered 
effective  dielectric  coefficient.  This  difference  is  simply  and 
naturally  explained  by  the  hypothesis  that  the  material  mole- 
cules are  polar  owing  to  their  associated  atoms  having  atomic 
charges  equal  in  amount  but  opposite  in  sign,  and  that  they 
therefore  possess  electric  moments  just  as  the  molecules  of  a 
magnet  possess  magnetic  moments.  An  electric  force  thus 
tends  to  pull  the  two  constituents  of  a  molecule  asunder  ;  and 
its  full  intensity  is  exerted  in  this  manner,  not  merely  its  dif- 
ferential intensity  over  the  range  of  the  molecular  volume.  But 
a  magnetic  force  has  no  such  tendency  even  when  we  take  the 
molecule  to  be  magnetically  polarized,  because  the  two  poles 
of  a  magnetic  element  cannot  be  dissociated  from  e.ich  other; 
the  magnetic  moment  is  thus  directly  associated  with  the 
atom,  not  with  the  molecule.  In  the  case  of  the  stationary 
light- waves  the  antinodes  of  the  electric  force  are  therefore 
places  where  alternating  disturbances  of-  a  kind  suitable  to 
produce  decomposition  of  the  molecules  are  maintained,  and 
may  produce  strong  effects  through  sympathetic  molecular 
vibration  or  otherwise  ;  but  at  the  intermediate  antinodes  of 
the  magnetic  force  the  individual  ultimate  atoms  may  be 
disturbed  by  the  alternating  magnetic  force,  but  there  is  no 
tendency  to  separation  of  the  constituents  of  the  molecule. 
On  the  electric  theory,  therefore,  there  is  abundant  justifica- 
tion both  for  the  magnitude  of  the  effect  produced,  and  for 
its  localization  as  determined  by  Wiener's  experimental  in- 
vestigation. 

The  theory,  noticed  first  it  seems  by  Weber,  which  ascribes 
molecular  magnetism  to  the  orbital  rotation  round  each  other 
of  ionic  charges,  and  which  has  ^wy  strong  recommendations 
from  the  point  of  view  of  the  dynamics  of  the  aether,  may 
form  a  partial  exception  to  this  statement.     It  leaves  the 

*  or.  «  A  DTnamical  Theory  ,  .  .  /*  PliU.  Irans.  1884,  §§  122-124. 
t  AVied.  Am,  la94. 
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question  open  as  to  whether  the  prinoipal  part  of  the  mag- 
netic moment  is  due  to  orbital  motions  in  the  atoms  or  to  the 
motions  of  the  constitaent  atoms  in  the  molecules ;  though  it 
suggests  strongly  the  latter  alternative.  In  that  case  there 
will  usually  bj  a  diffarential  magnetic  action  of  the  field  as 
between  these  moving  atoms  ;  but  the  magnetic  actions  on 
positive  and  negative  ions  will  be  by  no  means  equal  and 
opposite,  ns  is  true  of  the  electric  actions.  Thus,  for  example, 
in  the  limiting  case  of  two  equal  and  opposite  ions  revolving 
round  each  other,  the  elements  of  the  equivalent  ionic  con- 
vection currents  will  be  at  each  instant  parallel,  and  there  will 
be  no  diifercntial  magnetic  forcive  at  all ;  there  will  also  be  na 
magnetic  moment;  but  the  electric  differential  action  will 
retain  its  full  force. 

It  is  well  understood,  and  in  accordance  with  this  explana- 
tion, that  the  energy  of  chemical  combination  of  utoms  into 
molecules  is  almost  entirely  that  of  electrostatic  attraction  of 
their  aton^ic  charges.  In  fact  the  electric  attraction  between 
them  diminishes  according  to  the  law  of  inverse  square  with 
increasing  distance,  their  magnetic  attraction  according  to  the 
law  of  the  inverse  fourth  power  :  if  these  forces  are  of  the 
Mime  order  of  magnitude  m  the  actual  configuration  of  the 
atoms  in  the  molecule,  the  work  done  by  the  former  during 
their  combination  must  be  almost  indeHnitely  greater  than 
the  work  done  by  the  latter. 

If  we  contemplate  the  purely  dynjimical  basis  which  must 
underlie  the  descriptive  explanations  of  the  electric  theory  of 
light,  it  is  difficult  to  see  how  there  can  be  any  place  for  a 
theory  of  the  aether  loaded  by  the  material  molecules,  which 
dynamical  views  usually  associated  with  Fresnel's  theory 
demand.  Thero  could  be  no  polarity  in  the  inertia  of  a 
mere  load,  such  as  the  present  consiJerations  require.  On 
the  other  hand,  the  presence  of  electriciilly  polarized  mole- 
cules is  effectively  a  diminution  of  the  elasticity  of  the  lumi- 
niferous  medium  ;  and  I  have  tried  to  show  elsewhere  *  that 
the  principles  of  MacCullagh's  theory  of  optics  are  in  sub- 
stantial agreement  with  all  the  general  features  of  our 
electrical  and  optical  knowledge. 

It  is  definitely  implied  in  the  electromotive,  as  distinguished 
from  an  electrodynamic,  character  of  the  electric  theory  of 
light,  that  the  atomic  charges  vibrate  in  un'son  with  the 
light-waves,  quite  unimpeded  by  any  material  inertia  of  their 
atoms.  This  bj'pothesis  is  conceivable  and  natural,  indepen- 
dently of  any  particular  explanation,  on  the  theory  that  the 

♦  Lov.  dt.  Phil.  Trans.  1894. 
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atoms  are  themselves  intrinsic  mobile  configarations  of  stress 
or  motion,  or  both  together,  in  the  nltimate  medium. 

[It  is  not  without  interest  to  consider  how  far  the  conception 
mentioned  above  of  an  isotropic  solid  medimn  of  very  small 
density,  with  very  massive  minute  nodules  imbedded  in  it  but 
exerting  no  direct  forcives  on  each  other,  will  carry  us  in 
forming  a  representjition  of  optical  phenomena.  The  theory 
is  of  the  Young-Selhneier  type,  because  each  nodule  has  one 
or  more  free  periods  conditioned  by  its  form  and  by  the 
surrounding  elasticity. 

On  eliminating  (fi,  171,  (^j)  from  the  equations  expressed 
above,  we  obtain  the  vibrational  equations  of  the  aether, 
supposed  thus  loaded.  Its  elastic  properties  are  found  to  be 
conserved  intact,  but  the  effective  density  as  regards  vibra- 
tions of  period  t  is  increased  by  apJla pif.   When  the 

coefficient  a  is  of  aeolotropic  iypej  by  reason  either  of  the 
form  or  the  distribution  of  the  nodules,  we  have  effectively 
an  isotropically  elastic  medium  with  aeolotropic  inertia  ;  this 
leads  to  Fresnel's  wave-surface,  provided  the  elasticity  is 
labile  in  Lord  Kelvin's  sense.  The  theory  also  leads  to  a 
formula  for  ordinary  dispersion,  of  the  usually  admitted  type 
(Ketteler's)  for  isotropic  media  ;  but,  on  the  other  hand,  it  is 
in  default  by  assigning  a  dispersional  origin  to  double  refrac- 
tion. If  we  wish  to  include  the  minute  effect  known  as  the 
dispersion  of  the  optic  axes  in  crystals,  it  will  be  necessary  to 
assume  for  the  elastic  stress  between  aether  and  matter  a 
somewhat  more  general  form,  involving  (after  von  Helmholtz) 
absolute  as  well  as  relative  displacement,  but  always  of  course 
remaining  linear. 

The  assumption  of  elasticity  of  labile  type  also  allows  an 
escape  from  the  usual  difficulties  of  a  solid  aether  in  the 
matter  of  reflexion.  In  that  problem  the  elasticity  would 
naturally  be  taken  continuous  across  the  interface,  the  volume 
occupied  by  the  molecules  being  on  this  hypothesis  extremely 
small  compared  with  that  occupied  by  the  aether. 

We  may  further  amend  the  theory  by  getting  rid  of  the 
difficulties  associated  with  lability,  at  the  same  time  avoiding 
the  difficulty  as  to  how  a  body  can  move  through  a  perfect 
solid  medium,  if  we  take  the  aether  to  be  a  rotationally  elastic 
fluid,  and  retain  the  material  load  as  before. 

But  an  essential  and  fundamental  difficulty  will  still  remain* 
It  is  the  extremely  small  volume-density  of  the  energy  involved 
in  radiation  which  permits  a  very  small  inertia,  and  conse- 
quently a  small  elasticity,  to  be  assigned  to  the  aether,  and  so 
prevents  it  from  acting  as  an  appreciable  drag  or  exerting  an 
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appreciable  force  on  finite  bodies  moving  through  it.  But  these 
very  properties  would  incapacitate  it  for  acquiring  the  very 
large  voluine-densities  of  energy  that  would  have  to  be 
associated  with  it  in  order  to  explain  electrodynamic  phe- 
nomena. 

Any  representation  which  would  make  the  aether  consist 
of  molecules  of  ordinary  matter  is  open  to  the  objection  that 
the  thermal  kinetic  energy  of  gases  and  other  material  systems 
must  then,  in  accordance  with  Maxwell's  law  of  distribution 
of  energy,  largely  reside  in  it..  But,  on  the  other  hnnd,  if 
we  hold  to  the  view  of  matter  which  was  first  rendered  pre- 
cise by  Lord  Kelvin's  theory  of  vortex  atoms,  namely,  that 
the  aether  is  the  single  existing  medium  and  that  atoms  of 
matter  are  intrinsic  singularities  of  motion  or  strain  which 
belong  to  it,  then  there  is  no  inducement  to  assume  for  the 
aether  a  molecular  structure  at  all^  or  to  make  its  inertia  any* 
thing  comparable  with  the  inertia  of  the  atoms  on  whose  play 
the  thermal  energy  of  the  movements  of  the  matter  consists. 
On  such  a  theory  the  inertia,  and  the  resulting  kinetic  energy, 
of  the  matter  may  be  hard  to  explain,  but  it  is  certainly 
something  different  from  the  inertia  of  the  underlying 
medium  in  which  the  atom  is  merely  a  form  of  strain  or 
motion.  On  such  a  theory  refraction,  and  also  double  refrac- 
tion, will  be  caused  by  the  atmosphere  of  intrinsic  strain 
which  represents  the  electric  charge  on  the  atom  ;  and  only 
dispersion  will  be  assigned  to  the  influence  of  sympathetic 
vibrations  in  the  atoms  or  molecules,  thus  doing  away  with 
any  difficulty  of  the  kind  mentioned  above. 

In  the  theory  of  gases  the  ordinary  kinetic  energy  of  the 
molecules  represents  sensible  heat,  and  ns  such  may  be  derived 
for  example  from  the  dissipation  by  friction  or  otherwise  of 
the  mechanical  energy  of  ordinary  masses  :  it  is  of  the  nature 
of  kinetic  energy  of  the  masses  of  the  atoms.  But  the  store 
of  energy  which  keeps  up  radiation  is  of  electromotive  kind, 
is  concerned  with  displacing  electricity,  not  with  moving 
matter  except  indirectly ;  at  least  no  consistent  scheme  has 
yet  been  forthcoming  which  includes  both.  It  is  quite  con- 
ceivable that  the  disturbances  which  occur  in  the  ordinary 
encounters  of  molecules  are  of  far  too  gentle  a  character  to 
excite  the  very  powerful  elasticity  which  on  a  certain  form  of 
the  electric  iieorjr  binds  together  the  continuous  medium 
taking  part  in  optical  propagation,  any  more  than  a  system 
of  solid  balls  rushing  about  in  an  enclosure  bounded  by  a 
heavy  continuous  rigid  solid  can  excite  sensibly  the  elastic 
qualities  of  that  body.  The  opinion  has  been  widely  sup- 
ported, both  on  theoretical  and  experimental  grounds,  that  a 
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gas  will  not  emit  its  definite  radiations  however  high  the 
temperature  to  which  it  is  raised,  unless  there  is  chemicjd 
decomposition  of  the  molecules  going  on.  If  that  be  so,  the 
sether  does  not  act  as  an  equalizer  of  the  kinetic  energy 
between  the  different  modes  of  vibration  of  the  molecules, 
and  the  ordinary  theory  of  gases  need  make  no  reference  to 
the  sether. 

If  I  have  understood  aright,  a  similar  view  has  been  ex- 
pressed as  at  any  rate  a  possible  explanation  of  the  difficulty 
as  to  the  application  of  Maxwell's  distribution  theorem  in  the 
theory  of  gases,  by  Prof.  Boltunann  himself.  The  law  of 
distribution  of  energy  is  perha|>8  unassailable  for  the  cnse  of 
molecules  like  small  spheres,  with  three  degrees  of  freedom, 
all  translational.  By  including  the  rotational  modes  of  free- 
dom, which  may  be  none  at  all  for  a  monad  gas,  only  two 
for  a  disid,  and  three  for  other  types,  and  these  possibly  not 
complete,  a  sufficient  number  of  freedoms  is  obtained  to  cov<^r 
the  known  range  of  values  of  the  ratio  of  the  specific  heats. 
The  introduction  of  any  vibrational  types  would  make  too 
many  ;  so  on  this  ground  also  it  is  not  likely  that  such  types 
can  enter  into  those  among  which  the  thermal  energy  is 
divided. — December  4.] 


VI.  The  R6le  of  Atomic  Heat  in  the  Periodic  Series  of  the 
jKlenients.    By  C.  T.  Blanshard,  M.A.* 

BY  a  study  of  the  latest,  or  most  accurate  data  of  atomic 
heats  and  melting-points  I  have  been  enabled  to 
arrive  at  definite  relationships  between  them,  which  I  will 
endeavour  to  set  forth.  In  GrundzUge  der  theorettschen 
Chemie,  Leipzig,  1893,  p.  106,  Lothar  Mever  says : — '*  The 
periods  of  fusibility  do  not  coincide  with  those  of  other 
physical  characters,  are  also  less  regular  than  these,  but  are 
in  close  relationship  to  the  atomic  vdume."  With  regard  to 
Dulong  and  Petit's  law,  W.  Ojtwald  says  ('  Outlines  of 
General  Chemistry,'  English  tftinslation,  p.  177) : — "  We  can 
only  note  empirically  that  the  law  holds  good  for  substances 
witb  atomic  weights  higher  than  thirty.'* 

A  survey  of  the  accompanying  curve  of  atomic  heats,  made 
to  correspond  with  Lothar  Meyer's  curve  of  atomic  volumes, 
will,  notwithstanding  several  blanks  and  several  doubtful 
values,  demonstrate  the  two  following  laws  of  atomic  heat : — 

1.  The  atomic  heat  decreases  in  any  series  from  the  monad 
to  the  tetrad  element,  and  then  increases  till  a  maximum  is 
reached  with  the  heptad  element. 

*  Ccmmanicated  by  the  Author. 
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2.  The  variation  is  greatest  with  elements  of  low  atomic 
weights,  becoming  less  and  less  as  the  atomic  weight  increases. 

I  hope  in  the  next  place  to  show  in  a  tabular  form  that  the 
melting-points  of  the  elements  are  intimately  connected  with 
their  atomic  heats,  and  that  four  general  laws  govern  this  con- 
nexion. Were  sufficient  data  to  hand  with  regard  to  latent 
heat  of  fusion  &c.,  there  is  no  doubt  that  many  similar  relation- 
ships would  be  established.  There  is  evidently  plenty  of  work 
before  physical  chemists  in  this  direction.  In  the  arrange- 
ment of  tne  groups  of  elements  I  follow  a  plan  used  by  Lotliar 
Meyer,  of  using  Roman  numerals  combined  with  lettering. 
Thus  the  Li  group  is  L,  the  Cu  is  La.;  Group  IL  is  Ca  &c. ; 
IL  a  Be  &c.;  II.  h  Fe,  Ru,  Os.  In  placing  the  iron  elements 
here,  and  not  in  a  separate  group,  I  am  following  W.  Preyer, 
Da$  genetisc/ie  System  der  chemischen  Elemente,  Berlin,  1893. 
The  groups  are  entirely  arranged  by  their  atomic  heats,  but 
will  be  found  to  be  practically  identical  with  Lothar  Meyer's 
classification.  The  melting-points  taken  are  the  most  correct 
up  to  date,  from  (1)  the  late  T.  Carnelley's '  Physico-Cheraical 
Constants,'  1887  ;  (2)  H.  Landolt  and  R.  Boi-nstein,  PAyt.- 
Ckemische  Tahellen,  Berlin,  1894  ;  (3)  The  Chemical  Society's 
Journal.  Several  determinations  are  very  rough,  others  are 
altogether  wanting.  The  specific  heat**,  which  are  much  more 
complete,  are  from  the  last  two  sources  and  *  Watts'  Dictionary 
of  Cnemistry.'  They  are  all  taken  at  as  near  as  possible  the 
constant  <®,  15°.  The  atomic  weights  are  from  Landolt  and 
Borostein  and  the  Chemical  Society's  Journal.  From  these 
and  the  specific  heats  I  have  calculated  the  atomic  heats  with 
much  greater  accuracy  than  has  hitherto  been  thought 
necessary.  Blanks  denote  that  no  reliable  data  are  to  hand. 
A  query  denotes  that  the  observation  has  been  made,  but  not 
accurately. 


Group. 

Element. 

Melting-Point. 

Atomic  Heat 

L 

Lithium. 
Sodium. 

180 
95-6 

6-606 
6-526 

PotuBsium. 

62-6 

6303 

Bubidiuui. 

38-5 

Cieeium. 

26-5 



La  

Copper. 

1054 

5-870 

SiWer. 

1040 

5-936 

Gold. 

1035 

6383 

IL    

*Oalcium. 
Strontium. 

... 

7-216 

Barium. 

1100? 

*  Bunsen'A  jalue  for  Ca  fleems  too  high ;  the  atomic  heat  of  tbia  element 
will  probablj  prore  to  be  lees  than  that  of  K. 
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:    Group. 

Element 

Melting-point. 

Atomic  Heat 

IL« 

Beryllium. 

900? 

3-85 

Magnesium. 

780 

5932 

Zinc 

4333 

5-971 

Cadmium. 

3207 

6196 

Mercury. 

-38-86 

6-640 

ILb 

Iron. 

1550 

6104 

Butbenium. 

1950? 

6203? 

Osmium. 

2500? 

5939 

TTT 

•Boron. 
Scandium, 
rttrium. 

... 

2717 

Lanthanum. 

800? 

6165 

m.ii.  ... 

Aluminium. 

700? 

5-741 

Gallium. 

8015 

5822 

Indium. 

176 

6-469 

Thallium, 

288 

6-735 

IV.  

•Carhon  (amorphous). 

2-448 

Silicon  (amorphous). 

1200? 

49 

Gkrmanium. 

900? 

532 

/Tin. 
ll^ 

2327, 

6-337 

326     ! 

6-334 

IV.  a.  ... 

Titanium. 

2500? 

5*294 

Zirconium. 

1500? 

5-979 

Cerium. 

900? 

6-161 

Thorium. 

6-264 

IV.  6.   ... 

Cobalt 

IfiCio 

6-148 

Bhodium. 

1800? 

597 

Iridium. 

1950 

5-79 

V 

Nitrogen. 

-160? 

3-40 

Phosphorus  (white). 

44 

5-27 

Arsenic  (cryst.). 

300? 

6-25 

f  Antimony. 
\  Birmuth. 

432 

6-155 

268-3 

6-27 

V.a 

Vanadium. 

Niobium. 

Tantalum. 

VI 

OxYffen. 

Sulphur  (rhombic). 

-100? 
1145 

3-47 
544 

Selenium  (cryst). 

250 

5-88 

Tellurium. 

455 

6*00 

VLa.  ... 

tChromium. 

2200? 

5-2? 

Molybdenum. 

2000? 

6*336 

Tungsten. 

1950? 

6-44 

Uranium. 

1700? 

6-72 

VI.6.    ... 

Nickel. 

1450 

6-32 

Palladium. 

1500 

6-10 

Platinum. 

1775 

6-04 

VII 

Fluorine. 

Chlorine. 

-102 

4-32 

Bromine. 

-  7-3 

6-72 

Iodine. 

114 

6-847 

VII.  a... 

Manganese. 

2000? 

6-69 

♦  The  specific  heats  of  both  B  and  C  rise  rapidly  with  the  temperature, 
t  W.  Prevcr's  value  for  Or  is  62,  which  is  entirely  without  foundation 
though  it  will  probably  proTe  to  be  nearly  correct 
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Ele- 
ment 

Meltiog-Pomt. 

Specific  Heat 

Atomic  Weight 

Li    ... 

Bunsen. 

Regnault. 

Stiis. 

Na  ... 

Bunsen. 

Scliutx. 

Stas. 

K    ... 

Bunnell. 

Sohuix. 

SUff. 

Rb  ... 

Bunsen. 

Gofleffroy. 
Bunsen. 

Cs  ... 

Setterberg  (1882). 
Violle. 

Ou  ... 

Naocari. 

Ricliards. 

Ag... 

Riemsdijk  (1869). 

Naocarl. 

Stas. 

Au... 

ViaUe  (1879). 

Regnault 

Kriiss. 

Ca  ... 
Ba  ... 

Bunsen. 

Erdmann  k  Marcband. 
Dumas. 

Frey  (187fi)*.""* 

Be  ... 

Debraj  (1855). 

Nilson  k  Pettersson. 

Nilson  k  Pettersaon. 

Mg... 

V.  Meyer  k  A.  Meyer. 

Kopp,  Loreuz. 

]^urton  k  Vorce. 

Zn  ... 

Person  (1847). 

Naccari. 

Gladstone  k  Hibbert 

Od  ... 

Person  (1847). 

Naccari. 

1  Morse  k  Jones, 
1  Lorimer  k  Smith. 

Hg  .. 

Yicentini  k  Oiuodei. 

Winkelraann,  Naccari. 

Erdmann  k  Marcband. 

i?... 

Pouillet  (wrought). 

Naccari. 

Erdmann  k  Marcband. 

Ku... 

Deville  k  Debruy. 

Bunsen. 

Joly. 

Os  _ 

Joly  k  Ve«e8. 

Regnault. 

Seubert 

B    ... 

MelU  in  Electric  Arc 

Kopp. 

Abraball. 

La  ... 

Below  silver. 

Hillebrand. 

Beitendorff,  Brauner. 

Al  ... 

Heeren  (1855). 

Regnault. 

Mallet. 

Ghi... 

Boisbaudran. 

Boisbaudran. 

Boisbaudran. 

In  ... 

Winkler. 

Bunsen. 

Winkler. 

Tl  ... 

Crookes. 

Regnault. 

Crookes. 

0    ... 

Never  melted. 

Bettendorff  &  Wiilber. 

Roscoe. 

8i    ... 

Denlle. 

Weber. 

Thorpe  k  Young. 
Winkler. 

Ge  ... 

Winkler. 

Nilson  k  Pettersson, 

Sn  ... 

Person. 

Schiitz,  Lorenz. 

▼.  d.  PlaAts. 

Pb  ... 

Person. 

Scbiitz. 

Stas. 

Ti   ... 

Never  melted. 

Nilson  k  Pettersson. 

Thorpe. 

Zt  ... 

Troost 

Mixter  k  Dana. 

Bailey. 

Ce   ... 

Hillebrand  k  Norton. 

Hillebrand. 

Brauner,  Norton. 

Th  ... 
Co  ... 

Nilson. 
Regnault 

Nilson  k  Eriifs. 
Zimmermann. 

DcTille. 

Bh... 

L.  Meyer. 

Regnault 

Seubert  k  Kobhd 

Ir    ... 

Deville  k  Debray. 

Violle. 

Seubert  k  Joly. 

N    ... 

Regnault  (as  gas). 
Regnault  k  Person. 

Stas. 

P    ... 

WatU'  Diet,  ki 

Schroder. 

As  ... 

6b  ... 

Bettendorff  &  Wiillner. 
Schiitz. 

Dumas. 
Schroder. 

Dalton. 

Bi  ... 

Budberg,  Riemsdijk. 

Regnault 

Mariffnac. 
Berzelius. 

0    ... 

Regnault  (as  gas). 

S    ... 

Brodie. 

Regnault 

SUs. 

6e  ... 

Regnault. 

Kopp. 

Pettersson  k  Eckmann. 

Te  ... 

Oamelley. 

Fabre. 

Brauner. 

Cr  ... 

DeTiUe. 

Kopp. 

Rawson,  Meinecke. 

Mo... 

Buchholz. 

Delarive  k  Marcet 

L.  Meyer. 

W  .. 

Wohler. 

Delarive  k  Maroet. 

Roscoe,  WaddeU. 

U    ... 

Peligot(1868). 

Bliimcke. 

Zimmermann. 

Ni  ... 

Camelley  k  Pictet. 

Regnault 

Zimmermann. 

Pd  ... 

VioUe. 

VioUe. 

Bailey  k  Lamb. 

Pt  ... 

VioUe. 

i^chutz. 

Seubert 

01  ... 

Olszewski. 

Regnault  (as  ga^). 

Stas. 

Br  ... 

Regnault,  ▼.  d.  Plaats. 

R^'gnault. 

Stas. 

I     ... 

Stas,  Regnault 

Regnault 

Stas,  Cooke. 

Mn... 

WatU*  Diet 

Regnault 

Dewar  k  Scott,  Marignac. 

Digitized  by 


Google 


in  the  Periodic  Serins  of  the  Elements.  Ill 

The  atomic  heat  affords  another  proof  of  Lothar  Meyer's 
classificution  of  sodiam  with  the  alkali  metals,  rather  than 
that  of  Mendeleeff,  who,  followed  by  W.  Preyer,  places  it  in 
the  copper  group.  Its  chemical  affinities  to  potassium  are 
very  close ;  thus  E.  Aug^  (  Comptes  Rendus,  1890,  ex.  p.  1139) 
obtained  a  sodium  alum,  by  regulating  both  concentration 
and  temperature. 

To  get  comparable  results,  the  specific  heats  must  be 
observ^  at  a  constant  temperature.  With  regard  to  melting- 
point,  magnesium  presents  an  irregularity  in  the  zinc  group, 
if  the  usual  melting-point,  430^,  is  adopted  ;  but  the  number 
has  been  corrected  by  more  recent  observation,  restoring  com- 
plete harmony  to  the  series.  The  order  of  melting-pomts  of 
Sn  and  Pb  in  Group  IV.,  and  of  Sb  and  Bi  in  Group  V., 
both  apparent  anomalies,  will  be  seen  to  favour,  rather  than 
contradict,  the  laws  of  atomic  heat  and  fusion ;  for  in  both 
cases  the  atomic  heats  are  reversed  to  correspond  with  the 
melting-points. 

I  have  placed  cobalt  in  IV.  6,  and  nickel  in  VI.  &,  notwith- 
standing Zimmermann's  values  for  their  atomic  weights  ;  and 
in  doing  so,  as  before,  I  have  been  guided  entirely  by  the 
atomic  heats,  leading  to  Mendel^eff's  original  classification, 
which  placed  Co  before  Ni  on  purely  chemical  grounds,  from 
the  analogies  of  the  former  to  Bh  and  Ir,  and  of  the  latter  to 
Pd  and  Pt  (Ann.  Supp.  viii.  p.  133  et  seq.).  Zimmermann 
(1886)  finds  Ni=58-71,  Co=58-89. 

The  above  tables  appear  to  establish  the  following  laws : — 

1.  In  groups  I.  and  II.  (which  I  will  call  the  metallie 
groups),  as  tne  atomic  weight  increases,  both  the  melting- 
point  and  the  atomic  heat  decrease. 

2.  In  groups  III.  and  IV.  and  all  the  a  groups  (termed 
collectively  intermediate  groups)  the  atomic  heat  increases 
with  the  atomic  weight,  while  the  melting-point  decreases ; 
the  former  being  characteristic  of  non-metals,  the  latter  of 
metals. 

3.  In  groups  V.,  VI.,  and  VII.  (the  non-metallic  groups), 
as  the  atomic  weight  increases,  so  do  both  atomic  heat  and 
melting-point. 

4.  La  the  b  groups  the  melting-point  increases  with  the 
atomic  weight,  whilst  the  atomic  heat  decreases  ;  the  former 
being  a  non-metallic,  the  latter  a  metallic  characteristic. 

The  a  may  be  called  copper  groups,  and  the  b  iron  groups. 

It  is  to  be  noted  that  both  groups  IV.  and  V.  become 
irregular  in  the  same  way  when  their  last  members  are 
reached,  these  having  more  marked  metallic  characters.  Thus 
both  Sn  and  Pb  in  group  IV.,  and  Sb  and  Bi  in  V.,  have 
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both  melting-point  and  atomic  heat  in  inverted  order.  The 
same  order  is  found  to  hold  in  their  hitent  heats  of  fusion. 
Thus  Person  found  that  tin  requires  14*25  cals.,  whikt, 
accoixling  to  Rudberg^  lead  requires  only  5"8.  There  are  no 
data  for  comparing  antimony  and  bismuth.  In  the  zinc 
group  we  find  that  the  latent  heat  of  fusion  varies  directly 
as  the  melting-point. 

The  irregularities  in  group  III.  a  as  to  melting-point  can- 
not be  explained  in  the  above  manner.  The  elements  that 
follow  A),  viz.  Gk,  In,  and  Tl,  behave,  as  regards  atomic  heat 
and  melting-point,  like  the  non-metallic  groups. 

The  inverse  ratio  between  melting-point  and  atomic  heat 
in  the  intermediate  groups  is  well  illustrated  by  carbon  and 
boron.  The  former,  which  has  never  been  melted,  has  the 
lowest  atomic  heat  of  all  solid  or  liouid  elements ;  whilst  the 
latter,  which  is  very  infusible,  has  the  next  lowest. 

If  the  above  laws  are  true,  they  should  enable  melting- 
points  not  yet  ascertained,  as  of  thorium,  molybdenum,  &c., 
to  be  predicted  with  tolerable  accuracv.  Thus,  Th  should 
melt  at  about  700°,  Mo  at  about  2000°. "  Buchholz  found  this 
latter  to  be  imperfectly  fusible  at  a  white  heat.  Again,  the 
melting-points  and  Fpecific  heats  of  new  elements  should  be 
capable  of  being  predicted  with  much  greater  accuracy  than 
has  been  possible  hitherto.  Thus  Brauner's  Bohemium  (see 
? Nature'  for  October  11,  1894)  has  had  the  specific  heat  of 
0*03  predicted  for  it  from  Dulong  and  Petit's  constant,  but 
BO  melting-point.  By  referring  to  group  VI.,  where  it  will 
occur  after  tellurium,  Bo=2l3,  it  is  easy  to  see  that  this 
element  will  have  a  melting-point  of  about  650°  and  specific 

heat  of  about  |~  =0-0286. 

Volume-IIcat. 

The  following  is  a  carefully  calculated  table  of  volume- 
heats,  a  further  factor  for  comparing  the  elements,  of  value 
for  their  classification,  introduced  by  Dr.  Wm.  Preyer,  Das 
genetische  System  der  clieminchen  Elemente  (Berlin,  18i>3). 

Volume-neat  is  the  atomic  heat  -*-  the  atomic  volume,  and 

W 
therefore  =CW-t-  yr  =  CD ;  where  C  is  the  specific  heat, 

W  the  atomic  weight,  and  D  the  specific  gravity  of  the 
element. 

The  specific  gravities  are  taken  at  0°,  and  the  specific  hents 
at  a  constant  temperature  also,  as  near  15°  as  possible.  The 
natural  groups  are  those  of  Lothar  Meyer,  as  modified  by 


Digitized  by 


Google 


in  the  Periodic  Series  of  the  Elements.  113 

W.  Preyer.  I  have  adopted  Prof,  Meyer's  device  of  lettering 
the  sub-^oups,  adding  groups  b  and  c,  as  in  the  preceding 
article.  The  values  are  from  Landolt  and  Bomstein^  Phys.* 
Chemisclie  TcAellen^  or  more  recent  determinations. 

Group  L  C.  D.  CD.                     Authorities. 

Lithium 0*94  0*59  0*555  Begnault,  Buumd. 

Sodium  -283  -97  -274  Schuti,  Gay-LusBao  and  Th^nard. 

Potassium  ...  166  87  '144            *».,,,, 

Group  La. 

Copper  0*0924  8*94  0*826  Naccari,  Tarious. 

SUyer 0549  1053  -578  Naooari,  Boss. 

Gold  -0316  19-33  600  VioUe,  Eos©. 

Group  IL 

Beryllium...   0*424  1*85  0*784  Nilson  and  Pettersson,  Hump  idge. 

Magnesium..     *245  1*74  '426  Kopp,  Lorens ;  Bunsen. 

Calcium *1804  1*57  -283  Bunsen,  Matthiessen. 

Strontium 2*54        Quoted  from  F.  W.  Clarke. 

Barium 3*88        n        n         »         n 

Group  IL  a. 

Zino   0*0915  710  0*650  Kaocari.  Bammelsberg. 

Cadmium...     *055  8*55  *470  Lorens,  Naccari ;  Schroder. 

Mercury -0331  13*596  '448  Winkelmann,  Begnault 

Group  II.  b. 

Iron   0*109  7*86  0*857  Naocsri,  Tarious. 

Buthenium..     -061  12*63  -769  Bunsen,  Joly. 

Osmium  -031  22*48  '696  Begnault,  Derille. 

Group  nL 

Boron 0*251  2*5?  0*627  Mixter  and  Dana,  Hamne. 

Alumininm.^     *212  2*6  *551  Begnault,  Naoosri ;  DsTUle,  Heeren, 

Mallet. 

Gallium -079         5*95  *470  Berthelot,  Boisbaudran. 

Indium  -0569       7*42  -422  Bunsen,  Winkler. 

Thallium   ...     *03d5  11*85  -397  Begnault,  de  la  Bive. 

Ghroup  ULa, 
Scandium  ... 

Yttrium 

Lanthanum..  0*0448       61  0*273      Hillebrand  and  Norton. 

Group  IV. 

Carbon 1  Q.204  3168  0*644  (   ^®*^"^®'^  ***^  Wtlllner,  r.  Baum- 

(diamond).  J  ^^  \       hauer. 

Silicon  (cryst)    '177         2*39  411      Begnault,  Winkler. 

Germanium..     -073        5*469  '399      Nilson  and  Pettersson,  Winkler. 

Tin -054        7*29  '393      SchiiU,  Lorens ;  MatthieMen. 

Lead -030  11352         340      Begnault^  Lorens ;  Beioh. 

Group  IV.  a. 

Titanium   ...   0*1125      Nilson  and  Pettersson. 

Zirconium...     -066  4*15        0*274  Mixter  and  Dana,  Trooet 

Ceriom  -0448  6*65         -298  Hillebrand  and  Norton. 

Thorium *0276  11*0            303  Nilson. 

PIM.  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  I 


Digitized  by 


Google 


114     Atomic  Heat  in  the  Periodic  Series  oft  lie  Elemenie. 

Table  (continued). 
Group  IV.  6. 

CoWt    01045       8-6?       0-899      Regnault,  Raramelgberg. 

Rhodium   ...      -058       121?  -702      B^nault,  BeWlle  and  Debraj. 

Iridium -030       22*42  672      VioUe.  DeriUe  and  Debray. 

Group  V. 

Nitaroron    0^         Olflrewski. 

^^"(Xte^"'   }  0-202         1-83T,     0371      Kopp,  Pisati  and  de  Franohia. 

Arsenic  (am.)     -0758       4  71  SoQ      Bettendorff  and  Wiillner. 

Antimony  ...      -051         6  697  'Ml      Lorens,  Schroder. 

Biamuth -030         975  292 

OrystoUine  Arsenic  has  the  Tslues  O--083,  D-573,  CD -0*475  (Betten- 
dorff and  Wiillner). 

Group  y.  a,    Yanadium,  Niobium,  and  Tantalum  hare  not  had  their  spedflc 
heats  determined. 

Group  VI. 

Oxygen  1*137       Olszewski. 

^(i^mb)  }     ^^'^  ^*^^-  ^^^  Regnault.  PisaU. 

^(T^^sU  }       "^^  ^'^  '^^  ^^PP'  Bammelsberg. 

^tcmtTl       "^"^^  ^'^  '^^  Fabre,  BammeUbei^. 

Group  VI.  0. 

Chromium...    0117?  673  0  787?  Kopp,  Glatzel. 

Molybdenum      -066  8*6?  568  De  la  Rive  and  Marcet,  Debray. 

Uranium    ...      -028  187  "524  Bliimcke,  Zimmermann. 

Group  VI.  b. 

Nickel    0108        8*9  0*961      Regnault,  Schroder.     . 

Palladium...      -057      12148         692      Violle,  Lowry. 

Platinum    ...      -031      21-5  '666      SchiitE,  DeriUe  and  Debray. 

Most  observers  find  D  for  Pd  as  low  as  11-5  ;  Lowry's  value  seems  reliable, 
and  gives  concordant  results. 

Group  VI.  c. 

Erbium  

Tungsten   ...  0*035      1877        0^7      De  la  Rive  and  Maroet.  WaddeU. 

Group  VII. 

Fluorine 

Chlorine 1*46         Knietsch. 

Bromine 0*084        3*187      0268      Regnuult ;  Pierre.  Quincke. 

V.  d.  Plaats. 

Iodine    054        4*95  267      Regnault,  Gay-Lus?ac. 

Chlorine  is  neglected,  as  are  Oxygen  aud  Nitrogen,  because  we  have  only 
their  specific  heats  as  gases. 

Group  VII.  a. 
Manganese...   01217      7*39        0*899      Regnault^  Glatzel. 

It  will  be  noted  from  the  above  that  in  group  I.  the  atomic 
haats  are  nearly  Li=4a,  Na=2a,  K=a,  where  a  fjs  0*144. 

In  group  II.,  similarly,  the  ratio  is  Be=5a,  Mg=s3a, 
Ctt=2a. 
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In  group  VII.  the  volume-heats  are  constant. 
Several  elements,  of  known  atomic  weight,  oflFer  no  data 
for  both  C  and  D,  and  are  altogether  omitted. 

The  above  tables  make  clear  the  following  laws : — 

1.  In  each  natural  group  of  elements  volume-heat  varies 
inversely  as  atomic  volume.  (Group  IV.  a  is  an  exception  as 
far  as  available  data  go.) 

2.  The  variations  pf  volume-heat  become  less  and  less  as 
valency  for  oxygen  rises,  until  the  seventh  group  is  reached, 
when  it  becomes  constant. 

3.  As  atomic  heat  increases  in  some  groups  and  decreases 
ill  others,  with  increase  of  atomic  weight,  whilst  atomic 
volume  regularly  increases,  it  is  evident  that  the  increase  in 
atomic  volume  proceeds  at  a  higher  ratio  than  the  variation 
in  atomic  heat. 

4.  Atomic  weight  being  a  constant  increment,  it  follows 
from  the  preceding  law  that  in  any  natural  group  specific 
gravity  varies  more  than  specific  heat. 

VII.  On  a  Suggestion  by  Professor  J.  J.  Thomson  in 
Connexion  with  the  Luminescence  of  Glass  due  to  Kathode- 
Rays.  By  John  Burke,  B.A,^  Lecturer  in  Physics^  Mason 
College^  Birmingham'*, 

LAST '  August,  at  Oxford,  I  communicated  a  paper  to  the 
British  Association  on  a  strange  luminous  phenomenon 
which  had  been  observed  by  Beccaria  more  than  a  hundred 
years  ago.  It  was  there  pointed  out  that  although  the 
conclusions  arrived  at  by  the  Italian  physicist,  if  true,  were 
likely  to  lead  to  results  of  an  extremely  interesting  character, 
in  connexion  with  Mr.  Crookes'  important  researches  on  the 
luminescence  of  glass,  &c.,  in  vacuum-tubes,  and  although 
the  mysterious  nature  of  the  phenomenon  was  likely  to 
attract  much  attention,  yet  the  subject  was  allowed  to  retain 
its  obscurity.  Beccaria  (*  Artificial  Electricity/  §  766) 
observed  that  when  racMwm-bulbs  were  broken  in  the  dark  a 
light,  consisting  of  a  faint  glow,  was  produced  in  the  place 
where  the  bulb  lay.  He  attributed  an  electrical  origin  to  the 
phenomenon,  owing  to  the  manner  in  which  certain  substances 
were  supposed  to  behave  in  yielding  the  glow.  He  mentioned, 
moreover,  that  the  mere  breaking  of  glass  did  not  give  rise  to 
the  phenomenon,  but  that  the  presence  of  air  was  essential  to 
its  production,  and  that  when  air  was  allowed  to  rush  suddenly 
into  a  vacuum  by  the  bursting  of  a  bladder  at  the  mouth  of  a 

*  Communicated  by  the  Physical  Society :  read  November  9, 1894. 
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receiver,  articles  such  as  glass  bottles,  vessels  of  sealing-wax, 
&c.,  became  luminous  by,  he  supposed,  the  violent  dashing  of 
the  external  air  on  them ;  the  luminosity  was  most  conspicuous 
at  the  necks  of  the  bottles  or  at  the  upper  edges  of  the  vessels. 
As  has  already  been  remarked,  Beccaria's  researches  appear 
to  have  been  forgotten  for  more  than  a  century,  and  not  until 
quite  recently  has  attention  been  drawn  to  them.  This  has 
been  done  by  Professor  J.  J.  Thomson,  who,  in  his  *  Recent 
Besearches  in  Electricity  and  Magnetism,'  p.  119,  recalls  the 
fact  and  indicates  its  possible  close  relationship  to  Mr.  Crookes' 
theor}'  of  the  luminescence  of  the  glass  in  Geissler's  tubes  : 
that  the  bombardment  of  the  glass  by  the  particles  of  gas  pro- 
jected from  the  kathode  is  intense  enougn  to  cause  the  glass 
to  become  luminous.  Prof,  Thomson  quotes  from  Priestley's 
'  History  of  Electricity' : — 

**  Signer  Beccaria  observed  that  hollow  glass  vessels,  of  a  certain 
thinness,  exhausted  of  air,  gave  a  light  when  they  were  broken  in 
the  dark.  By  a  beautiful  series  of  experiments,  he  found,  at 
length,  that  the  luminous  appearance  was  not  occasioned  by  the 
breaking  of  the  glass  but  by  the  dashing  of  the  external  air  against 
the  inside  when  they  were  broke.  He  covered  one  of  those  ex- 
hausted vessels  with  a  receiver,  and  letting  the  air  suddenly  on  the 
outside  of  it  observed  the  very  same  light." 

That  the  light  observed  in  both  cases  was  the  same,  unless 
the  exhausted  vessel,  which  had  been  covered  by  the  receiver, 
was  broken  by  the  dashing  of  the  external  air  against  it,  is  a 
circumstance  which,  from  considerations  that  shall  presently 
be  adduced,  I  think  we  may  be  justified  in  questioning. 

Through  the  kindness  of  Prof.  FitzGerald  in  extending  to 
me  the  facilities  afforded  in  the  Physical  Laboratory  of  Trinity 
College,  Dublin,  I  have  been  enabled  to  experiment  upon  this 
subject.  It  would  be  impossible  for  me  to  attempt  to  render 
in  detail  the  acknowledgment  of  what  has  been  due  to  his 
invaluable  advice  and  suggestions. 

It  must  be  mentioned  at  the  outset  that  the  present  in- 
vestigation has  by  no  means  been  completed,  yet,  thus  far,  it 
appears  that  some  of  Beccaria's  results  have  not  been  wholly 
of  that  degree  of  exactness  which  we  should  have  hoped  for. 
It  must,  however,  be  borne  in  mind  that  scientific  appliances 
in  his  time  were  less  perfect  than  they  are  to-day,  and  such 
mperfection  may  account  for  much  inac<juracy. 

A  number  of  incandescent  lamps  of  various  sizes  with 
broken  filaments  were  procured.  An  observer  who  had  been 
fifteen  or  twenty  minutes  in  the  dark,  whose  sight  had  become 
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sofficiently  sensitive  to  the  faintest  light,  broke  one  of  the 
larger  of  these  bulbs  with  a  hammer,  at  the  same  time  pro- 
tecting his  face  by  a  plate  of  thick  glass.  A  faint  white  glow, 
which  lasted  but  for  a  very  small  fraction  of  a  second,  was 
seen  in  the  place  where  it  was  known  the  bulb  had  lain.  The 
experiment  was  repeated  in  the  presence  of  several  persons, 
who  testified  to  the  same  effect.  The  intensity  of  the  light 
seemed  to  depend  upon  the  size  of  the  bulb — the  larger  bulos, 
about  7  or  8  centim.  in  diameter,  ffiving  a  greater  intensity 
than  the  smaller  ones  ;  whilst  with  bulbs  of  not  more  than 
2  centim.  diameter  no  luminous  effect  was  perceived. 

A  circular  plate  of  glass,  about  7  centim.  in  diameter  and  2 
millim.  thickness,  was  then  placed  on  the  mouth  of  a  receiver, 
the  opening  of  which  was  about  5  centim.  in  diameter,  and 
the  contact  made  air-tight,  whilst  the  air  in  the  receiver  was 
exhausted  until  a  vacuum  of  about  20  millim.  had  been 
obtained. 

The  plate  of  glass  was  then  broken  with  a  hammer.  A 
beautiful  stream  of  white  light  was  visible  throughout  the 
whole  receiver.  The  light,  which  lasted  for  a  small  fraction 
of  a  second,  resembled  that  produced  when  vacuum-bulbs 
were  broken,  though  it  was  more  distinct,  and  consisted  not 
merely  of  a  uniform  glow,  as  in  that  case,  but  was  marked,  in 
addition,  by  a  number  of  luminous  spots  of  various  sizes :  in 
fact  the  effect  presented  the  appearance  of  a  faint  nebula. 

On  account  of  the  extreme  faintness  of  the  light,  it  was 
found  impossible  to  photograph  it :  at  least  any  attempts  in 
this  direction  have  hitherto  proved  unsatisfactory,  even  with 
the  most  sensitive  plates  I  could  procure. 

In  some  instances  the  luminous  spots  were  observed  to  be 
unusually  large  ;  the  fragments  of  glass  were  in  such  cases 
also  found  after  each  experiment  to  be  of  an  exceptional  size, 
often  7  or  8  square  centim.  in  area. 

This  fact  is  especially  worthy  of  notice,  as  it  undoubtedly 
indicates  that  the  fragments  of  glass  themselves  had  become 
luminous,  the  continuous  glow  in  all  probability  having  been 
caused  by  the  very  minute  fragments. 

Different  kinds  of  glass  were  used  without  giving  any  per- 
ceptible difference  in  the  effects. 

Thin  brittle  plates  of  cast-iron  and  steel  were  tried  in  the 
place  of  glass,  but  yielded  negative  results,  owing,  perhaps, 
to  the  fact  that  thev  did  not  break  up  into  innumerable 
fragments  as  glass  did  readily  when  struck  with  a  hammer, 
or  because  the  air  was  not  consequently  permitted  to  enter 
the  vacuum  very  suddenly  and  with  sufhcient  violence. 
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Various  gases  were  made  to  take  the 
place  of  air.  Fig.  1  represents  the  appa- 
ratus employed  for  this  purpose,  a  is  a 
glass  receiver  ;  the  strong  glass  ring  6,  the 
opening  of  "which  was  covered  by  a  piece  of 
thin  ghiss  r,  rested  on  the  mouth  of  the 
receiver  a,  and  served  to  support  a  long 
glass  tube  d,  at  the  upper  end  of  which, 
being  closed,  there  was  an  arrangement  e 
by  which  a  weight  /  was  supported  and 
allowed  to  fall  by  turning  the  handle  h 
and  thus  break  the  glass  c  and  open  free 
communication  between  the  gas  in  the  tube 
d  and  that  in  the  receiver  a. 

The  joining  between  d  and  a  was  made 
complely  air-tight  so  that  no  leakage  oc- 
curred. The  tube  d  was  then  filled  with 
carbon  dioxide  or  oxygen,  and  the  air  in 
the  receiver  a  exhausted  until  a  vacuum 
of  about  20  millim.  was  obtained.  The 
weight  /  was  made  to  fall  and  break  the  glass  c,  so  that  the 
gas  in  d  might  enter  violently  into  the  vacuum.  The  same 
luminous  phenomenon  was  observed  as  on  previous  occasions 
when  air  was  employed,  with  no  perceptible  difference  as 
regards  colour,  intensity,  or  the  general  appearance  of  the 
glow  and  luminous  spots. 

When  the  gases  in  both  a  and  d  were  exhausted  and  the 
glass  c  broken  as  before,  no  luminosity  whatsoever  was 
observed,  thereby  showing  that  the  mere  brejiking  of  glass 
did  not  suffice  to  produce  the  phenomenon;  but  that  the 
presence  of  a  gas  was  essential,  though  any  gas  was  sufficient 
to  produce  the  effect — that  is,  that  some  function  performed 
by  a  gas  in  rushing  into  a  vacuum  was  the  cause  or  a  circum- 
stance invariably  connected  with  the  phenomenon. 

The  three  following  hypotheses  seemed  possible  : — 

(!)  The  violent  dashing  or  bombardment  of  the  molecules 
of  air  against  the  glass  might  have  caused  the  latter  to  emit 
Hght. 

(2)  It  might  have  been  a  sort  of  miniature  meteorite  phe- 
nomenon, caused  by  the  collisions  of  the  fragments  of  glass 
with  the  interior  of  the  receiver  and  with  each  other  ;  the 
intense  bombardment  of  the  larger  fragments  by  the  minute 
dust  particles  giving  rise  to  the  luminous  spots. 

(3)  It  might  have  been  an  electrical  phenomenon  caused 
by  the  rubbing  of  air  against  glass  ;  somewhat  resembling 
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that  produced  by  the  friction  of  mercury  against  glass  in  a 
barometric  tube*. 

In  view  of  testing  hypothesis  (1)  the  following  experiments 
were  made : — 

A  bladder  was  fastened  to  the  neck  of  a  small  receiver,  the 
air  in  which  was  then  exhausted  until  a  vacuum  of  about 
20  millim.  was  obtained. 

The  bladder  was  then  caused  to  burst,  and  a  stream  of 
yellowish  light  was  seen  to  descend  within.  This  experiment 
was  repeated  several  times  with  receivers  of  various  heights ; 
and  it  was  found  that  in  the  case  of  tall  receivers  the  light 
was  confined  to  the  higher  portion,  near  the  mouth  of  the 
receiver. 

The  intensity  of  the  light  seemed  to  depend  upon  the 
pressure  in  the  vacuum,  that  is  to  say,  upon  the  violence 
with  which  the  air  entered  the  interior  of  the  receiver. 

The  general  appearance  of  this  yellowish  light  seemed  to 
indicate  that  the  luminosity  in  tliis  case  was  partly,  if  not 
altogether,  due  to  parts  of  the  bladder  taking  fire,  being 
heated  by  the  friction  of  the  air  against  them,  or  by  being 
suddenly  torn.  Articles  of  various  materials,  such  as  those 
mentioned  by  Beccaria,  were  placed  in  the  interior  of  the 
receiver,  also  a  plate  of  glass  supported  horizontally  so  that 
the  air  on  entering  might  impinge  directly  upon  it. 

A  light  in  some  respects,  perhaps,  resembling  that  men- 
tioned by  Beccaria  was  observed,  but  only  with  short  receivers; 
for  in  the  case  of  tall  ones,  under  precisely  similar  circum- 
stances, no  light  was  perceived  in  the  lower  region  where 
the  articles  lay ;  thus  suggesting  that  in  the  former  case  the 
portions  of  burning  bladder  had  been  stopped,  in  their  fall,  by 
the  articles  within  the  receiver.  Beccaria  took  no  precautions 
to  determine  the  part  played  by  the  bladder  in  the  pheno- 
menon, or  rather,  he  entirely  failed  to  notice  that  it  ever  became 
luminous. 

In  order  to  stop  the  bits  of  bladder,  gauzes  of  various 
materials  and  different  thicknesses  were  tried  ;  such  as  should 
stop  the  pieces  of  bladder  but  permit  the  air  to  rush  through 
witnout  much  impedance.  The  glass  bottles  beneath  the 
gauze,  however,  were  not  seen  to  give  ri^e  to  any  luminosity. 

A  similar  plan  was  made  use  of  when  air  was  allowed  to 
enter  a  vacuum  by  the  breaking  of  glass. 

The  apparatus  employed  for  this  purpose  (see  fig.  2)  con- 
sisted of  a  cylindrical  receiver,  A  ;  a  ring,  a,  which  fitted 
closely  into  the  cylinder  and  was  supported  by  iron  rods 
^  i5ee  AmuttroDg,  PbiJ«  Mag.  ser,  3,  voL  xviii.  (1844). 
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that  were  adjustable  so  that  the  riag  could  be  moved  up  and 
down,  carried  the  wire  gauze,  b,  which  was  tightly  fastened 
to  it.  A  plate  of  glass,  c,  was  laid  on  the  month  of  the 
receiver,  and  the  contact  made  air-tight ;  d  were  articles 
such  as  glass  bottles  &c. ;  an  electromagnet,  e,  supported  a 
hammer,/,  which  fell  and  smashed  the  glass  plate,  c,  when 
the  circuit  was  broken  at  g.  The  part  of  the  cylinder  above 
the  gauze  was  screened  from  the  observer's  sight. 


V' 


The  air  in  the  cylinder  having  been  exhausted,  no  light 
was  seen  to  penetrate  the  gauze,  neither  was  there  any  lumi- 
nosity seen  in  the  vicinity  of  d,  when  the  external  air  was 
allowed  to  enter  the  receiver,  in  the  usual  manner,  by  breaking 
the  glass,  c. 

A  bladder  was  then  used  instead  of  glass  plates,  but  the 
results  were  similar. 

Different  gases  were  allowed  to  issue  forth  from  bottles 
containing  these  gases  in  a  highly  compressed  state,  on  the 
surface  of  glass,  and  especially  on  its  sharp  edges,  but  without 
producing  any  visible  effect. 

These  results  do  not  seem  to  harmonize  with  hypothesis  (1). 
Let  us  now  proceed  to  the  consideration  of  hypothesis  (2). 

Fig.  3  shows  the  arrangement  by  which  air  could  be  allowed 
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Fig.  8. 


to  enter  suddenly  into  a  yacnum 
without  the  necessity  for  breaking 
glass  or  bursting  a  bladder,  a  is  the 
gkss  receiver;  b  a  ring,  between 
which  and  the  receiver  is  a  sheet  of  fine 
tissue-paper,  c,  on  which  a  number 
of  fragments  of  glass  were  placed  ; 
a  plate  of  strong  glass  situated  on  top 
01  the  ring  b  admitted  of  being 
drawn  aside^  and  thus  allowed  the 
air  to  enter  the  vacuum,  whilst  the 
rest  of  the  apparatus  was  held  fast. 

A  luminosity  similar  to  that  seen 
upon  previous  occasions  was  ob- 
served, though  less  distinct  in  some 
respects,  perhap,  than  before. 

Under  precisely  similar  circum- 
stances, in  the  absence  of  any  frag- 
ments of  glass  on  the  tissue-paper, 
no  light  was  produced,  whether  or 
not  there  were  any  articles  thjjt  the 
air  could  impinge  upon  within  the 
receiver. 

A  single  piece  of  glass  cut  into  a  definite  shape  was  then 
made  to  take  the  place  of  the  great  number  of  fragments, 
some  cotton-wool  being  placed  on  the  plate  of  the  air-pump 
in  order  as  far  as  possible  to  prevent  tne  piece  of  glass  from 
breaking. 

The  following  facts  were  noticed  : — (a)  Only  a  single 
spark  seen.  Not  as  on  a  previous  occasion  when  a  number 
of  fnagments  of  glass  were  allowed  to  enter  the  vacuum, 
()8)  the  spark  always  appeared  on  the  side  of  the  receiver  in 
the  direction  in  which  the  plate  d  had  been  drawn  aside  * 
(see  fig.  3) .  (7)  The  piece  of  glass  was  found  almost  vertically 
under  the  place  where  the  spark  had  tiken  place. 

It  seemed  probable  that  the  spark  was  caused  by  the 
collision  of  the  piece  of  glass  with  the  interior  of  the  receiver. 
Two  strong  pieces  of  glass  were  then  struck  violently  together, 
and  a  light  similar  in  every  respect  to  that  previously  ob- 
served was  produced. 

These  experiments  seem  to  justify  hypothesis  (2)  :  the 
dust  particles  causing  the  glow  by  their  impacts  against  the 
interior  of  the  receiver  and  against  each  other  ;  whilst  the 
brightness  of  the  luminous  spots  may  be  attributed  to  sparks 
produced  by  the  larger  fragments  of  glass,  and  to  the  bom- 
♦  It  is  prol>able  ^prtbrf  that  this  should  take  place, 
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bardment  of  the  dust  particles  against  the  surfaces  of  these 
larger  fragments. 

A  large  quantity  of  fragments  of  cast-iron,  steel,  ebonite, 
sealing-wax,  bone,  &c.,  were  tried  as  well  as  glass,  but  the 
attempt  to  obtain  a  luminous  effect  by  the  above  method  proved 
fruitless. 

If  metallic  dust  should  produce  a  luminous  effect  when 
made  to  bombard  the  surface  of  glass,  and  if  different  effects 
sliould  be  produced  by  lead  glass  and  German  glass,  the 
theory  that  solid  particles  emitted  from  the  kathode  would 
give  rise  to  luminescence  of  the  glass  would  be  justiKed.  The 
above  experiments,  however,  do  not  seem  to  throw  much  light 
on  Mr.  Crookes'  theory  of  luminescence  due  to  the  emitted 
particks  of  gas. 

In  the  earlier  stage  of  the  investigation  hypothesis  (3) 
appeared  plausible  enough.  Any  experiments,  however, 
that  were  made  in  connexion  with  it  did  not  lead  to  results 
of  an  interesting  character. 

Whatever  may  be  the  real  value  of  these  experiments,  it 
cannot  be  doubted  that  the  inquiry  into  the  cause  of  such  a 
phenomenoil  as  that  noticed  by  Beccaria  must  prove  of  the 
greatest  interest :  firstly,  on  account  of  the  obscurity  enve- 
loping the  subject,  and,  secondly,  on  account  of  the  interest 
attached  to  the  artificial  production  (though  on  a  small  scale) 
of  meteoric  phenomena  in  the  laboratory. 

VIII.   The  Luminosity  of  Gases. 
By  Arthur  Smithklls,  B,Sc.* 

[Continued  from  toL  xxxvii.  p.  269.] 
[Plate  IV.] 

Part  III. — Experiments  on  the  Flame-Spectra  of  Salts  of 
Copper  and  Gold, 

IN  his  well-known  memoir  on  the  spectra  of  coloured  flames 
Gouy  (Ann.  Chim.  Phys.  xviii.  p.  5, 1879).  draws  attention 
to  the  fact  that  different  spectral  effects  are  obtainable  from 
different  parts  of  the  flame  of  a  Bunsen-bumer.  From  his 
observations  Gouy  concludes  that  the  inner  cone  of  a  Bunsen- 
flame  must  be  hotter  than  the  outer  one,  and  he  remarks  that, 
though  this  is  in  some  respects  in  accord  with  theory,  the 
mechanism  of  the  phenomenon  presents  serious  difficulties  and 
demands  fresh  researches. 

The  mechanism  alluded  to  by  Gouy  has,  I  think,  been 
explained  by  recent  investigations  on  the  "Structure   and 
*  Communicated  by  the  Author, 
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Chemistry  of  Flame"  (Smithells  and  Ingle,  Jonm.  Chem. 
Soc.  Ixi.  p.  204,  1892),  from  which  it  is  clear  that  the  flame 
of  a  Bunsen-bumer  must  be  regarded  as  consisting  of  two 
distinct  cones  of  combustion.  In  the  inner  one  a  partial 
combustion  of  gas  takes  place  at  the  expense  of  the  oxygen  of 
the  air  admitted  througn  the  air-valves  :  in  the  outer  cone, 
such  of  these  products  of  partial  combustion  (chiefly  carbon 
monoxide  and  hydrogen)  as  are  capable  of  further  oxidation  are 
burnt  in  the  external  air ;  but,  being  mixed  with  a  large 
quantity  of  fully  oxidized  products  and  with  all  the  nitrogen 
passing  through  the  inner  cone,  the  flame  produced  is  of  a 
much  lower  average  temperature  than  that  pf  the  inner  cone. 
The  apparatus  used  in  the  experiments  to  which  allusion 
has  just  been  made  secures  a  wide  separation  of  the  cones 
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of  the  flame  of  a  Bunsen-burner,  and  so  affords  a  simple 
means  of  ascertaining  the  different  spectral  effects  obtainable 
in  different  parts  of  the  flame « 
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The  arrangement  used  in  the  experiments  to  be  described 
is  shown  in  the  accompanying  figure.  Air  under  pressure  is 
led  to  a  Gouv  sprayer  (pulverisateur)  at  a  and  issues  at  c, 
carrying  with  it  a  fine  spray  or  dust  of  the  salt  solution  con- 
tained in  b.  The  gas-supply  by  means  of  a  tap  at  d  can  be 
diverted  to  any  desired  degree  through  a  "  saturator  "  «,  which 
contains  a  roll  of  filter-paper  or  some  asbestos  moistened  with 
any  volatile  acid  or  other  li<]nid  whose  vapour  it  may  be 
desired  to  add  to  the  flame.  The  tube  e  is  surrounded  by  a 
jacket  through  which  warm  water  or  steam  may  be  passed,  to 
aid  in  volatilizing  the  liquid  in  the  saturator.  The  air  and 
gas  pass  by  a  T-tube  into  the  cone  separator,  which  consists  of 
two  coaxial  tubes  connected  by  an  india-rubber  collar  g  and 
maintained  symmetrical  by  the  brass  guide  k.  By  adjusting 
the  supply  of  air  and  gas,  the  flame  may  be  so  arranged  that 
the  inner  cone  rests  at  h  and  the  outer  one  at  i. 

Flame-Spectra  of  Copper  Compounds. 

In  a  previous  part  of  this  paper  I  have  commented  on  the 
difficulties  of  tracing  the  chemical  processes  which  accompany 
the  production  of  flame-spectra.  The  difficulties  are  specially 
great  with  salts  of  the  alkalis,  owing  to  the  stability  of  their 
compounds  at  high  temperatures.  The  case  of  chloride  of 
copper,  an  easily  altered  substance,  seemed  likely  to  repay 
study,  and  I  now  give  an  account  of  the  results  which  have 
been  obtiiined. 

The  spectrum  produced  by  the  introduction  of  cupric 
chloride  into  a  non-luminous  flame  was  mapped  by  Bunsen 
and  Kirchhoff  in  their  original  memoir. 

In  1862  A.  Mitscherlich,  in  a  paper  (Pogg.  Ann.  cxvi. 
p.  499)  which  raised  the  question  as  to  the  distinctive  character 
of  the  spectra  of  compounds,  described  and  mapped  the 
spectra  corresponding  to  what  he  called  copper,  copper 
cnloride,  and  copper  iodide.  The  copper  spectrum  was  ob- 
tained by  using  a  solution  of  copper  oxide  in  acetic  acid  ; 
the  copper-chloride  spectrum  by  supplying  a  mixed  solution 
of  copper  chloride  and  ammonium  chloride  by  means  of  a 
Mitscherlich-tube  to  a  Bun  sen-burner.  Mitscherlich  also 
noticed  certain  variations  in  the  copper-chloride  spectrum 
according  to  the  quantity  of  hydrochloric  acid  present,  and 
thought  it  probable  that  two  spectra  were  obtainable^  one  of 
cuprous  and  one  of  cupric  chloride. 

In  a  later  paper  (Pogg.  Ann.  cxxi.  p.  459, 1864)  Mitscher- 
lich described  the  spectra  of  copper  compounds  in  greater 
detail,  and  mapped  carefully  spectra   which  he  attributed 


Digitized  by 


Google 


Luminonty  of  Oases.  125 

reapectively  to  cuprous  chloride,  cuprous  or  cupric  oxide,  and 
metallic  copper.  The  spectrum  previously  attributed  by  him 
to  metallic  copper  was  now  ascribed  to  one  of  the  oxides  of 
copper,  and  the  chloride  spectrum,  though  not  particularized 
in  the  text,  is  indicated  on  the  map  as  being  due  to  cuprous 
chloride  only. 

In  1865  Diacon  published  (Ann.  Chim.  Phys.  [4]  vi. 
p.  1,  1865)  a  paper  on  "  The  Influence  of  the  Electro- 
negative Elements  on  the  Spectra  of  Metals,"  in  which  he 
maps  and  describes  the  spectrum  o^'  cupric  chloride  as  pro- 
duced in  a  coal-gas  flame.  He  mentions  that  the  spectrum  is 
due  to  the  superposition  of  the  spectra  of  oxide  and  chloride. 
Lecoq  de  Boisbaudran,  in  his  Spectres  Lumlneux  (1874), 
gives  a  map  of  the  spectrum  obtamed  from  copper  chloride 
when  the  salt  is  introduced  into  a  Bunsen-flame.  In  describ- 
ing this  map  Lecoq  de  Boisbaudran  distinguishes  four  cases 
in  the  use  of  copper  chloride  for  the  production  of  spectra, 
according  to  the  quantity  of  salt  employed  and  the  length  of 
time  it  is  held  in  the  flame.  The  particular  case  mapped  is 
apparently  given  by  the  author  as  the  one  in  which  the  normal 
spectrum  of  cupric  chloride  is  obtained. 

When  in  using  the  separator  the  spray  of  a  dilute  solution 
of  cupric  chloride  is  supplied  with  the  air,  the  outer  cone 
assumes  a  bright  green  colour ;  the  lower  cone  is  unaffected 
so  far  as  the  eye  can  judge  (as  soon  as  all  air  has  been 
removed  by  diffusion  from  the  space  between  the  tubes),  and 
nothing  but  the  "  candle ''  spectrum  is  seen  in  the  spectro- 
scope. If  now  a  piece  of  asbestos  soaked  in  hydrochloric 
acid  be  introduced  into  the  upper  cone,  the  green  colour  is 
replaced  by  a  vivid  blue.  The  same  effect  is  obtained  by 
introducing  hydrochloric-acid  gas  with  the  gas-supply  by 
means  of  the  saturator.  If  the  solution  of  copper  chloride  be 
replaced  by  one  of  copper  sulphate  or  nitrate,  similar  effects 
are  obtained.  When  these  flames  are  examined  by  means  of 
the  spectroscope,  the  sulphate  and  nitrate  of  copper  are  seen 
to  produce  exactly  the  same  result.  The  dilute  solution  of 
CuClj  alone  gives  a  spectrum  containing  the  same  lines  and 
bands  as  the  nitrate  and  sulphate  with  the  addition  of  other 
faint  bands.  When  hydrochloric  acid  is  supplied,  the  blue 
flame  obtained  gives  a  spectrum  in  which  the  lines  and  bands 
common  to  the  sulphate  and  nitrate  are  very  faint,  whilst  the 
additional  lines  just  referred  to  as  pertaining  to  the  CuClj 
flame  are  greatlv  intensified,  and  new  lines  also  make  their 
appearance.  Using  cold  hydrochloric  acid,  it  is  impossible 
to  entirely  quench  those  lines  which  are  found  in  the  simple 
sulphate  and  nitrate  spectra.     But  if  the  hydrochloric-acid 
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saturator  be  jacketed  by  steam,  or,  more  simply,  if  chloroform 
be  used  in  the  saturator,  these  lines  can  be  entirely  eliminated. 
We  have,  then,  to  deal  with  two  distinct  spectra — one  given  by 
copper  salts  in  the  entire  absence  of  hydrochloric  acid  ;  the 
other  given  when  a  large  quantity  of  hydrochloric  acid  ot 
chloroform  vapour  is  supplied  to  the  flame.  In  the  inter- 
mediate case  when  there  is  some  hydrochloric  acid — but  not 
an  excess — ^a  mixed  spectrum  is  obtained.  It  is  obvious  that 
one  of  these  spectra  corresponds  to  the  oxide  of  copper  and 
the  other  to  the  chloride. 

These  spectra  have  been  carefully  mapped  *  and  compared 
with  the  maps  of  previous  observers,  with  the  following  results 
(see  Plate  iV.).^ 

1.  The  chloride  spectrum  corresponds  almost  exactly  to 
that  given  by  Mitscherlich.  He  failed  to  map  three  bands 
at  the  most  refrangible  end  and  to  split  up  into  three  distinct 
bands  a  region  between  X  460  and  480. 

2.  The  oxide  spectrum  bears  a  general  resemblance  to  that 
given  by  Mitscherlich,  but  with  the  exception  of  three  bands 
he  did  not  map  in  any  detail  the  vague  bands  of  which  this 
spectrum  is  largely  composed.  One  band  at  the  least  re- 
frangible end  is  entirely  omitted  by  Mitscherlich. 

3.  Lecoq  de  Boisbaudran's  map  comprises  all  the  chloride 
lines  and  bands,  with  the  exception  of  two  on  the  extreme 
violet  which  he  mentions  but  does  not  map,  and  all  the  bands 
of  the  oxide  except  those  which  it  is  impossible  to  discriminate 
in  the  presence  of  a  strong  chloride  spectrum. 

4.  Diacon's  map  contains  all  the  chloride  lines  and  bands, 
but  the  oxide  bands  are  only  vaguely  marked. 

In  addition  to  the  appearances  above  described,  there  is  one 
other  noticeable  when  using  copper  salts  in  the  separator  with 
hydrochloric  acid.  When  the  flame  of  the  outer  cone  is 
turned  blue  by  hydrochloric  acid,  a  dull  ruddy  fringe  is  seen 
to  surround  it.  This  becomes  more  developed'  as  the  quantity 
of  hydrochloric  acid  is  increased.  It  gives  a  faint  luminous 
spectrum,  chiefly  in  the  red.  As  this  red  fringe  is  never 
obtained  except  m  the  presence  of  a  large  quantity  of  hydro- 
chloric acid  or  chloroform  and  a  copper  salt,  it  seems  natural 
to  ascribe  it  to  a  compound  of  copper  and  chlorine. 

It  seemed  desirable  to  inquire  further  into  the  chemical 
changes  involved  in  the  production  of  the  diflferent  spectral 

*  The  readings  of  the  instrument  employed  (a  two-prism  Steinheil 

spectroscope)  have  been  plotted  to  the  scale  j-^ ,  which  while  giving 

readings  referred  to  a  natural  standard  presents  the  spectrum  very  much 
as  seen  with  a  glaas-prism  spectroscope. 
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effects,  and  to  determine  if  possible  to  what  definite  compound 
each  particular  effect  was  due. 

The  effect  of  introducing  a  bead  of  cupric  chloride  into  a 
Bunsen-flame  has  been  carefully  described  by  Lecoq  de 
Boisbaudran  {Spectres  LumineuXj  p.  156).  As  already  stated, 
he  distinguished  four  cases,  but  of  these  we  need  only  take  the 
first,  in  which  a  large  quantity  of  salt  is  used.  The  salt  first 
melts,  and  then  in  a  few  moments  is  seen  to  be  surrounded 
by  a  brilliant  patch  of  yellow,  like  a  piece  of  ordinary  candle- 
flame  ;  the  exterior  parts  of  this  patch  are  reddish  (again 
resembling  carbon  luminosity).  Outside  the  yellow  a  bnght 
blue  colour  appears,  and  outside  this  the  flame  is  coloured 
green.  The  yellow  luminosity  is  of  short  duration,  the  blue 
lasts  longer,  but  soon  the  only  tint  remaining  is  the  green. 

These  three  effects  were  so  local  and  distinct  that  it  seemed 
possible  to  collect  the  substances  to  which  they  were  due, 
and  this  was  done  by  holding  in  the  flame  glass  or  porcelain 
basins  filled  with  water.  The  deposit  obtained  in  this  way 
from  the  yellow  part  of  the  flame  was  red  in  colour,  it  trans- 
mitted greenish  light,  it  could  be  burnished,  it  dissolved  in 
nitric  acid  with  evolution  of  red  fumes,  and  in  fact  answered 
in  every  respect  to  metallic  copper.  The  yellow  luminosity 
observed  with  a  large  quantity  of  cupric  chloride  in  a  Bunsen- 
flame  must,  thereiore,  be  attributed  to  the  liberation  and 
incandescence  of  minute  particles  of  solid  copper. 

The  deposit  obtained  from  the  blue  part  of  the  flame  was 
of  a  very  pale  yellow  colour  when  freshly  formed.  On 
standing  or  by  breathing  upon  it,  the  film  absorbed  moisture 
and  became  quite  white :  it  answered  in  all  its  properties  to 
cuprous  chloride  containing  a  little  of  the  cupric  salt. 

The  green  part  of  the  flame  produced  a  deposit  which  was 
almost  olack  and  corresponded  in  appearance  and  chemical 
properties  to  cupric  oxide.  As  the  film  was  very  thin,  the 
possibility  of  it  having  been  originally  cuprous  oxide  and 
naving  subsequently  oxidized  was  not  excluded. 

From  these  experiments  it  is  obvious  that  the  three  distinct 
colour-effects  noticeable  when  cupric  chloride  is  introduced 
into  a  Bunsen-flame  correspond  to  three  different  subs  trances, 
viz.,  metallic  copper,  cuprous  chloride,  and  an  oxide  of  copper. 

It  is  highly  improbable  from  a  chemical  point  of  view  that 
cupric  chloride  when  introduced  into  a  flame  should  afford  a 
spectrum.  The  easy  decomposability  of  this  salt  and  the 
stability  of  cuprous  chloride  (which  is  volatilizable  without 
change)  would  lead  one  to  anticipate  the  decomposition  of 
CuClf  into  CujClj  and  01^  long  before  there  could  be  any 
question  of  incandescence.      That  this  is  the  case  can  be 
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easily  seen  by  holding  a  bead  of  cupric  chloride  well  above 
the  tip  of  a  small  Bunsen-flame,  and  supporting  above  it  a 
porcelain  basin  filled  with  cold  water.  Though  no  flame  is 
seen  the  salt  melts  and  volatilizes  suflSciently  to  give  a  con- 
siderable film  on  the  basin,  which^  on  examination,  is  seen  to 
be  almost  wholly  cuprous  chloride. 

Taking  it  as  established  that  the  blue  part  of  the  flame  is 
due  to  cuprous  chloride,  the  question  arises.  How  does  this 
salt  become  converted  into  oxide  of  copper  to  which  the  green 
part  is  due  ?  This  coald  be  easily  accounted  for  by  the  action 
of  steam  upon  the  chloride.  That  this  is  the  correct  explana- 
tion is  established  with  something  like  certainty  by  experiments 
with  flames  of*combustibles  containing  no  hvdrogen.  In  the 
flame  of  carbon  monoxide  or  carbon  bisulphide,  cupric  chloride 
produces  almost  exclusively  the  blue  colour ;  whilst  in  flames 
of  hydrogen  in  which,  according  to  the  hypothesis,  the 
existence  of  cuprous  chloride  should  be  precluded  by  the 
presence  of  steam,  the  green  colour  greatlv  predominates. 
Again,  a  small  jet  of  hydrogen  or  steam  impinging  on  a 
carbon-monoxide  flame  coloured  intensely  blue  by  cuprous 
chloride  produces  the  green  at  the  point  of  contact. 

The  remaining  point  of  interest  is  to  ascertain  which  of  the 
oxides  of  copper  produces  the  green  colour.  When  carefully 
purified  CuO  is  dusted  on  to  a  Bunsen-flame,  a  green  tint  is  at 
once  produced  ;  and  the  deposit  obtained  on  porcelain  from 
the  green  part  of  a  copper-cnloride  flame  app^^ars  to  be  black 
at  the  instant  of  deposition.  These  facts  point  to  cupric  oxide 
as  the  substance  which  produces  the  green  colour.  On  the 
other  hand,  cupric  oxide  is  a  substance  which  loses  oxygen  at 
a  high  temperature.  The  dissociation  of  cupric  oxide  was 
studied  by  Uebray  and  Joannis  (Compt.  Rend.  xcix.  p.  583, 
1864).  Heated  in  vacuo  they  found  it  to  yield  oxygen  at 
350°  C.  At  the  melting-point  of  silver  the  tension  of  this 
oxygen  amounted  to  56  millim.,  and  a  little  above  the  melting- 
point  of  gold  to  1000  millim.  It  would  appear  to  be  im- 
possible for  cupric  oxide  to  exist  at  the  average  temperature 
of  a  Bunsen-flame,  for  this  would  demand  an  oxygen-tension 
vastly  greater  than  exists  within  or  around  such  a  flame.  It 
seems  therefore  necessary  to  ascribe  the  green  glow  to  cuprous 
oxide  or  some  lower  oxide  of  copper,  but  I  have  been  unable 
after  several  attempts  to  volatilize  cuprous  oxide  by  external 
heating. 

It  has  already  been  stated  that  a  cuprous-chloride  flame 
containing  plenty  of  hydrochloric  acid  is  surrounded  by  a  dull 
red  margin.  This  appears  to  be  due  to  cupric  chloride. 
When  a  super-aerated  name  is  obtained  in  the  separator  and 
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is  supplied  with  a  spray  of  copper  chloride,  it  is  tinged  wholly 
green  and  is  surrounded  by  a  green  halo.  Bound  such  a 
flame  the  existence  of  cuprous  chloride  is  impossible,  and 
when  a  piece  of  asbestos,  soaked  in  hydrochloric  acid,  is  intro- 
duced into  the  halo  we  do  not  get  as  a  matter  of  fact  any  blue 
colour,  but  the  ruddy  margin  immediately  appears,  and  it 
seems  impossible  to  attribute  this  to  anything  but  the  forma- 
tion of  cupric  chloride,  which,  in  the  presence  of  oxygen  and 
hydrochloric  acid,  remains  as  such  and  gives  the  feeble  red 
glow. 

The  behaviour  of  cupric  chloride  in  the  separator  admits  of 
easy  explanation.  In  the  inner  cone  the  average  temperature 
is  extremely  high,  and  the  products  there  generated .  consist 
largely  of  carbon  monoxide  and  free  hydrogen.  The  cupric 
chloride  will  therefore  not  only  lose  its  chlorine  but  the 
cuprous  chloride,  if  we  suppose  it  to  be  formed  for  a  moment, 
will  be  immediately  attacked  by  the  reducing  gases  and  lose 
the  remainder  of  its  chlorine.  We  have  therefore  metallic 
copper,  and  the  average  temperature  is  not  sufficient  to 
produce  its  characteristic  spectrum.  The  copper  and  the 
hydrochloric  acid  resulting  from  the  decomposition  of  .the 
cupric  chloride  pass  upwards.  Some  of  the  former  is  deposited 
as  a  thin  metallic  film  on  the  inner  walls  of  the  outer  tube. 
The  rest  passes  to  the  outer  cone  where,  at  the  lower  average 
temperature  and  in  contact  with  atmospheric  oxygen,  some 
cuprous  oxide  is  formed  and  gives  the  green  tint  and  oxide 
spectrum.  At  the  same  time  some  cuprous  chloride  is  formed 
by  the  hydrochloric  acid,  and  gives  the  faint  traces  of  the 
chloride  spectrum. 

It  is  important  to  observe  that,  according  to  the  above 
explanation,  cupric  chloride  is  decomposed  in  the  inner  cone 
without  evincing  any  spectrum  at  all.  The  fact  that  the  salt 
is  easily  reduced  to  cuprous  chloride  at  a  comparatively  low 
temperature,  and  that  cuprous  chloride  can  itself  be  eiisily 
deprived  of  its  chlorine  by  heating  in  a  current  of  gases  of 
the  same  composition  as  those  that  are  passed  into  the 
separator,  would  lead  one  to  the  conclusion  that  the  salt  under- 

foes  these  changes  before  actually  entering  the  inner  cone, 
n  this  case  we  might  at  first  expect  to  see  some  coloration 
below  it,  and,  indeed,  Gouy  {loc.  cit.  p.  29)  describes  such  an 
appearance,  stating  that  a  line  of  coloration  is  distinctly 
visible  parallel  to  and  within  the  cone.  I  have  repeatedly 
tried  to  verify  this  observation,  but  could  not  succeed  in  doing 
so  either  by  the  eye  or  the  spectroscope.  The  matter  is, 
however,  of  no  great  consequence. 

Phil,  Mag.  S.  5.  Vol.  39.  No.  236.  Jan.  1895.  K 
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Flame-Spectrum  of  Gold  Trichloride, 

Owing  to  the  easy  decomposability  of  gold  trichloride  and 
the  desirability  of  ascertaining  more  accurately  the  source  of 
the  spectrum  commonly  attributed  to  it,  I  have  examined  it 
with  the  separator. 

When  gold  trichloride  is  introduced  on  the  end  of  a  pla- 
tinum wire  into  a  Bunsen-flame,  a  bright  green  flash  of  light 
is  produced  accompanied  by  some  bright  sparks.  The 
coloration  only  lasts  a  very  short  time,  and  a  considerable 
residue  of  metallic  gold  is  left  on  the  wire.  These  facts  are 
noted  and  a  map  of  the  spectrum  is  given  by  Lecoq  de  Bois- 
baudran  {Spectres  Luminetuc) . 

A  moderately  dilute  solution  of  g(M  trichloride,  introduced 
into  the  separated  cones  by  means  of  the  apparatus  used  for 
copper  salts  (p.  123),  does  not  colour  either  of  them  ;  but 
when  a  piece  of  asbestos  moistened  with  strong  hydrochloric 
acid  is  held  in  the  upper  cone,  a  brilliant  green  colour  is  pro- 
duced and  the  green  lines  are  seen  in  the  spectroscope.  When 
the  coal-gas  is  previously  passed  through  the  saturator  con- 
taining asbestos  moistened  with  strong  hydrochloric  acid,  the 
outer  cone  becomes  slightly  green,  especially  at  the  edge.  If, 
however,  the  saturator  is  jacketed  with  steam,  so  as  to  increase 
the  volatilization  of  hydrochloric  acid,  the  upper  cone  becomes 
intensely  green.  The  same  effect  is  obtained  by  using  chloro- 
form in  the  saturator. 

If  when,  in  either  of  the  above  ways,  the  upper  cone  has 
acquired  a  bright  green  colour,  the  outer  tube  of  the  separator 
is  slid  down  over  the  inner  one,  the  colour  diminishes  in 
intensity,  and  when  ultimately  the  orifices  of  the  two  tubes 
are  level,  it  disappears  almost  entirely  except  at  the  extreme 
edge.  The  only  alteration  which  the  outer  cone  can  suffer  by 
this  approximation  to  the  inner  one  is  that  its  average  tempe- 
rature must  increase,  whence  it  appears  that  the  coloration  by 
the  gold  salt  depends  upon  two  circumstances — abundance 
of  hydrochloric  acid  and  a  low  average  temperature. 

This  conclusion  is  easily  confirmed.  If,  instead  of  bringing 
the  cones  nearer,  the  upper  one  be  surrounded  by  oxygen 
instead  of  air,  it  becomes  smaller  and  of  higher  average 
temperature,  and  its  green  colour  disappears  except  at  the 
extreme  edges. 

The  fact  that  a  chloride  of  gold  can  under  any  circumstances 
produce  its  individual  spectrum  is  at  first  thought  remark- 
able when  we  consider  the  extreme  ease  with  which  the 
salt  is  decomposed,  and  though  the  lower  chloride  or  chlorides 
night  be  formed,  they  are  likewise  easily  decomposed,  leaving 
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only  metallic  gold.  There  can  be  no  doubt,  indeed,  that  gold 
trichloride  is  decomposed  completely  at  a  temperature  far 
below  the  average  one  of  the  flam?  in  which  it  yields  a 
spectrum.  It  has,  however,  been  observed  by  Debray  ( Compt, 
Rend,  Ixix.  p.  984,  1869)  that  gold  chloride  may  be  obtained 
at  300°  by  passing  a  current  of  chlorine  through  a  tube  con- 
taining the  metal,  from  which  it  is  evident  that  the  salt  may 
exist  at  abnormally  high  temperatures  provided  an  excess  of 
chlorine  be  present.  To  test  this  question  further,  I  per- 
formed the  following  experiment. 

By  means  of  an  electric  current  a  pure  gold  wire  was 
raised  to  bright  redness  in  a  tube  partially  exhausted  of  air. 
Chlorine  was  then  allowed  to  enter  the  tube  in  considerable 
quantity.  When  this  was  done,  a  slight  sublimate  was  imme- 
diately formed  on  the  sides  of  the  tube  opposite  to  the  glowing 
wire,  and  this  sublimate  on  examination  proved  to  be  gold 
trichloride.  From  this  it  is  appnrent  that  in  presence  of 
abundance  of  chlorine,  gold  chloride  may  be  formed  at  a  red 
hesit,  and  so  emit  its  characteristic  spectrum.  The  case  is  not 
an  exception,  but  rather  an  example  of  the  generalization 
that  dissociable  bodies  become  stable  in  presence  of  excess  of 
one  of  the  products  of  dissociation. 

It  is  now  easy  to  understand  why  gold  chloride  introduced 
into  a  flame  on  a  platinum  wire  gives  a  spectrum.  The  great 
bulk  of  the  salt  is  decomposed  so  as  to  give  an  atmosphere  of 
chlorine  in  which  a  small  portion  of  the  salt  volatilizes  with- 
out decomposition.  As  has  been  already  noted,  much  metallic 
gold  remains  on  the  wire. 

I  have  shown  that  in  using  the  separator  the  gold-chloride 
spectrum  may  be  maintained  by  introducing  abundance  of 
hydrochloric  acid  or  chloroform  (the  interconal  gases  con- 
tained no  free  chlorine),  and  that  though  the  coloration  may 
be  for  the  most  part  quenched  by  making  the  flame  hotter,  it 
is  most  persistent  at  the  edges.  From  these  facts  it  appears 
that,  so  far  as  the  formation  and  stability  of  gold  chloride  are 
concerned,  an  atmosphere  of  hydrochlonc  acid  and  oxygen  is 
potentially  one  of  chlorine,  the  stable  arrangement  of  the 
system  at  a  high  temperature  changing  as  follows  *  : — 
3O2, 12HCl,4Au    becomes    6H,0,4AuCls. 

It  is  clear,  therefore,  that  provided  we  have  a  sufficient 
quantity  of  hydrochloric  acid  or  free  chlorine,  gold  chloride 
may  exist  in  a  flame  at  a  temperature  sufficiently  high  to 
produce  its  spectrum. 

*  It  is  stated  in  Gmelin's  '  Handbook,'  vi.  p.  215,  on  the  authority  of 
Pruust,  that  gold  is  soluble  in  hot  hydrochloric  acid  in  presence  of  air. 
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Salts  of  the  Alkalis, 

Salts  of  the  alkalis  (and,  so  far  as  I  have  examined  them,  of 
the  alkaline  earths),  when  introduced  into  the  separator  by 
means  of  the  spray,  impart  their  characteristic  tint  and 
spectrum  to  each  cone,  but  as  the  inner  cone  has  a  much 
higher  average  temperature  than  the  outer  one  it  acquires  by 
far  the  brighter  tint. 

These  facts  may  be  exhibited  in  a  very  striking  way  as 
follows  :— A  mixed  solution  of  cupric  chloride  and  lithium 
chloride  is  introduced  into  the  sprayer  feeding  a  separator  with 
air ;  if  the  gas-supply  be  in  excess,  the  undivided  flame  shows 
a  mixed  colour  due  to  the  copper  and  lithium  salts  ;  but  if 
now  the  gas-supply  be  diminished  and  the  cones  allowed  to 
separate,  the  inner  cone  appears  bright  crimson  and  the 
outer  one  only  green.  The  explanation  of  this  is  very  simple: 
the  colour  proper  to  the  copper  salt  is,  as  we  have  seen,  deve- 
loped only  in  the  outer  cone,  that  due  to  the  lithium  salt  in 
both  cones  ;  but  in  the  upper  one  it  is  so  faint  as  to  be 
entirely  masked  by  the  green  of  the  copper  salt. 

Conclusions, 

The  experiments  recorded  in  this  paper  afford  some  evi- 
dence as  to  the  validity  of  the  view  of  the  origin  of  flame- 
spectra  advocated  by  Pringsheim.  If,  as  he  concludes,  the 
flame-spectra  commonly  attributed  to  the  alkali  metals  are  a 
direct  consequence  of  chemical  processes  occurring  in  the 
flame,  the  same  is  presumably  true  for  the  spectra  of  chemical 
compounds  such  as  those  of  copper  and  gold.  As  a  matter 
of  fact  chemical  changes  do  accompany  the  production  of  the 
spectra  dealt  with  in  this  paper.  Thus  when  cupric  chloride 
is  introduced  into  the  flame,  we  have  the  formation  of  cuprous 
chloride  and  of  cuprous  oxide.  The  case  of  gold  chloride  is 
more  important.  In  the  case  of  this  salt  the  spectrum  is 
only  developed  when  a  large  excess  of  chlorine  or  of  hydro- 
chloric acid  and  air  are  present  ;  in  their  absence  a  consider- 
able quantity  of  a  spray  or  dust  of  the  salt  may  be  passed 
through  the  flame  without  giving  any  spectrum.  The  gold 
chloride,  in  fact,  can  only  be  maintained  at  a  temperature 
suflicient  to  develop  its  spectrum  when  it  is  surrounded  by 
an  atmosphere  either  of  cnlorine  or  of  an  equivalent  mixture 
of  hydrochloric  acid  and  oxygen.  The  gold-chloride  mole- 
cules, however,  must  not  be  regarded  as  remaining  intiict 
under  these  circumstances,  for  where  a  dissociable  salt  appears 
to  be  maintained  in  the  undissociated  state,  through  the 
presence  of  an  excess  of  one  of  the  products  of  dissociation, 
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we  ascribe  it  to  the  fact  that,  if  momentarily  dissociated,  there 
is  instantly  a  reunion.  Whilst,  therefore,  on  the  one  hand, 
the  high  temperature  at  which  the  gold-chloride  spectrum  is 
developed  compels  the  separation  of  the  gold  and  chlorine, 
the  large  excess  of  chlorine  on  the  other  hand,  by  the  action 
of  mass,  compels  a  recombination.  Though  this  in  a  sense  is 
tantamount  to  saying  that  the  gold-chloride  molecules  remain 
undissociated,  the  dynamical  view  of  dissociation  obliges  us 
to  picture  a  constant  interchange  between  atoms  of  gold  and 
atoms  of  chlorine. 

We  are  obliged  to  conclude,  therefore,  that  the  experiments 
recorded  above  are  quite  in  harmony  with  the  view  advocated 
by  Pringsheira. 

In  a  previous  part  of  this  paper  I  have  offered  some  criti- 
cisms of  the  experiments  on  which  Pringsheim  based  his 
conclusions.  Notwithstanding  this  I  have  never  considered 
his  view  to  be  disproved  :  on  the  contrary,  it  seems  prima 
facie  to  be  a  reasonable  explanation  of  many  phenomena 
occurring  in  flames.  The  facts  I  have  now  brought  forward 
are  in  harmony  with  it,  but  I  believe  the  evidence  is  still  far 
from  complete,  and  that  further  experiments  are  necessary 
to  estublisn  the  doctrine  that  the  light- emission  from  coloured 
flames  is  a  direct  consequence  of  chemical  processes. 

I  have  to  express  my  grateful  acknowleagments  to  Sir  G. 
G.  Stokes,  Bart.,  for  the  interest  he  has  taken  in  the  work 
recorded  in  this  paper  and  for  his  invaluable  and  ever  ready 
counsel.  I  have  received  much  assistance  from  Mr.  Frank- 
land  Dent,  B.Rc.,  who  especially  has  devoted  the  most  patient 
labour  to  the  drawing  of  the  spectra. 

The  chief  conclusions  arrived  at  in  this  part  of  the  paper 
are  : — 

I.  When  cupric  chloride  is  introduced  into  a  flame,  three 
substances  are  formed  :  metallic  copper,  cuprous  chloride, 
and  cuprous  oxide.  The  first  of  these  give  a  bright  yellow 
flame  and  a  continuous  spectrum  ;  the  second  a  bright  blue 
tint  and  brilliant  spectrum  of  bands  and  lines;  the  last  a  green 
tint  and  spectrum  of  not  very  strongly  developed  banas. 
Under  certain  circumstances  cupric  chloride  may  exist  in  a 
flame,  when  it  gives  a  feeble  ruddy  tint  and  a  continuous 
spectrum. 

II.  Gold  chloride  gives  a  flame-spectrum  only  in  presence 
of  an  excess  of  chlorine  or  of  hydrochloric  acid  and  oxygen. 

III.  In  the  above  cases  the  development  of  a  spectrum  is 
concomitant  with  chemical  changes  affecting  the  substance 
concerned  ;  a  fact  in  harmony  with  the  view  as  to  the  origin 
of  flame-spectra  advocated  by  Pringsheim. 
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IX.  Specific  Inductive  Capacities  of  Water y  Alcohol^  8fc. 
By  J.  HoPKiNSON*. 

IN  the  December  number  of  the  Philosophicnl  Magazine 
is  a  sliort  article  by  Prof.  R.  A.  Fessenden  on  the 
Measurement  of  the  Specific  Inductive  Capacities  of  Water, 
Alcohol.  &c.  In  this  article  he  states  that  the  high  values 
found  by  Cohn  and  Arons  and  others  for  water,  alcohol,  Ac. 
are  not  correct,  but  that  the  true  values  are  in  every  one  of 
these  substances  very  nearly  equal  to  that  called  for  by  Max- 
well's theory.  He  also  states  that  all  the  determinations  of 
such  substances  as  sulphur,  &c.  are  incorrect.  The  observa- 
tions said  to  be  incorrect  are  not  those  of  a  single  observer, 
but  of  many  whose  results  are  in  good  accord. 

Taking  solids  first,  it  has  been  shown  that  the  capacity  of 
light  flint-glass  at  ordinary  temperatures  is  the  same  whether 
the  time  of  charge  is  |  second,  or  J  second,  that  it  is 
independent  of  the  potential  of  the  charge,  and  that  its  value 
is  about  6*7t.  It  is  also  well  known  that  this  glass  insulates 
so  well  that  it  will  hold  its  charge  for  months}.  Is  it  sug- 
gested that  these  results  are  vitiated  by  electrolytic  polari- 
zation or  by  a  hypothetical  laminated  structure  of  the  material  ? 
The  specific  inductive  capacity  of  ice  has  been  determined  by 
Bonty§.  He  finds  78,  practically  the  same  value  as  Cohn 
and  Arons  find  for  water.  But  the  resistance  is  from  10*  to 
10®  times  as  great  as  that  of  water,  which  quite  precludes  the 
suggestion  of  electrolytic  polarization. 

Turning  to  liquids,  we  have  a  large  number  of  determina- 
tions which  also  deviate  from  Maxwell's  law.  Take,  for 
example,  castor-oil  and  ether.  Both  insulate  well  enough  to 
make  certain  that  electrolytic  polarization  does  not  aifect  the 
result.  Quincke  determined  the  capacity  of  ether  ||  by  three 
very  different  methods  and  found  it  in  each  case  about  4'7 ; 
my  result  by  a  fourth  method  was  4*75.  For  castor-oil  I 
obtained  by  tw^o  very  different  methods  4*78  and  4*821.  All 
these  results  deviate  much  from  Maxwell's  law  making  use  of 

•  Communicated  by  the  Author. 

t  Phil.  Trans,  vol.  clxxii.  p.  372,  and  Gray's  'Absolute  Measurement 
in  Electricity  and  Magnetism,'  vol.  i.  p.  473. 
J  Phil.  Trans,  vol.  clxvii.  p.  610. 
S  Cbmptei  Hendusy  p.  633,  March  7,  1892. 
II  Gray, jp.  483. 
IT  Phil.  Trans,  (loc.  ctt.),  and  Proc.  Roy.  Soc.  October  1887. 
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refractive  indices  for  visible  rays,  and  render  the  results  of 
Cohn  and  Arons  and  the  independent  results  of  Tereschin  for 
water  not  improbable  a  priori.  Indeed,  I  think  much  more 
evidence  will  be  needed  than  Prof.  Fessenden  has  given  before 
the  J  are  doubted. 

Prof.  Fessenden  also  states  that  pure  water  insulates  as  well 
as  india rubber  I  The  highest  recorded  resistance  for  water  is 
far  below  that  of  indiarubber. 

I  would  not  have  troubled  you  with  this  note  were  it  not 
that  an}  thing  appearing  in  the  Philosophical  Magazine  carries 
authority,  and  if  inaccurate  is  calculated  to  mislead. 


X.   On  Colonel  Hime's  ^Outlines  of  Quaternions.' 
To  tlie  Editor's  of  the  Philosophical  Magazine., 
Gentlemen, 

I  CANNOT   agree   with   your   reviewer   in   holding   that 
paragraph  11  of  the  *  Outlines'  is  not  quaternions.     The 
equation 

i=J-k=  l/  — 1=— i=— y=— A;, 

as  your  reviewer  says,  may  be  nonsense  ;  nevertheless  it 
follows  from  the  fundamentiil  principles  of  quaternions  as 
laid  down  by  Hamilton  and  Tait.  It  is  said  that  t*=  —  1  and 
/*=  —  1;  therefore  it  follows  that  1^=^**,  unless  in  quaternions 
the  axiom  does  not  hold  which  says  that  things  which  are 
«qual  to  the  same  thing  are  equal  to  one  another.  But  from 
t^ssy*  it  follows  that  i=  +j  or  —j,  for  we  are  told  that  it  is 
only  the  commutative  law  of  all  the  laws  of  algebra  which 
breaks  down,  and  here  that  peculiarity  does  not  enter.  By 
extending  the  same  reasoning  to  the  other  two  pairs,  we  obtain 

How  does  your  reviewer  demonstrate  that  it  is  nonsense? 
He  says  that  i,j,  k  have  already  been  defined  as  co-perpen- 
dicular unit-vectors,  and  to  say  that  they  are  equal  is  to  rob 
them  arbitrarily  of  their  most  characteristic  feature,  so  that 
they  are  no  longer  what  they  were  defined  to  be.  Yet  a  few 
sentences  before  this  same  writer  defends  Hamilton's  no  less 
arbitrary  violation  of  the  definition  of  a  vector,  which  does 
not  indeed  rob  it  of  any  of  its  meaning,  but  piles  on  it  what 
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does  not  belong  to  it.  That  which  in  Hamilton  is  an 
"outburst  of  genius"  is  in  Colonel  Hime  "contrary  to  the 
whole  genius  of  common  sense." 

The  manner  in  which  the  author  founds  the  calculus  is  not 
satisfactory  to  your  reviewer.  This  is  not  surprising ;  on 
examination  I  find  that  it  is  bused  on  a  collection  of  defini- 
tions. The  fundamental  rules  are  explained  as  follows  : — In 
ij  the  former  symbol  is  a  quadrantal  versor  and  the  latter  a 
vector,  the  effect  of  the  former  on  the  latter  is  to  change  it 
into  A.  Logically,  we  expect  that  in  1 1  the  former  symbol  is 
a  quadrantal  versor  and  the  latter  a  vector,  giving  t  as  the 
result ;  but  it  is  not  so :  both  symbols  are  now  to  be  con- 
sidered quadrantal  versors,  giving  t^=  — 1.  These  Wo 
inconsistent  theories  are  simultaneously  applied  to  find  the 
product  of  two  vectors, 

mii-^m^j-^rmjc  and  n^%-\-nfj-\-nJc. 

The  product  consists  of  two  kinds  of  terms  ;  mi  ni  it  is  a  type  of 
the  one,  and  wi  n,  ij  of  the  other.  We  are  asked  to  believe  that 
in  miniii  both  unit-vectors  become  quadrantal  versors,  while 
in  min^ij  it  is  only  the  former  of  the  two.  The  operator  and 
operand  theory  is  applied  to  one  set  of  terms,  and  a  double 
operator  theory  to  the  other  set  of  terms ;  while  in  the 
vectors  themselves  there  is  no  operator  at  all. 

In  my  papers  on  Space-analysis  I  have  attempted  to  lay 
down  the  fundamental  principles  in  a  logical  manner.  When 
that  is  done,  the  meaning  of  every  expression  and  equation 
becomes  clear,  and  there  is  no  need  for  a  special  chapter  such 
as  we  find  in  the  *  Outlines,'  on  the  "  Interpretation  of  Qua- 
ternion Expressions."  The  best  proof  of  tne  correctness  of 
my  principles  is  that  they  have  enabled  me  to  carry  the 
analysis  beyond  the  point  where  Hamilton  left  it. 

In  conclusion  I  wish  to  say  that  I  yield  to  no  one  in 
admiration  of  the  works  of  Hamilton  and  Tait.  The  attitude 
of  mind  of  your  reviewer  appears  to  be  that  of  "  wondering 
awe."  In  that  I  cannot  follow  him  ;  I  stand  in  awe  of  the 
truth  only. 

Alexander  Macfarlanb. 

Ithaca,  N.  Y. 
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XI.  Notices  respecting  Nexo  Books, 

An  Introduction  to  Physical  Measurements y  with  Appendices  on 
Absolute  Electrical  Measurement^  ^c.  By  Prof.  F.  Kohlbausch. 
Third  English  edition^  translated  from  the  Seventh  German  edition^ 
by  T.  H.Waller,  B.A,,  B.Sc,  and  H.  E.  Pboctbb,  FJ.O,,  F.CS. 
London :  J.  and  A.  Churchill,  1894. 

QOME  time  ago  reference  was  made  in  these  pages  (Phil.  Mag. 
^  [5]  vol.  xxxvii.  pp.  334,  502)  to  the  fact  that  the  earlier 
editions  of  this  work  had  become  somewhat  out  of  date  by  reason 
of  the  widening  of  the  scope  of  physical  measurements.  Prof. 
Kohlrausch  very  rightly  pointed  out  that  the  fault  did  not  lie  on 
his  side,  as  the  latest  (seventh)  Gkerman  edition  contained  a  very 
large  amount  of  new  matter.  This  edition  now  becomes  accessible 
to  us  in  the  form  of  an  English  translation. 

Prof.  Kohlrausch  has  aimed  at  giving  a  tolerably  comprehensive 
list  of  experiments  which  may  be  performed  in  a  physical  labo- 
ratory, as  exercises  for  students  or  as  parts  of  a  physical  research. 
This  wideness  of  aim  necessarily  entails  a  certain  amount  of  brevity 
of  description,  and  consequently  details  of  apparatus  are  generally 
omitted.  The  book  differs  in  this  respect  from  others  of  it«  class, 
the  majority  of  which  are  either  intended  to  meet  the  wants  of 
special  students  or  else  have  been  compiled  primarily  for  use  iu 
some  particular  laboratory :  in  either  case  the  details  referring  to 
construction  or  arrangement  of  apparatus  are  often  found  inapplic- 
able when  the  book  comes  to  be  used  under  other  conditions. 
Prof.  Kohlrausch  has  omitted  mere  lecture^xperiments  and  such 
as  Bite  designed  to  establish  the  truth  of  physical  laws:  it  is 
assumed  in  all  cases  that  the  experiment  is  undertaken  to  deter- 
mine some  physical  constant.  The  omission  of  the  determination 
of  coeflScients  of  absolute  expansion  of  liquids  by  heat,  and  the 
measurement  of  wave-lengths  by  the  biprism,  may  be  due  to  this 
cause,  although  the  former  are  often  required  in  physical  work. 
A  more  important  defect  is  the  absence  of  all  reference  to  the 
measurement  of  latent  heat,  either  of  fusion  or  vaporization.  In 
connexion  with  electricity  and  magnetism  the  number  of  experi- 
ments which  might  be  described  is  now  so  great  that  a  selection 
becomes  necessary,  and  in  the  present  volume  the  choice  has  been 
on  the  whole  a  good  one.  The  only  measurement  which  does  not 
receive  attention  is  that  of  the  mutual  induction  between  a  pair  of 
coils,  no  method  being  given  for  its  determination.  In  describing 
the  various  forms  of  galvanometer  the  lyArsonval  or  suspended 
C(h1  type  ought  to  have  been  included;  and  in  connexion  with 
Mance's  method  for  the  measurement  of  battery  resistance  the  use 
of  a  condenser  with  the  galvanometer  (Lodge,  Phil.  Mag.  June 
1877)  should  be  referred  to.     It  does  not  seem  to  be  generally 
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known  that  satisfactory  results  eaa  be  secured  by  this  simple 
device.  In  the  appendix  on  the  absolute  system  of  measurements 
the  dimensions  of  dielectric  capacity  and  magnetic  permeability 
are  each  given  as  zero,  with  the  result  that  the  same  quantities 
appear  to  be  of  different  dimensions  according  as  they  are  measured 
in  electrostatic  or  electromagnetic  units. 

The  translators  have  given  a  fair  rendering  of  the  German  text, 
but  unfortunately  they  have  retained  nearly  all  the  misprints  of 
the  original.  This  is  the  more  remarkable  seeing  that  a  printed 
list  of  corrigenda  exists,  and  has  been  issued  with  (at  any  rate, 
some)  copies  of  the  German  edition.  Out  of  this  list  of  fifteen  mis- 
prints only  three  are  corrected  in  the  present  translation.  Several 
additional  ones  have  been  introduced,  the  roost  unfortunate  of 
which  is  the  use  of  the  word  "density'*  for  "specific  granty"  on 
p.  44,  just  in  the  place  where  a  distinction  i«  being  drawn  between 
the  two  terms.  In  the  tables  at  the  end  of  the  work  a  few  minor 
O'nisrjions  and  misprints  occur ;  for  example,  in  Tables  30,  32,  and 
33  the  units  of  measurement  are  not  stated,  while  in  Tables  22 
and  22(a)  C.M.G.  is  printed  for  C.G.8.  The  symbols  used  by 
Prof.  Kohlrausch  have  generally  been  retained,  especially  in  the 
sections  dealing  with  electricity,  where  the  use  of  t  for  current- 
strength  and  w  for  resistance  will  scarcely  commend  itself  to 
English  readers.  On  the  other  hand,  Kohlrausch's  n  for  refractive 
index  has  been  replaced  by  /i,  in  ai^ordanoe  with  English  usage. 
The  volume  forms  an  important  addition  to  the  literature  of  the 
physical  laboratory,  and  can  easily  be  cleared  of  such  superficial 
blemishes  as  have  been  indicated.  James  L.  Howard. 

Watts^  Dictionary  of  Chemistry, 

Watti^  Dictionary  of  Chemistry  ;  revised  and  entirely  rewritten. 
By  M.  M.  Pattison  Muir,  Jf.-4.,  and  H.  Foestbr  Moblkt,  M.A. 
Assisted  by  eminent  Contributors.  In  four  volumes.  Vol.  IV. 
London  :  Longmans,  Green,  A  Co.,  1894. 

This  fotirth  and  concluding  voltune  of  the  well-known  chemical 
dictionary  brings  to  a  close  a  standard  work  of  reference  of 
which  the  first  volume  appeared  in  1888.  Altogether  we  shall 
not  be  far  wrong  in  stating  that  the  editors  have  taken  about  a 
decade  in  revising,  rewriting,  compiling,  and  editing  the  vast 
amount  of  material  which  constitutes  the  modem  science  of 
Chemistry.  That  they  have  done  their  task  well  has  already  been 
acknowledged  in  noticing  the  former  volumes  in  the  pages  of  this 
Magazine.  It  is  with  great  satisfaction  that  we  are  enabled  to 
renew  this  acknowledgment  in  the  case  of  the  present  volume, 
which  extends  to  922  pages  and  contains  an  Appendix  of  34 
pages  comprising  the  more  noteworthy  of  the  recent  discoveries  in 
inorganic  chemistry. 
A  dictionary  of  science  is  not  an  easy  work  to  treat  of  from  a 
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reviewer's  point  of  view.  But  in  this  fourth  volume  there  are 
certain  long  articles  on  special  subjects  by  well-known  authorities, 
which  form  a  most  valuabl*^  feature  of  the  work,  and  to  which 
attention  may  be  directed.  Thus,  instead  of  the  separate  articles 
on  electricity,  light,  heat,  Ac.,  which  appeared  in  the  old  dictionary, 
we  have  one  comprehensive  article  on  Physical  Methods  used  in 
Chemistry,  which  occupies  no  less  than  100  pa2:e8  and  is  divided 
into  the  fourteen  sections : — Capillarity,  Crystallographic  Methods 
(references  only).  Dialysis  and  Diffusion,  Dynamical  Methods 
(references  only).  Electrical  Methods,  Freezing-points  of  Solutions 
(references  only),  Optical  Methods,  Osmotic  Pressure  (references 
only),  Photographic  Methods  (references  only),  Specific  Heat^  of 
Solids  (references  only),  Thermal  Methods,  Vapour  Pressures  of 
Solutions  (references  only).  Viscosity  of  Liquids,  Volume  Changes 
(references  only).  In  cases  where  references  only  are  given,  it  is 
because  the  section  forms  the  subject  of  a  special  article  elsewhere 
in  the  work.  As  a  guarantee  of  soundness  of  treatment  we  need 
only  mention  the  names  of  the  contributors.  Thus,  Prof.  Ostwald 
is  responsible  for  the  section  on  electrical  methods  (46  pages), 
Prof.  Hartley  writes  on  optical  methods  (spectroscopic  methods), 
Mr.  George  Gladstone  the  section  on  refraction  and  dispersion, 
and  the  editor  (Mr.  Muir)  on  polariscopic  methods.  Dr.  Capstick 
contributes  the  sections  on  capillarity  and  viscosity.  The  section 
on  thennal  methods  is  also  written  by  Mr.  Muir.  Taking  it  as  a 
whole  this  article  on  Physical  Methods  is  perhaps  one  of  the  most 
valuable  in  the  Dictionary  ;  with  the  references  and  the  original 
communications  it  constitutes  a  compact  little  monograph  on 
Physical  Chemistry,  and  those  who  have  followed  the  developments 
of  science  since  the  time  of  the  old  Watts'  Dic^ionary,  cannot  but 
be  struck  by  the  vast  encroachment  of  Physics  upon  Chemistry,  to 
the  great  advantage  of  both  sciences. 

The  article  on  Photographic  Chemistry  is  by  Prof.  Meldola  and 
is  compressed  into  about  5  pages ;  Dr.  Halliburton  contributes  15 
pages  of  most  valuable  information  on  Proteids ;  Mr.  O'SuUivan 
writes  on  Starch,  and  also  a  long  article  (35  pages)  on  Sugar,  in 
which  the  enormous  development  in  this  branch  of  organic 
chemistry,  due  chiefly  to  the  researches  of  Erail  Fischer,  is  very 
well  summarized  and  set  forth.  The  article  on  Solutions  is 
divided  into  two  sections — the  first,  by  Prof.  Arrhenius,  representing 
the  views  of  those  who  hold  to  the  physical  theory,  and  the  second, 
by  Prof.  S.  U.  Pickering  as  the  representative  of  the  so-called 
*'  hydrate  "  theory.  It  is  interesting  to  compare  the  views  of  the 
two  authors.  Arrhenius  sets  out  with  the  definition : — *•  A 
solution  is  a  homogeneous  mixture  of  two  or  more  bodies  in  the 
liquid  state.**  Pickering  states : — **  The  view  that  hydrates  exist 
in  aqueous  solutions,  and  analogous  compounds  in  non-aqueous 
solutions,  is  one  that  has  long  been  held  by  many  chemista ;  it  is 
only  in  the  last  few  years,  however,  that  the  hydrate  or  association 
theory  has  assumed  a  precise  form,  and  that  definite  experimental 
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evidence  in  support  of  it  has  been  accumulated."  It  is  most 
valuable  to  have  the  views  of  the  supporters  of  tlie  two  rival 
hypotheses  thus  brought  into  juxtaposition,  and  the  editors  have 
shown  great  judgment  in  inviting  contributions  from  both  schools 
in  the  present  unsettled  state  of  this  most  important  subject. 

Among  other  special  articles  attention  may  be  called  to  that  on 
Specific  Volumes  by  Prof.  Thorpe,  and  that  on  Terpenes  by  Prof. 
Tilden,  The  latter  gives  in  a  space  of  some  11  pages  a  very  good 
rf4sume  of  our  present  knowledge  of  the  compounds  of  this  group, 
and  here  again  one  cannot  fail  to  be  struck  with  the  great 
development  of  chemical  science  since  the  publication  of  the  old 
dictionary.  It  is  chiefly  to  the  work  of  Wallach,  and  to  the 
introduction  of  the  conception  of  the  asymmetric  carbon  atom,  that 
this  advancement  is  due. 

The  various  short  articles  by  the  editors  do  not  call  for  special 
notice ;  it  is  sufficient  to  state  that  the  standard  of  excellence  has 
been  maintained  throughout.  It  is  with  the  greatest  pleasure 
that  we  acknowledge  the  indebtedness  of  the  whole  chemical 
world  to  the  editors  of  this  great  work  and  their  coadjutors.  The 
selection  of  contributors  has  from  the  beginning  been  most 
judicious,  the  treatment  of  the  various  subjects  has  been  kept  well 
within  the  bounds  of  sound  knowledge,  and  the  terseness  of 
description  has  enabled  them  to  compress  into  the  allotted  com- 
pass of  four  volumes  the  vast  mass  of  fact  and  theory  of  which 
the  modem  science  of  Chemistry  is  composed.  It  is  a  matter  for 
congratulation  that  English  scientific  literature  is  in  possession  of 
such  a  work.  To  simply  commeud  it  to  the  notice  of  chemists  is 
insufficient ;  we  may  go  so  far  as  to  declare  that  it  is  absolutely 
indispensable  to  every  worker  in  every  department  of  our  science. 


XII.  Proceedings  of  Learned  Societies. 

GEOLOGICAL  SOCIETY. 

[Continued  from  vol.  xxxviii.  p.  677.] 

November  7th,  1894.— Dr.  Henry  Woodward,  F.R.S.,  President, 
in  the  Chair. 

THE  following  communications  were  read  : — 
1.  *  Notes  on  some  recent  Sections  in  the  Malvern  Hills.'     By 
Prof.  A.  H.  Green,  M.A.,  F.R.S.,  F.G.S. 

The  sections  described  occur  on  the  east  side  of  the  Herefordshire 
Beacon,  and  for  convenience  are  named  the  Warren  House  Rocks. 
They  are  be<lded,  and  have  a  general  north-and-south  strike.  The 
great  bulk  of  the  rocks  are  hard,  close-grained,  and  splintery,  and 
are  largely  altered,  and  in  many  cases  thickly  veined  with  calcite. 
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Details  of  their  structure  are  given ;  and  the  author  states  that  ho 
IS  inclined  to  regard  them  as  a  group  of  hedded  add  lavas  and  tuffs, 
crossed  hy  three  bands  of  dolerite.  What  little  balance  of  evidence 
there  is  seems  to  be  in  favour  of  the  intrusive  character  of  the 
doleritcs.  No  true  limestones  have  been  found,  and  the  only  very 
calcareous  rock  seen  is  regarded  as  a  rock  belongiog  to  the  volcanic 
group  which  has  been  largely  calcified. 

Somewhat  similar  rocks  are  found  on  the  southern  part  of  Ragged- 
stone  Hill,  and  a  shattered  febtone  occurs  forming  an  isolated  boss 
south  of  Chase  End  Hill. 

Several  hypotheses  present  themselves  as  to  the  relationship  be- 
tween the  Warren  House  Rocks  and  the  Crystalline  Schists.  The 
former  may  be  distinct  from  the  latter,  in  which  case  the  absence  of 
mechanical  deformation  would  indicate  that  they  are  younger.  If 
we  consider  that  the  Malvern  Schists  have  been  formed  out  of 
volcanic  rocks  by  dynamic  metamorphism,  the  Raggedstone  Hill 
rocks  may  be  a  portion  of  the  volcanic  complex  which  has  under- 
gone only  partial  transformation,  whilst  the  Warren  Hill  rocks  have 
altogether  escaped  metamorphism,  the  crystalline  schists  repre- 
senting its  final  stages. 

2.  *  The  Denbighshire  Series  of  South  Denbighshire.'  By  Philip 
Lake,  Esq.,  M.A.,  F.G.S. 

The  area  to  which  this  paper  chiefly  refers  is  the  south-western 
quarter  of  the  Llangollen  basin  of  Silurian  rocks.  The  beds  are 
here  very  little  disturbed,  and  the  sequence  is  readily  made  out. 
The  following  subdivisions  are  recognized  (in  descending  order)  : — 

Leiniwardinetms-Blates  ;  with  Monograptus  J-einiwardimnsis, 
Upper  gritty  beds ;  with  no  fossils  known. 
Nantglyn  flags  ;  with  M.  colontis,  Cardiola^  &c. 
Moel  Fema  slates  ;  with  M,  priodon^  M,  Flemingiu 
Pen-y-gloggiit. 

Pen-y-glog  slate ;  with  M,  personattu,  M,  priodon,  Retiolites 
Oeinitziantut,  &c. 

Farther  east  the  fossiliferous  beds  of  Din  as  Br^n  appear  to  lie 
considerably  above  the  LeintwardinensiS'Sl&tes. 

On  comparison  with  other  areas  it  is  found  that  this  succession  is 
almost  identical  with  that  in  the  Long  Mountain,  in  North  Denbigh- 
shire, and  in  the  Lake  District.  It  is  also  inferred  that  the 
LeintwardifiensiS'BlaieB  represent  the  Leintwardine  Flags  of  Here- 
fordshire, and  that  the  Dinas  Br&n  beds  correspond  with  a  part  of 
the  Upper  Ludlow. 

3.  *  On  some  Points  in  the  Geology  of  the  Harlech  Area.'  By 
the  Rev.  J.  F.  Blake,  M.A.,  F.G.S. 

In  testing  the  conclusions  arrived  at  in  regard  to  the  Uanberis 
and  Penrhyn  area  by  an  examination  of   that  of  Harlech,  two 
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qu^tions  are  raised  concerning  the  latter : — (1)  Can  a  succession  be 
traced  below  the  Purple  Slates  similar  to  that  which  the  author  has 
described  as  occurring  in  Caernarvonshire  ?  and  (2)  Where  is  the 
most  natural  break  in  the  series,  and  does  it  show  an  unconformity  ? 

With  reference  to  the  first  question,  the  author  gives  his  reasons 
for  concluding  that,  as  far  as  the  succession  is  seen  in  the  Harlech 
area,  it  is  similar  to  that  of  Caeman^onshire.  A  group  of  Purple 
Slates  is  described  which  so  closely  resembles  the  Llanberis  and 
Penrhyn  Slates  that  he  considered  himself  justified  in  definitely 
correlating  them  with  those  slates.  Below  these  are  slaty  grey- 
wackes«  which,  if  not  identical  with  those  of  Caemurvonshire,  bear 
a  greater  resemblance  to  them  than  any  other  part  of  the  series 
does.  No  older  beds  are  seen.  Above  the  Purple  Slates  are  the 
Harlech  Grits  proper. 

In  discussing  the  second  question,  the  author  describes  con- 
glomeratic beds  occurring  some  distance  above  the  base  of  these 
Harlech  Grit8  ;  but  at  Pont  Llyn-y-Crom  the  junction  between  them 
and  the  underlying  Purple  Slates  shows  features  recalling  what  is 
seen  at  Bronllwyd.  He  discusses  the  possible  existence  of  an 
unconformity  at  the  base  of  these  grits,  and  concludes  that  on  the 
whole  the  phenomena  point,  though  not  very  strongly,  to  an 
unconformity  of  no  great  importance. 

The  concluding  part  of  the  paper  is  occupied  with  a  consideration 
of  the  question  of  classification  of  the  Cambiian  strata  and  those  in 
juxtaposition  with  them. 


XIII.  Intelligence  and  Miscellaneous  Articles, 

ON  THE  VELOCITY  OF  SOUND  IN  GASES. 
To  the  Editors  of  the  Philosophical  Magazine, 
Gentlemen, 

I  READ  in  No.  232,  September  1894,  of  the  Philosophical 
Magazine  a  paper  by  Mr.  Webster  Low,  '*  On  the  Velocity 
of  Sound  in  Air,  Gases,  and  Vapours  for  Pure  Notes  of  different 
Pitch,"  I  deem  it  important  to  acquaint  the  Editors  of  the  Philo- 
sophical Magazine  that  as  long  ago  as  188 II  used  a  method  nearly 
identical  with  Mr.  Low's  in  order  to  determine  the  velocity  of 
sound  in  some  gases  (air,  CO.,  N^^O),  and  particularly  in  chlonne, 
its  value  for  this  gas  being  till  that  time  quite  unknown.  My 
results  were  published  in  the  Acts  of  the  Venetian  Institute*, 
and  in  abstract  in  other  periodicals t.     As  to  chlorine,  which  was 

♦  Atti  del  B.  htituto  Veneto  di  Scienzty  Lettere  edAriij  seiie  6,  vol.  viii. 
p.  404,  and  serie  7,  vol.  iv.  p.  1113. 

t  Journal  de  Phyi^ique  thdnrique  et  appliquSej  vol.  x.  p.  410  (1881) ; 
Beibldtter  zu  dm  Annalen  der  Physik  and  Cheinie,  vol.  v.  p.  604  (1881). 
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the  gas  that  interested  me  the  most,  I  found  at  0° 

v= 206-4  metre, 
and  A:=  1-327. 

Some  months  later  Mr.  Strocker  found  for  chlorine  with  a  method 
quite  different  from  my  own, 

t;= 205-3  metre, 
A:  =1-323. 
With  my  best  thanks, 

I  am, 

Eespectfully  yours, 

Tito  Mabtint. 
Venice,  November  20, 1894. 


INFLUENCE  OF  MAGNETIC  FIELDS  ON  THE  ELECTRICAL 
CONDUCTIVITY  OF  BISMUTH. 

To  the  Editors  of  the  Philosophical  Magazine, 

GBNTLEMBy, 

I  regret  that  mention  of  the  papers  by  Dr.  Edm.  van  Aubel  in 
the  Annalts  de  Chimie  et  de  Physique  for  1889,  and  in  the  Journal 
de  Physique  for  1893,  was  omitted  from  my  paper  **0n  the  Influence 
of  Magnetic  Fields  on  the  Electrical  Conductivity  of  Bismuth  "  in 
your  Magazine  for  November  last.  In  his  work  on  the  Tem- 
perature-Coefficient of  Bismuth,  van  Aubel  found  that  it  was  con- 
siderably changed  in  a  magnetic  field ;  and  at  the  "  Congros  des 
Jfilectriciens "  in  Paris  in  1889  he  emphasized  the  necessity  for 
observing  the  temperature,  in  measuring  magnetic  fields  by  the 
resistance  of  bismuth  spirals. 

I  remain,  Gentlemen, 

Yours  faithfully, 

Jamfs  B.  Hendeeson. 
The  Yorkshire  College,  Leeds. 


ON  THE  INFLUENCE  OF  TEMPERATURE  ON  THE  SPECIFIC  HEAT 
OF  ANJLINE.      BY  E.  H.  GRIFFITHS,  M.A. 

Note,  Dec.  7,  1894. — In  a  communication  made  to  the  Royal 
Society  on  November  22,  Professor  Schuster  pointed  out  an  error 
in  my  determination  of  the  value  of  J,  viz.  that  I  had  not  made  a 
necessary  correction  for  the  specific  heat  of  the  air  displaced  by 
the  water ;  for  the  method  I  had  adopted  gjive  the  difference  in 
the  rate  of  rise  when  a  certain  space  was  filled  first  with  air  and 
then  with  water.  This  correction  raises  my  value  of  J  by  about 
1  in  4000. 

Now  the  specific  gravity  of  aniline  (1'02)  but  slightly  exceeds  that 
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of  water;  and  as  the  metliod  described  in  the  preceding  pages  also 
depends  upon  the  measurement  of  differences  in  the  rate  of  rise, 
the  correction  would  eliminate  and  would,  therefore,  not  affect  the 
values  of  the  specific  heat  of  aniline  as  given  in  Table  YII.  Again, 
if  there  are  any  errors  in  the  values  of  the  electrical  standards 
upon  which  my  determination  of  J  depends,  they  also  would 
eliminate  during  the  calculations  by  which  the  specific  heat  of 
aniline  was  ascertained.  There  can,  therefore,  be  no  doubt  that 
the  value  assumed  for  J  (4*198  x  10')  is  the  correct  one  to  be  used 
for  the  reduction  of  the  observations  on  aniline. 


ON  THE  DIELECTRIC  POWER  OF  ICE.      BY  M.  A.  PEROT. 

I  published  on  June  29,  1894,  the  result  of  experiments  made  to 
determine  the  dielectric  constant  of  ice  by  electrical  oscillations. 
In  calculating  these  experiments,  which  I  had  carried  out  as  for 
glass.  I  made  an  error  due  to  the  external  capacity,  which  in  those 
experiments  is  altered,  the  condenser  being  wholly  or  partially 
immersed  in  the  dielectric.  M.  Blondlot  having  pointed  out  the 
disagreement  between  his  results  and  those  which  I  had  obtained, 
I  have  gone  through  the  calculations,  and  made  new  experiments, 
the  result  of  which  is  given  below  : — 


^  (air). 

X,(ioe). 

Vk. 

91 

130 

1-43 

91 

133 

1-46 

136 

186 

1-37 

136 

197 

1-44 

151 

215 

1-42 

149 

214 

1-44 

Mean  a/K=1-43;  K=204. 
'Comptes  Bendus,  October  8,  1894. 


ON  THE  REFRACTION  AND  DISPERSION  OF  ELECTRICAL  RAYS. 
BY  E.  GARBA8S0  AND  E.  ASCHKINASS. 

The  authors  summarize  the  results  of  their  research  as  follows : — 

We  have  shown  that  the  rays  proceeding  from  a  Hertz's  pri- 
mary conductor  may,  by  means  of  a  prism  built  up  of  resonators, 
be  resolved  into  a  spectrum,  and  draw  from  this  the  following 
conclusions: — 

(a)  The  rays  of  electrical  force  emitted  are  not  necessarily  to  be 
regarded  physically  as  monochromatic,  but  as  compound,  with  as 
much  justification  as  ordinary  light. 

(6)  Helmholtz's  theory  of  colour-dispersion  acquires  fresh  sup- 
port from  our  experiments. — Wiedemann's  ^nn^Zen,  No.  11, 1894. 
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XIV.   Comparative  Review  of  some  Dynamical  Theories  of 
Gravitation.     By  Dr.  S.  ToLVBR  Prbston*. 

Introduction. 

THE  modes  of  accounting  for  natural  phenomena  have  been 
very  different  at  different  times.  The  old  philosophers 
had  in  general  scarcely  an  idea  of  that  which  we  now  call  a 
mechanical  explanation;  they  figured  to  themselves  rather 
the  agencies  working  in  nature  as  living  beings.  This  applies 
also  to  Kepler,  who  banished  from  himself  any  idea  of  a 
mechanical  explanation  of  the  laws  discovered  by  him.  On 
the  basis  of  the  researches  of  Gkilileo,  Newton  was  the  founder 
of  the  Mechanics  of  to-day  ;  and  on  his  principles  the  edifice 
of  the  action-at-a-distance  theory  has  been  founded.  Until 
Newton's  time  the  notion  of  a  direct  action  at  a  distance  was 
completely  unknown  :  on  the  contrary,  many  experiments 
exist  by  the  Greek  philosophers  to  account  for  the  seeming 
action  at  a  distance  oy  the  intervention  of  a  medium  ;  there- 
fore Demokritos  sought  to  explain  natural  phenomena  by  the 
motions  of  very  fine  bodies.  First  Boscovich,  Mosotti, 
Wilhelm  Weber,  and  many  others  developed  the  aspect  of 
nature  on  the  basis  laid  down  by  Newton^  in  accordance  with 
which  the  universe  consists  of  a  number  (if  even  very  great) 

*  Being  a  Dissertation  presented  to  the  Philoeophical  Faculty  of  the 
Univenity  of  Munich,  for  the  attainment  of  the  degree  of  Doctor  of 
Philotophy  (translated  from  the  German).    Communicated  by  the  Author 

Phil.  Mag.  S.  5.  Vol.  39.  No.  237.  Feb.  1895.  L 
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of  material  points,  which,  without  anything  intervening,  act 
on  each  other  directly  at  a  distance,  according  to  a  mathe- 
matically exact  formulated  law.  If  the  initial  positions  and 
velocities  of  all  the  atoms  are  given,  then  their  motions  can  be 
calculated  for  any  periods  of  time  from  the  eq  nations  formulated 
by  Newton,  and  so  a  clearly  defined  mathematical  problem 
is  presented. 

It  is,  however,  well  to  observe  that  Newton  did  not  believe 
in  such  an  action  at  a  distance  without  the  intervention  of 
something,  as  appears  from  his  third  letter  to  Bentley,  where 
he  says : — 

"  Ihat  gravity  should  be  innate,  inherent,  and  essential  to 
matter,  so  that  one  body  may  act  upon  another  at  a  distance 
through  a  vacuum^  without  the  mediation  of  anything  else, 
by  and  through  which  their  action  and  force  may  be  conveyed 
from  one  to  another,  is  to  me  so  great  an  absurdity,  that  I 
believe  no  man  who  has  in  philosopnical  matters  a  competent 
faculty  of  thinking,  can  ever  fall  into  it"  (Nevrton's  third 
letter  to  Bentley,  February  25,  1692-3). 

In  the  same  sense  speak  many  subsequent  important 
scientists.     For  instance  tk)unt  Rumford  remarks  : — 

"Nobody  surely  in  his  sober  senses  has  ever  pretended 
to  understand  the  mechanism  of  gravitation,  and  yet  what 
sublime  discoveries  has  our  immortal  Newton  been  enabled  to 
make,  merely  by  the  investigation  of  the  laws  of  its  action  " 
("  An  Inquiry  concerning  the  Source  of  the  Heat  which  is 
excited  by  Friction/'  by  Count  Rumford,  Phil.  Trans.  1798). 

These  last  scientists  are  therefore  not  satisfied  with  the 
Boscovich-Mosotti  explanation  of  natural  phenomena ;  they 
demand  rather  an  explanation  (by  the  intervention  of  a 
medium)  of  the  seeming  action  at  a  distance.  To  ffive  such 
an  explanation  was  never  seriously  attempted  by  Newton  : 
the  first  attempt  of  that  kind  is  to  oe  found  in  the  mechanical 
gravitation  theory  of  Le  Sage,  bom  at  Geneva  in  1724.  This 
theory  is  contained  in  a  memoir  published  in  the  Transactions 
of  the  Royal  Berlin  Academy  for  1782,  under  the  title 
Lncrhce  Newtonien,  There  is  also  a  book.  Deux  Traitds 
de  Physique  mdcaniguey  edited  by  Pierre  Provost,  Paris, 
1818,  which  contains  a  full  description  of  Le  Sage's  theory. 

Le  Sage  lays  emphasis  on  the  probability  of  the  existence 
of  a  mechanism  of  gravitation,  and  devoted  his  life  to  the 
development  of  his  idea.  The  introductory  paragraph  of  his 
memoir  (entitled  Lucrhce  JSewtonien)  is  as  follows,  translated 
from  the  French  original,  viz. : — 

"  I  propose  to  show  that  if  the  first  Epicureans  had  had  as 
healthy  ideas  of  Cosmography  as  sevcfinal  of  their  contem- 
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poraries  (to  whom  they  would  not  listen),  and  only  a  part  of 
the  knowledge  of  Geometry  which  was  then  prevalent,  they 
would  in  all  probability  have  discovered  the  laws  of  universal 
gravitation  and  its  mechanical  cause.  Laws,  the  discovery 
and  the  demonstration  of  which  constitute  the  fame  of  the 
most  powerful  genius  that  has  ever  existed  ;  and  Cause,  which 
after  naving  been  the  ambition  for  a  long  time  of  the  greatest 
scientists,  is  at  present  the  despair  of  their  successors.  So 
that,  for  example,  the  celebrated  laws  of  Kepler,  discovered 
somewhat  less  than  200  years  ago,  partly  by  gratuitous 
conjectures,  and  partly  by  repeated  trial  and  error,  would 
have  been  no  more  than  inevitable  corollaries  which  could 
have  been  arrived  at  by  these  ancient  philosophers  by  in- 
vestigating the  mechanism  of  nature.  The  same  conclusion 
applies  also  to  the  laws  of  Galileo  upon  the  fall  of  bodies,  the 
discovery  of  which  took  place  still  later,  and  which  have  been 
more  contested,  because  the  experiments  upon  which  this  dis- 
covery was  based  permitted  a  latitude  in  their  results 
(necessarily  rough),  which  would  make  them  fit  equally  well 
with  other  laws,  so  that  one  did  not  fail  to  contest  them  : 
whereas  the  inferred  consequences  of  the  shock  of  atoms  would 
have  been  unmistakably  in  favour  of  the  only  true  principle, 
viz.,  equal  accelerations  in  equal  times."  (Trans,  of  Royal 
Berlin  Academy,  1782.) 

On  this  paragraph  the  following  opinion  is  emitted  by 
Lord  Kelvin,  viz.  : — 

"  If  Le  Sage  had  but  excepted  Kepler's  third  law,  it  must 
be  admitted  that  his  case,  as  stated  aoove,  would  have  been 
thoroughlv  established  by  the  arguments  of  his  "  m^moire" ; 
for  the  Epicurean  assumption  of  parallelism  adopted  to  suit 
the  false  iaea  of  the  earth  being  flat,  prevented  the  discovery 
of  the  law  of  the  inverse  square  of  the  distance,  which  the 
mathematicians  of  that  day  were  quite  competent  to  make, 
if  the  hypothesis  of  atoms  moving  in  all  directions  through 
space,  and  rarely  coming  into  collision  with  one  another,  had 
been  set  before  them,  with  the  problem  of  determining  the 
force  with  which  the  impacts  would  press  together  two 
spherical  bodies,  such  as  the  earth  and  moon  were  held  to  be 
by  some  of  the  contemporary  philosophers  to  whom  the 
Epicureans  "would  not  listen.  But  nothing  less  than 
direct  observation,  proving  Kepler's  third  law — Gkilileo's 
experiment  on  bodies  falling  from  the  tower  of  Pisa,  Boyle's 
guinea-and-feather  experiment,  and  Newton's  experiment  of 
the  vibrations  of  pendulums  composed  of  different  kinds  of 
Btibfitanco— could  either  give  the  idea  that  gravity  is  pro- 
portional to  mass,  or  prove  that  it  is  so  to  a  high  degree  of 
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accuracy  for  large  bodies  and  small  bodies,  and  for  bodies  of 
different  kinds  of  substance ''  (PhU  Mag.  May  1873,  p.  323). 

Le  Sage's  Theory. 
Le  Sage  based  his  theory  on  perfectly  arbitrary  assump- 
tions.    He  assumed  (Deux   TraitSa  de  Physique  mScaniquey 
Paris  1818,  edition  Pierre  Provost)  : — 

(1)  That  a  number  of  streams  of  atoms,  equally  distributed 
in  space,  exist ;  of  which  each  stream  moves  continually  in 
one  and  the  same  direction. 

(2)  The  length  of  these  streams  (at  the  centre  of  which  the 
universe  known  to  us  is  placed)  is  finite,  but  very  great ; 
therefore  gravitation  must  have  a  correspondingly  limited 
period  for  existence. 

(3)  That  the  streams  must  be  everywhere  equally  dense, 
(d)  That  the  mean  velocity  of  the  streams  is  everywhere 

the  same. 

The  conditions  above  set  forth  depend  manifestly  on  per- 
fectly arbitrary  assumptions,  and  it  is  not  easy  to  see  by 
what  mechanism  such  streams  should  either  originate  or  ble 
kept  up.  As  regards  the  behaviour  of  these  streams  of  atoms 
towards  gross  matter,  Le  Sage  assumes  the  following.  Gross 
matter  is  chiefly  freely  penetrated  by  the  streams  of  atoms, 
only  a  small  part  of  their  energy  is  absorbed  by  gross  matter, 
which  implies  a  continuous  annihilation  of  energy.  Whence 
it  arises  tnat  every  portion  of  gross  matter  opposes  a  certain 
shelter  to  every  other  neighbouring  portion  from  the  en- 
counters of  the  streams  of  atoms  ;  and  ft'om  this  the  apparent 
attraction  of  the  gross  matter  according  to  the  Newtonian  law 
of  gravity  is  easily  explained. 

Lord  Kelvin  presupposes  exactly  the  same  streams  of  atoms 
as  Le  Sage  ;  the  mechanism  which  regalates  or  maintains 
these  atom-streams  therefore  remains  with  him  as  obscnre  as 
with  Le  Sage.  An  important  progress  in  Lord  Kelvin's  case 
consists^  however,  in  the  fact  that  he  regards  the  atoms  as 
elastic.  In  order  to  explain  the  elasticity,  he  proposes  to 
regard  the  atoms  as  vortex  rings  in  a  perfect  liquid.  The 
elasticity  of  these  is  then  explained  by  the  laws  which  Helm- 
holtz  found  to  apply  to  the  motions  of  such  vortex  rings. 

The  sBther  atoms  then  rebound  from  gross  matter  in 
accordance  with  the  laws  of  elastic  collision :  instead  of  the 
absorption  (annihilation)  of  energv  assumed  by  Le  Sage, 
Lord  Kelvin  supposes  that  the  aether  atoms,  in  addition  to 
their  translatory  energy,  also  possess  an  energy  of  internal 
motion,  just  as  Olausios  assumes  for  the  molecales  of  ordinary 
gases. 
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On  account  of  the  relatiyelj  yery  large  dimensions  and 
superior  elastic  rigidity  of  the  gross  molecule,  it  is  scarcely 
disturbed  by  the  collision  of  the  very  minute  atom.  On  the 
other  handy  the  minute  atom  is  thrown  into  strong  vibration 
and  rotation  by  the  blow.  This  vibration  or  rotation 
("internal  motion '')  cannot  evidently  be  generated  out  of 
nothing.  The  small  atom  therefore  loses  at  impact  a  portion 
of  it^  translatory  motion,  by  converting  the  same  into  internal 
motion  (vibration  and  rotation).  The  diminution  of  the 
translatory  motion  of  the  small  gravity-atoms  at  their  en- 
counter with  gross  molecules  is  therefore  rather  to  be  looked 
upon  as  a  necessary  deduction  than  as  an  hypothesis.  One 
might,  indeed,  easily  illustrate  this  fact  experimentally. 

If  an  elementary  example  be  excused,  we  can  consider  the 
-case  when  any  small  elastic  body  such  as  a  small  polished 
steel  key-ring  is  thrown  against  the  surface  of  a  polished  steel 
anvil.  A  key-ring  and  an  anvil  (of  the  same  metal)  may  be 
equally  elastic,  but  on  account  of  the  considerable  difference 
in  their  dimensions — therefore  pliability — only  the  small  ring 
will  be  thrown  into  perceptible  vibration  by  the  encounter 
(or  into  rotationy  for  the  anvil  cannot  rotate  on  account  of  its 
mass).  The  ring  rebounds  with  a  diminution  of  its  translatory 
motion,  by  converting  the  same  into  vibration  and  rotation. 

The  atom  gains  its  full  translatory  motion  gradually  again 
by  collisions  against  atoms  of  its  own  kind, — from  tne  fact 
that  the  proportionality  existing  between  the  amount  of  trans- 
latory motion  and  the  amount  of  internal  motion  of  the  atom 
continually  strives  to  maintain  itself  constant ;  which  is  a 
known  consequence  of  the  kinetic  theory  of  gases,  demon- 
strated by  Clausius. 

So  is  explained  how  the  aether  atoms,  in  being  sifted  through 

gross  matter,  on  the  average  lose  a  certain  velocity  of  trans- 
tory  motion,  and  that  therefore  a  portion  of  gross  matter 
"shelters''  any  other  neighbouring  portion  from  the  impacts 
of  the  SBther  atoms. 

The  penetration  of  the  two  masses  by  the  flying  aether  atoms 
brings  about  the  fact  that  on  the  adjacent  sides  of  the  two 
masses  the  pressure  of  the  medium  is  smaller  than  on  the  remote 
sides  of  the  molecular  surfaces  of  the  two  masses.  The  remote 
sides  encounter  the  full  or  undiminished  translatory  velocity 
of  the  atoms.  Therefore  the  two  masses  are  naturally  driven 
together,  and  with  a  force  which  obviously,  from  the  nature 
of  the  case,  must  be  proportional  to  the  square  of  the  distance 
of  the  masses.  The  further  explanation  of  the  gravitation 
effect  is  then  exactly  as  by  Le  Sage's  theory. 

The  present  writer  attempted  in  some  papers,  of  which  the 


Digitized  by 


Google 


150  Dr,  8.  Tolvor  Preston  on  same 

first  appeared  in  the  Philosopliical  Magazine,  Sept.  1877, 
to  replace  the  arbitrarily  assumed  atom  streams  of  Le  Sage 
and  Lord  Kelvin  by  a  motion  which  is  exactly  analogous  to 
that  which  belongs  to  the  kinetic  theory  of  gases. 

In  that  way  the  most  obscure  assumption  of  Le  Sage's 
theory  finds  an  unforced  explanation — namely,  how  the 
symmetrical  motion  of  the  atoms  under  the  continual  changes 
of  their  direction  produced  by  their  collisions  against  gross 
matter,  is  kept  up. 

Now  it  has  already  been  mathematically  demonstrated  in 
the  case  of  ordinary  gases,  that  an  aatomatic  correction  goes 
on  in  a  system  of  bodies  or  particles  in  free  collision,  and  such 
a  one  that  the  particles  are  forced  to  move  equally  in  all 
directions  :  and  this  is  the  absolutely  necessary  condition  for 
equal  pressure  in  all  directions.  The  rate  of  establishment  of 
this  automatic  correction,  which  is  chiefly  brought  aboat  by 
the  oblique  encounters,  has,  in  fact,  been  calculated  mathe- 
matically by  Prof.  Ludwig  Boltzmann  for  ordinary  gases. 
This  adjustment  (or  correction)  is  in  fact  of  such  a  stable 
character,  that  if  the  motion  of  the  gas  ^articles  were  artificially 
disturbed,  the  particles  would  of  tnemselves  equalize  the 
motion  again,  so  that  an  equal  number  of  particles  are  moving 
in  any  two  opposite  directions.  The  motion  can  also  be 
descrioed  so,  that  if  we  think  of  any  small  point  situated 
anywhere  in  space,  the  atoms  are  at  every  instant  flying 
towards  and  from  this  point,  exactly  as  if  it  were  a  luminous 
point. 

Hence  it  follows  that  when  a  system  of  atoms  is  left  to 
itself,  it  will,  by  the  principles  of  dynamics,  automatically 
adjust  the  character  of  its  motion  in  such  a  way  that  this 
motion  is  adapted  to  produce  the  gravitation  effects.  The 
motion  of  streams  of  atoms  equally  at  all  angles,  which 
Le  Sage  gave  forth  as  an  arbitrary  postulate,  is  attainable 
in  a  ^as  without  any  postulate.  Instead  of  streams,  each  of 
which  for  itself  maintains  a  constant  direction  of  motion,  and 
which  cease  to  flow  after  a  long  epoch  of  time,  we  have  a  per- 
manent motion  of  atoms  correcting  itself  in  a  self-acting 
manner ;  and  which  fulfils  the  wishSl-for  object 

So,  therefore,  we  have  succeeded,  by  starting  from  a  verv 
simple  and  thoroughly  natural  foundation,  in  establishing  all 
those  conditions  which  Le  Sage  needs  for  his  theory. 

Nevertheless  there  are  certain  assumptions  concerning 
quantitative  relations  to  be  added.  In  the  first  place,  the 
mean  length  of  path  of  an  aether  atom  must  be  assumed  to  be 
exceedingly  great.  If,  namely,  the  same  were  small  in  pro- 
portion to  the  distance  between  two  influencing  masses,  then 
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in  the  intervening  space  between  these  masses,  by  the  collisions 
of  the  sether  atoms  among  themselves,  the  normal  proportion- 
ality between  translatory  and  internal  motion  of  the  atoms 
wonld  be  nearly  restored  (by  encounters),  and  therefore  the 
mutual  shelter  of  the  two  masses  would  nearly  be  nullified. 

The  range  of  gravitation  (its  sphere  of  action)  is  therefore 
conditioned  by  the  mean  length  of  path  of  the  atoms,  and 
this  may  be  regarded  as  an  interesting  deduction  from  the 
theory.  Accordingly,  on  the  assumption  that  the  mean  dis- 
tances of  the  stars  Excepting,  of  course,  the  relatively  approxi- 
mated double  stars)  are  large  in  proportion  to  the  mean  length 
of  path  of  the  atoms,  the  inference  would  follow  that  the  stars 
do  not  gravitate  towards  each  other — and  apparently  in  that 
way  the  universe  would  rather  gain  than  lose  in  stability. 
One  sees  then  that  the  mean  length  of  path  of  the  ajther  atoms 
must  be  great  in  comparison  witn  those  distances  across  which 
Newton's  law  has  been  demonstrated  to  apply  with  exactness. 

In  an  article  in  the  Enct/c.Brit.  1875  (or  Scientific  Papers, 
vol.  ii.  p.  476)  Maxwell  raises  the  objection  that  by  the  atomic 
encounters  gross  matter  would  be  raised  to  a  white  heat ;  he 
grounds  this  inference  on  the  theorem  that  for  thermal  equili- 
brium between  atoms  or  molecules  the  mean  energy  of 
translatory  motion  must  be  equal.  Now  the  pressure  (to  take 
some  symbol)  is  equal  to  the  product  of  the  mean  energy  of 
translatory  motion  L  of  an  atom  into  the  number  N  of  atoms 
contained  in  the  unit  of  volume.  If,  therefore,  the  mean 
energy  of  translatory  motion  of  an  aether  atom  be  equal  to 
that  of  a  molecule  of  gross  matter,  which  we  can  calculate  in 
the  case  of  ordinary  gases,  then  N  for  the  aether  must  have  an 
enormous  value,  in  order  to  be  able  to  account  for  the  gravita- 
tion pressure.  Now  Maxwell  says  :  we  are  tolerably  certain 
that  N  for  the  aether  is  small  compared  with  the  value  of  N  for 
gross  matter.  From  this  he  concludes  that  in  order  to  explain 
tne  gravitation  pressure,  it  is  necessary  to  assume  L  enor^ 
mouslv  great.  And  according  to  the  theorem  that  for  thermal 
equilibrium  L  must  be  the  same  for  all  atoms  (or  molecules), 
it  would  follow  that  L  also  for  the  molecules  of  gross  matter 
must  finally  assume  a  value  which  is  much  greater  than 
that  which  we  find  in  the  case  of  gases.  In  other  words,  that 
all  gross  matter  must  be  raised  to  a  white  heat  by  the  collisions 
of  tne  aether  atoms.  But,  independently  of  the  fact  that  the 
above-named  theorem,  relating  to  thermal  equilibrium,  for 
molecules  or  atoms  of  very  dinerent  size  is  still  contested,  it 
seems  to  me  that  no  cogent  reason  exists  for  the  assumption 
that  N  is  smaller  for  the  sether  than  for  gross  matter.  One 
can,  in  fact,  imagine  the  sether  atoms  as  small  as  one  pleases  ; 
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then  an  enormous  number  of  them  can  exist  in  the  unit  of 
volume  combined  with  an  enormously  creat  length  of  path. 

In  general,  in  putting  forward  a  theory  of  this  kind,  we 
should  see  no  improbabihty  in  the  assumption  of  either  a  very 
great  or  a  very  small  number.  Our  objection  to  uncommonly 
great  or  uncommonly  small  numbers  rests  in  fact  upon  custom, 
and  regularly  disappears  as  soon  as  the  theory  in  question  has 
further  introduced  itself. 

There  exists  in  space  field  enough,  when  necessary,  for 
finer  material,  as  our  conceptions  are  not  limited  in  the 
direction  of  smallness,  and  the  smaller  the  particles,  the 
quicker  is  their  natural  speed  of  motion,  and  the  more  intense 
the  enclosed  store  of  concealed  energy :  also  the  whole 
arrangement  becomes  all  the  less  appreciable  by  our  senses. 
The  effects — called  gravitational  effects — on  the  other  hand, 
do  not  escape  detection  by  our  senses ;  and  reasoning  from 
these  effects,  we  trace  and  infer  the  invisible  causes  which  lie 
at  the  basis  of  these  effects. 

Evidently  there  exists  just  as  little  an  obstacle  in  space  to 
smallness  of  size  as  to  any  given  velocity  of  motion^  and  there 
are  reasons  for  supposing  tnat  gravity  must  propagate  itself 
with  great  velocity.  Precisely  because  the  normal  velocity 
of  the  atoms  is  great,  the  material  concerned  in  producing 
gravity  can  be  very  limited  in  quantity,  and  notwithstand- 
ing that  exert  a  very  considerable  pressure.  The  atoms  are 
therefore  to  be  assumed  very  small,  almost  points,  the  con- 
dition adapted  for  a  great  length  of  path.  The  analogy  of 
this  gravitation  mechanism  (at  least  m  principle)  with  the 
generally  assumed  structure  of  our  atmosphere,  may  be 
regarded  as  a  recommendation  to  the  theory. 

A  further  objection  of  Maxwell's,  that  according  to  this 
theory  the  action  of  gravity  could  only  be  kept  up  by  an 
enormous  expenditure  of  external  work  little  short  of  ruinous, 
applies  in  fact  to  the  theory  of  Le  Sage  in  the  form  presented 
by  Lord  Kelvin  ;  also  to  the  theories  of  Isenkrahe  and  Bock 
considered  further  on;  not,  however,  to  the  theory  set  forth  by 
the  present  writer,  because,  according  to  this  latter  theory,  the 
maintenance  of  the  motion  of  the  aether  atoms  demands  just 
as  little  an  expenditure  of  energy  as  the  maintenance  of  the 
motion  of  the  molecules  of  a  gas  in  the  ordinary  gas  theory. 
Moreover,  the  "  shelter  "  of  one  mass  by  another  is  explained 
without  any  absorption  of  energy. 

The  large  store  of  energy  contained  in  the  sether  atoms  is 
moreover  of  use  for  the  explanation  of  the  most  varied  natural 
phenomena ;  and  it  may  be  observed  that  the  intervention  of 
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a  mediam  is  wanted  in  other  respects,  for  instance  for  the 
elucidation  of  magnetic  and  electric  phenomena. 

It  may  be  mentioned,  farther,  that  the  explanation  of  gravi- 
tation carries  with  it  the  great  advantage  of  rendering  super- 
fluous the  idea  of  the  existence  of  two  (inherently  different) 
kinds  of  matter,  "  ponderable  "  and  "  imponderable."  The 
smaller  atoms  in  space  do  not  gravitate,  only  because  the 
mechanism  of  gravitation  cannot  itself  be  subject  to  the  con- 
ditions for  producing  gravitation.  So,  therefore,  disappear 
the  almost  contradictory  properties,  "  ponderable  '^  and  "  im- 
ponderable,*' which  have  been  arbitrarily  attributed  to  matter: 
and  we  have  therefore  no  reason  for  believing  that  the  atoms 
diffused  in  space  differ  essentially  from  gross  molecules, 
excepting  in  their  dimensions.  To  the  abandonment  of  the 
idea  of  two  inherently  different  kinds  of  matter,  the  abandon- 
ment of  two  supposed  different  kinds  of  energy  is  analogous — 
viz.,  energy  witn  motion,  and  energy  without  motion.  Accord- 
ingly there  would  remain  only  one  kind  of  energy,  namely, 
that  which  a  moving  body  possesses. 

Another  important  quantitative  relation  is  so  conditioned 
that  the  "  shelter  '*  is  evidently  proportional  to  the  surface 
exposed  to  the  moving  atoms ;  the  gravitational  effect,  on  the 
other  hand,  is  proportional  to  the  masSf  as  experiment  shows. 
This  result  can  only  be  achieved  by  supposing  gross  matter  to 
possess  a  very  porous  structure.  In  that  way,  the  gross 
molecules  inside  a  body  are  reached  or  affected  bv  the 
penetrating  aether  atoms  almost  with  the  same  facility  as  the 
external  molecules  of  the  body.  If  we  assume  that  the 
quantity  of  material  contained  in  the  substance  of  any  mole- 
cule is  very  small  compared  with  the  vacant  space  contained 
in  that  same  molecule,  and  if  one  does  not  suppose  any  super- 
fluous material  in  the  structure  of  the  molecule ;  the  pro- 
portionality existing  between  gravitation  and  mass  can  be 
satisfied  as  closely  as  observation  requires. 

Some  Remarks  on  Crystal  Structure. 

Even  Le  Sage  recognized  that  for  the  elucidation  of  the 
gravitational  effects  the  assumption  of  a  porous  or  open  struc- 
ture in  matter  is  necessary.  Lord  Kelvin  draws  a  curious 
inference  from  this.  In  the  Philosophical  Magazine,  May 
1873,  postscript  p.  331,  Lord  Kelvin  supposes  that  it  might 
be  probable  that  bi-axial  crystals  would  not  be  penetrable 
with  equal  facility  in  all  directions  by  the  sether  atoms.  If 
that  were  so,  such  crystals  would  possess  a  (even  if  very  small) 
difference  of  weight,  according  as  the  one  or  the  other  axis  is 
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vertical.  Have,  however,  sufficiently  delicate  experiments 
been  made  on  this  point  ? 

A  contribution  published  by  me  in  the  Philosophical 
Magazine  for  April  1880  on  crystalline  structure  might  be 
mentioned  here. 

I  have  tried  to  define  further  this  open  structure,  so  that  it 
appears  to  be  well  adapted  for  the  explanation  of  cohesion, 
adnesion,  and  chemical  affinity. 

One  knows  how  the  cells  of  bees  are  formed  by  pressure, 
and  how  by  pressure  elastic  spheres  may  be  converted  into 
angular,  such  as  hexagonal-shaped,  bodies. 

As  remarked,  the  gravitation  theory  (and  many  independent 
facts)  demand  that  the  molecules  of  bodies  shall  possess  an 
open  structure  ;  which  also  satisfies  the  conditions  of  lightness 
and  economy  of  material.  As  crystals  exist,  it  is  sometimes 
supposed  that  the  molecules  of  bodies  (whose  open  structure  is 
often  illustrated  by  cubes  and  other  figures  formed  of  wire) 
themselves  represent  the  shapes  of  the  crystals. 

We  do  not,  liowever,  need  to  assume  that  the  molecules 
possess  exactly  such  shapes,  because  if  the  separate  molecules 
themselves  possessed  even  a  rounded  structure,  they  must  be 
pressed  into  angular  forms  as  soon  as  two  or  more  of  them 
were  pressed  together  by  impacts  of  the  aether  atoms.  Let  us 
take  for  illustration  the  simplest  open  structure,  viz.  rings  ; 
although  it  is  not  thereby  implied  that  this  is  the  sole  ground- 
form  of  the  molecules.  Elastic  molecules  of  any  very  open 
structure  of  three  dimensions  would  probably  give  a  greater 
stabDity  to  the  crystal  mass  formed  out  of  them. 

Simple  elastic  rings  can  then  by  pressure  of  their  boundaries 
against  each  other  (as  caused  by  the  flying  of  very  minute 

Fig.l. 


sether  atoms  through  the  structure)  conceivably  be  changed 
into  hexagonal,   square  figures,  &c.     Fig.  1  may  serve  to 
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show  such  a  pressure-eflFect  produced  by  atomic  motion,  where 
elastic  riogs  are  converted  into  the  hexagonal  forms  of  crystals. 
Cohesion  (as  now  is  generally  supposed)  is  only  gravitation  * 
by  contact.  From  the  above  considerations,  it  becomes  easy 
to  understand  that  elastic  crystal  forms  can  sometimes  change 
into  7t(wi-crystalline  forms  ;  so  some  crystallizable  metals,  such 
as  iron  and  zinc,  lose  all  crystalline  structure  by  rolling  and 
hammering,  and  become  ductile.  Crystalline  sulphur  can,  by 
mere  warming,  pass  over  into  a  sort  of  indiarubber  sulphur. 
It  is  evident  in  fact  that  the  irregular  arrangement  of  the 
elastic  molecules  of  a  substance  favours  the  gliding  of  the 
molecules  over  each  other  ;  while,  on  the  oSier  hand,  the 
regularly  arranged  molecules  which  are  in  contact  at  their 
boundaries  (corresponding  to  crystalline  structure)  cannot  be 
displaced  at  all  without  separating  entirely  :  take  for  instance 
crystallized  cast-iron  and  some  other  metals. 

The  freedom  allowed  to  the  molecules  to  arrange  themselves 
in  the  case  of  solutions  may  be  favourable  for  the  produc- 
tion of  crystalline  structure,  while  rolling,  hammering,  &c., 
manifestly  forces  the  molecules  to  aggregate  in  an  irregular 
manner. 

When  elastic  molecules  of  very  open  structure  cross  each 
other  irregularly  in  all  directions,  or  are  arranged  in  parallel 
layers  (as  produced  by  the  rolling  of  a  metal),  then  it  be- 
come^ obvious  that  a  subsequent  displacement  of  the  molecules, 
as  by  a  tensile-stress  for  example,  does  not  necessarily  produce 
actual  severance ;  but  the  atomic  streams — from  the  very 
nature  of  this  cause — can  easily  produce  contact  in  fresh 
places,  and  so  a  gliding  of  molecules  over  each  other  is 
possible,  without  separation.  So  a  bar  of  malleable  iron 
gradually  lengthens  itself  under  a  tensile-stress.  On  the 
other  hand,  because  crystalline  structure  prevents  all  gliding 
of  the  molecules,  it  becomes  impossible  in  this  case  for  the 
atomic  streams  to  cause  contact  in  fresh  places.  The  attempt 
to  stretch  a  cast-iron  bar,  then,  means  separation  of  the  mole- 
cules. I  vein  not  pursue  these  considerations  more  at  length 
here  :  they  may  well  be  thought  out  into  greater  detail. 

It  may  just  be  remarked,  in  passing,  how  elastic  rings, 
fig.  2,  can  at  first  repel  each  other,  merely  on  account  of  their 
elasticity  of  form ;  and  how  in  fig.  3,  if  the  molecules  are 
made  to  approach  closer  by  force,  this  has  as  a  consequence 

♦  A  fact  observed  by  Prof.  Dewar  may  be  favourable  to  this  view. 
The  cohesion  of  metallic  wires  does  not  diminish  (but  rather  the  con- 
trary) by  a  cold  of  —180®  C.  that  of  liquid  oxygen.  Now  cooling  of 
the  metal  could  manifestly  have  no  influence  on  the  atomic  streams, 
which  are  independent. 
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that  the  pressure  of  the  atomic  streams  over  the  enlarged 
surface  of  contact  overcomes  the  elasticity  of  form^  and  the 

Fig.  2.  Hg.  3. 

00       GO 

molecules  cohere  (which  one  calls  '* attraction").  As  the 
converse  of  this,  when  the  molecules  are  by  a  tensile-stress 
pulled  nearly  apart :  then  their  elasticity  of  form  can  make 
the  molecules  suddenly  spring  apart  of  themselves,  as,  for 
instance,  "  unbreakable  *'  glass  flies  into  dust,  when  ihe  mole- 
cular equilibrium  is  upset  by  a  very  sharp  blow.  Also,  in 
general,  if  something  is  broken,  the  pieces  will  not  readily 
unite  of  themselves,  when  placed  in  contact  The  natural 
elasticity  of  shape  of  the  elastic  molecules  causes  an  initial 
repulsion.  By  suitable  assumption  regarding  thickness,  stiff- 
ness, &c.,  of  tnese  ring-like  molecular  forms,  the  difiPerences 
between  the  "  chemical  aflBnity ''  of  difiPerent  molecnles  might 
doubtless  be  accounted  for. 

Some  may  think  that  the  above  considerations  are  too 
simple  to  contain  truth.  Nevertheless  one  may  rightly  ask 
whether  it  is  not  precisely  simplicity  that  one  in  general 
seeks  in  mechanism  ?  Tne  elucidation  may  serve  as  an 
initial  explanation  of  certain  obscure  facts,  which  may  develop 
itself  further. 

Bespecting  the  elasticity  of  molecules  (or  atoms)  Lord 
Kelvin  makes  the  following  observation  : — 

"  We  are  forbidden  by  the  modem  physical  theory  of  the 
conservation  of  energy  to  assume  inelasticity,  or  anything 
short  of  perfect  elasticity,  in  the  ultimate  molecules"  (Phil. 
Mag.May  1873,  p.  329). 

The  conception  of  elastic  molecules  (also  illustrated  in  a 
striking  manner  by  spectroscopic  observations)  appears,  as 
said,  to  be  a  very  practical  conception  for  Physics,  which  is 
much  needed.  By  this  assumption  the  almost  inconceivable 
idea  of  the  sharp  blows  of  "infinitely  hard''  molecules  is 
avoided.  On  account  of  the  perfect  elasticity,  all  motions 
take  place  with  "  elegance "  and  smoothness,  which  permits 
a  mobile  equilibrium  in  nature,  and  (without  due  precautions) 
may  well  deceive  the  senses  into  the  idea  that  in  so-called 
"  space  "  all  is  in  repose. 

It  is  a  known  consequence  of  the  Newtonian  law  of  gra- 
vitation, that  the  increase  of  attraction  by  diminution  of 
distance  is  so  small  that  two  massive  bodies,  when  they  touch 
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each  other,  attract  each  other  so  much  the  less  the  smaller 
they  are  ;  which  one  at  once  sees  in  the  case  of  two  spheres  in 
contact,  and  can  also  demonstrate  for  bodies  of  other  shapes. 
If,  therefore,  one  attribates  a  massive  structure  to  molecules, 
then,  for  the  explanation  of  cohesion  and  chemical  affinity, 
forces  must  be  assumed  which,  by  diminution  of  distance, 
increase  quicker  in  intensity  than  according  to  the  Newtonian 
gravitation  law.  On  the  other  hand,  the  attraction  of  two 
cylinders  of  finite  length  and  infinitely  small  section  becomes 
infinitely  great  so  soon  as  they  touch  each  other.  It  is 
possible,  therefore,  on  the  basis  of  the  here  assumed  open 
structure  of  matter,  also  to  account  for  cohesion,  adhesion, 
and  chemical  affinity,  without  necessarily  having  recourse  to 
forces  which,  with  diminished  distance,  augment  quicker  in 
intensity  than  the  Newtonian  law  of  gravity  demands. 

The  Theory  of  Isenkrahe. 

Two  years  after  the  present  writer's  first  published  paper, 
appearea  the  gravitation  theory  of  Dr.  Isenkrahe*,  which 
attempts  an  explanation  of  gravity  based  on  the  kinetic  theory 
of  gases,  and  which  seems  in  Gtermany  to  have  become  very 
well  known.  The  author  of  this  theory  makes  no  mention  of 
my  theory,  and  it  doubtless  escaped  his  attention  at  that  time. 

The  gravitation  theory  of  I)r.  Isenkrahe  is  founded  on 
inelastic  collision,  which  obviously  involves  the  annihilation 
of  energy,  whereby  the  gas  producing  gravity  would,  after  a 
certain  (even  very  long)  epoch,  come  to  rest,  and  so  gravi- 
tation cease  to  exist. 

In  a  plausible  enough  way  (at  first  sight  at  least)  the 
author  despises  elasticity  as  a  qualUas  occidtay  which,  as  he 
thinks,  needs  an  explanation  just  as  much  as  gravity  itself. 
It  seems,  however,  to  have  been  overlooked  that  elasticity  (at 
the  encounters  of  molecules)  is  already  demonstrated  to  exist 
by  the  principle  of  the  conservation  of  energy,  and  of  the 
centre  of  mass.  The  explanation  of  elasticity  is  a  deeper  one 
than  the  explanation  of  gravitation  :  therefore  let  us  advance 
from  step  to  step  forward  in  the  elucidation,  without  pushing 
on  in  too  great  a  hurry. 

All  the  consequences  of  the  kinetic  theory  of  gases  are 
already  built  on  the  assumption  of  elasticity  :  the  application 
of  this  principle  to  the  smaller  particles  is  therefore  to  be 
viewed  as  a  perfectly  natural  and  logical  consequence.  In 
fact  the  gravitation  pressure   by  the  encounters  of  elastic 

•  Dm  Rdtksel  ton  der  Schwerkraft^  by  Dr.  C.  Isenkrahe.  (Vieweg  & 
Sobn,  Braunschweig,  1879.) 
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particles  is  explained  quite  as  completely  as  the  air*pressare 
is  explained  by  the  encounters  of  such  particles  (molecules). 
If  one  only  accepts  as  valid  the  two  principles  of  the  conser- 
vation of  energy  and  of  the  centre  of  mass,  then  one  must 
attribute  elasticity  as  well  to  the  aether  as  to  gas  molecules, 
without  being  troubled  about  the  further  explanation  of  its 
nature. 

Therefore  I  have  without  hesitation  regarded  molecules  of 
open  structure  as  elastic,  which  implies  that  by  the  impact  of 
such  molecules  no  energy  is  annihilated.  Dr.  Isenkrahe 
regards  the  molecules  of  bodies  as  absolutely  hard  solid 
spheres  which,  in  order  that  gravity  by  atomic  encounters 
(t.  e.  its  proportionality  to  mass)  may  be  explained,  must  be 
far  apart  from  each  other.  How  can  one  imagine  to  oneself 
a  structure  composed  of  perfectly  hard  molecules  situated  far 
apart  which  shall  have  only  tolerable  stiftness  and  stability  ? 
Such  a  body  made  up  of  widely  separated  spherical  molecules, 
if  no  other  forces  but  gravitv  acted,  could  at  the  most  behave 
like  a  gas,  but  never  as  a  solid  or  liquid  body. 

On  the  other  hand,  elastic  molecules  of  open  structure  may 
be  made  to  cohere  at  their  boundaries  by  the  pressure  of  the 
smaller  atoms,  which  at  the  same  time  easily  fly  through  the 
open  parts  of  the  structure.  Have  we  not  here  at  least  a 
groundwork  for  the  conceptions  upon  which  we  may  hope 
to  build  further  ? 

Dr.  Isenkrahe  gives  no  limits  for  the  value  of  the  mean 
length  of  path,  whereas  it  seems  to  me  to  be  a  very  important 
point  of  my  theory,  that  the  mean  length  of  path  must  be 
assumed  great  in  comparison  with  the  planetary  distances. 

Concerning  the  calculations  which  Dr.  Isenferahe  attaches 
to  his  theory,  Dr.  A.  M.  Bock,  who  made  the  theory  of 
Isenkrahe  the  basis  of  his  *  Inaugural  Dissertation'*,  expresses 
himself  as  follows : — 

"The  aim  and  the  purpose  of  the  atomic  aether  theory, 
namely  to  construct  universal  gravitation,  is,  as  mentioned  m 
the  introduction  to  the  Udthsel  von  der  Schwe^^kraft,  not  fully 
attained.  There  is  ifo  formula  deduced  from  which,  as  a 
starting-point,  one  could  follow  out  the  theory  further. 
One  sees  oneself  forced  therefore,  in  the  sense  of  the  theory, 
to  deduce  an  (if  only  in  some  measure  rigorous)  expression 
for  the  attraction"  (p.  18,  under  the  paragraph-title  Die 
Anziehung  zweier  Kdrper). 

On  the  developments  and  modifications  which  Dr.  Isen- 
krahe's  calculations  received  through  Dr.  Bock  I  allow  myself 

•  Wolf  &  Sohn,  Munich,  189L 
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no  opinion.  The  bases  of  them  are  nevertheless  quite  un- 
altered, and  therefore  open  to  the  same  objections  ;  namely, 
he  sets  himself  in  contradiction  with  the  principle  of  the 
conservation  of  energy,  which,  moreover.  Dr.  Bock  himself 
admits. 

Hamburg,  1894* 


AppBNDtK  (added  Jan.  1895). — ^AU  who  have  thought  on  the 
subject  know  that,  in  the  case  of  a  falling  body,  the  motion  gene- 
rated comes  from  the  SBther,  according  to  any  dynamical  explana- 
tion of  gravitation :  and  when  the  body  strikes  the  earth's  sur&u^e, 
shaking  its  molecules  into  vibration  by  the  concussion,  these 
("  heat  '*)  vibrations  develop  waves  in  the  »ther,  or  are  "  radiated  '* 
away.  So  we  have  a  cyclical  process  here,  where  motion  passes 
from  a  material  agent  and  back  again  to  that  agent,  in  a  circle. 

In  accordance  with  the  above  we  see,  then,  that  stars  or 
stellar  suns  do  not  ^^  pour  their  heat  unrequited  ioto  space,"  but 
return  their  stores  of  motion  to  the  source  whence  they  were 
obtained.  Eor  if  gravity  be  caused  by  a  material  agent,  and  if 
solar  energy  be  derived  from  gravity,  then  manifestly  solar  energy 
is  returning  only  to  its  original  source,  to  be  again  available  for 
generating  heat  (through  gravitation)  in  some  other  regions  of 
the  universe. 

Evidently,  if  chemical  action  be  caused  by  a  material  medium, then 
an  animal  or  a  steam-engine  lifting  a  weight  is  an  instance  (again) 
of  motion  coming  from  a  material  substance,  and  going  back  to  it 
in  a  circle  at  the  s^me  time.  A  locomotive,  as  we  know,  converts 
all  its  energy  into  heat  (which  is  radiated  into  the  sther)  as  it 
progresses  with  its  train :  so  clearly  we  have  the  cyclical  process 
of  exchange  of  motion  again  here :  the  same  being  true  of  work 
fcrived  from  falling  water  (cataracts)  or  from  winds.  If,  finally, 
one  pure  speculation  be  permitted,  we  might  suggest  that  over- 
grown stars  may,  towards  their  centres,  become  from  excessive 
compression  inadequately  penetrable  by  the  atoms  of  the  SBthereal 
gas,  and  so  the  overgrown  masses  be  broken  up  by  conversion 
of  the  ethereal  motion  into  heat.  Thus  cyclical  change  would 
apply  to  the  Universe  generally :  the  stellar  bodies  constituting  in 
sum  a  gigantic  grained  gas  inside  an  excessively  fine  atomic  one. 
For  the  1>entative  development  of  this  idea,  a  paper  in  the 
Philosophical  Magazine,  August  1879,  also  SUzungsherichU^  April 
1883,  Vienna,  may  be  mentioned.  So  it  appears  that  the  Universe 
may  at  present  (in  the  same  sense  as  a  gas  is)  be  in  equilibrium  of 
temperature. 
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XV.  Students'  Simple  Apparatus  for  Determining  the  Me^ 
chanical  Equivalent  of  Heat.  By  Prof.  W.  E.  Ayrton 
and  H.  0.  Haycraft*. 

I.  The  Object  to  be  Attained. 

SOME  time  ago  the  authors  considered  the  possibility  of 
constructing  an  apparatus  for  the  determination  of  the 
mechanical  equivalent  of  heat  which  could  be  plat5ed  in  the 
hands  of  junior  students,  and  which  would  enable  a  sufficiently 
accurate  result  to  be  obtained  without  the  introduction  of 
troublesome  corrections.  For  such  a  purpose  the  electrical 
method  was  naturally  adopted  ;  for  now  that  the  commercial 
values  of  the  electrical  units  are  known  with  considerable 
accuracy  in  the  C.G.S.  system,  it  is  possible  to  measure 
energy  in  foot-pounds  by  means  of  a  good  commercial 
ammeter  voltmeter  and  watch  with  greater  ease  and  certainty 
than  by  any  mechanical  dynamometer. 

Further,  it  has  become  easy  to  obtain  as  much  electric 
power  as  is  wanted  for  the  experiment  at  a  small  cost,  for  the 
price  of  half  a  horse-power  for  ten  minutes  is  only  one-third 
of  a  penny,  at  6d.  per  Board  of  Trade  Unit.  Hence  there  is 
not  the  practical  objection  to  the  electrical  method  that  was 
so  formidable  when  currents  of  20  or  30  amperes  could  only 
be  obtained  by  setting  up  a  large  battery  of  Grove  or  Bunsen 
cells.  Indeed  every  properly  organized  physical  laboratory 
is  now  provided  with  accumulators,  from  which  a  quarter  or 
half  a  horse-power  may  be  readily  obtained  for  use  in  such 
experiments  as  those  to  be  described  ;  or,  when  accumulatore 
are  not  available,  power  may  be  taken  from  the  mains  of  oqp 
of  the  numerous  electric-supply  companies. 

II.  Design  of  the  Apparatus, 

The  authors  therefore  set  themselves  to  design  an  apparatus 
which,  when  used  with  a  good  commercial  ammeter  voltmeter, 
thermometer,  and  watch,  would  give  the  value  of  the  me- 
chanical equivalent  of  heat  correct  to  one  per  cent,  without  any 
corrections  having  to  be  made  even  for  the  heat  lost  by  radia- 
tion, convection,  and  conduction,  and  without  any  special 
manipulative  skill  being  required  on  the  part  of  the  observer. 

Broadly,  the  experiment  consists  in  passing  a  known  cur- 
rent through  a  resistance  inmiersed  in  a  known  mass  of  water, 
and  measuring  the  rise  of  temperature  in  a  given  time,  and 

*  Communicated  by  the  Physical  Society :  read  November  23,  1894. 
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the  average  value  of  the  P.D.  between  the  terminals  of  the 
resistance. 

It  is  evident  that  if  the  loss  of  heat  during  the  experiment 
is  to  be  small  enough  to  be  neglected  in  comparison  with  the 
quantity  of  heat  generated,  either  the  rise  of  temperature 
must  be  small,  or  must  take  place  in  a  very  short  time,  or 
the  ratio  of  the  cooling  surface  to  the  mass  of  the  water 
heated  must  be  small.  As  it  is  impracticable  to  reduce  either 
the  rise  of  temperature  or  the  time  to  very  small  limits,  and 
also  to  measure  them  with  ease  and  accuracy,  it  is  clear  that 
the  result  is  best  obtained  by  using  a  large  quantity  of  water, 
for  the  ratio  of  the  surface  area  to  the  mass  can  then  be  made 
small  enough  to  bring  the  error  due  to  cooling  within  the 
required  limits.  But  a  large  quantity  of  water  necessarily 
involves  the  use  of  a  large  amount  of  electrical  energy;  and 
we  thus  arrive  at  the  result  that  the  accurac}'  attainable 
depends  upon  the  amount  of  poioer  at  our  disposal,  and  will 
be  greater  the  greater  the  electric  power  that  can  be  supplied. 

In  designing  such  an  apparatus,  then,  the  first  thing  to 
determine  is  the  amount  of  electric  power  that  can  be  used, 
and  the  details  should  then  be  arranged  so  as  to  get  the  least 
error  in  the  result.  In  those  cases  in  which  an  increased 
accuracy  in  one  measurement  involves  a  diminished  accuracy 
in  another,  it  is  best  to  make  the  errors  due  to  the  two  causes 
equal.  For  example,  suppose  that  the  time  during  which  the 
electric  energy  is  supplied  is  such  that  we  can  only  measure 
it  to  one  per  cent.,  while  the  error  due  to  cooling  during  the 
experiment  is  only  ^  per  cent.  We  can  clearly  increase  the 
accuracy  of  the  result  if  we  increase  the  time  until  the  pro- 
liable  error  in  reading  it  is  equal  to  the  error  due  to  cooling 
during  that  time,  say  |  per  cent.  If  we  were  still  further  to 
increase  the  time,  the  error  due  to  cooling  would  inci-ease 
and  exceed  f  per  cent.,  and  our  result  would  therefore  be  less 
accurate.  This  equality  of  course  does  not  apply  to  errors 
that  are  not  interdependent,  such  as  errors  in  reading  volts 
and  amperes :  each  of  these  errors  should  independently  be 
be  made  as  small  as  possible. 

The  measurements  to  be  made  are  as  follows  : — 

(a)  The  value  of  the  constant  current  passed  through  the 
resistance. 

(b)  The  average  value  of  the  P.D.  between  its  terminals. 

(c)  The  mass  of  water  heated,  to  which  must  be  added  the 
water-equivalent  of  the  containing  vessel^  resistance-coil,  and 
stirrer. 

{d)  The  rise  of  temperature  of  the  water. 
(e)  The  time  during  which  the  current  is  passed. 
Phil.  Mag.  S.  5.  Vol.  39.  No.  237.  Feb.  1895.  M 
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With  the  excellent  electrical  measnring-instraments  now 
obt<ainable  it  is  possible  to  measure  either  current  or  pressure 
with  an  accuracy  much  greater  than  one  per  cent.; ^indeed  the 
Board  of  Trade  undertake  to  measure  them  within  one  tenth  ' 
part  of  one  per  cent.*'  We  can  also  measure  the  mass  of  water 
with  considerable  accuracy  :  any  error,  even  a  large  one,  made 
in  determining  the  water-equivalent  of  the  other  bodies  raised 
in  temperature  becomes  of  small  consequence  when  the  water- 
equivalent  is  added  to  the  much  larger  and  accurately 
measured  mass.  The  measurements  (a),  (6),  and  (c),  there- 
fore, give  us  little  trouble  and  do  not  affect  the  design  of  the 
apparatus. 

The  case  of  (d)  and  (e)  is  different.  In  order  to  measure 
a  change  of  temperature  by  means  of  a  thermometer  with  the 
accuracy  required,  either  tne  change  must  be  fairly  large  or 
the  thermometer  must  be  very  sensitive  ;  but  as  it  is  of  little 
use  to  employ  an  exceedingly  sensitive  thermometer  to  mea- 
sure the  temperature  of  a  liquid  which  is  being  locally  and 
rapidly  heated,  even  if  the  stirring  is  very  efScient,  it  is 
necessary  to  use  a  fairly  large  rise  of  temperature.  Similarly, 
if  the  circuit  is  to  be  closed  and  broken  by  hand,  and  the 
interval  of  time  measured  by  an  ordinary  stop-watch  such  as 
would  be  found  in  a  junior  laboratory,  there  is  a  certain 
minimum  time  required  to  give  the  required  accuracy  of 
measurement.  Also  we  must  keep  the  ratio  of  heat  lost  to 
heat  generated  during  the  experiment  equal  to  the  probable 
error  in  the  time  or  temperature-measurement ;  for  as  these 
three  quantities  are  interdependent,  the  best  condition  is  to 
make  the  percentage  accuracy  of  the  temperature  measure- 
ment, the  percentage  accuracy  of  the  time  measurement,  and 
the  percentage  heat  lost  of  heat  generated,  equal. 

Let  W  be  the  maximum  number  of  watts  at  our  disposal ; 
M  the  mass  of  water,  including  water-equivalents  : 
'^*"  "        S  the  area  of  surface  of  the  containing  vessel ; 

e  the  average  emissivity  of  the  cooling  surface,  or  the 
ratio  of  heat  lost  in  calories  per  second  to  the  surface 
area,  for  1°  C.  excess  temperature  ; 
^  the  minimum  change  of  temperature  that  can  be 
measured  to  1  per  cent,  under  the  prescribed  con- 
ditions ; 
T  the  minimum  time,  in  seconds,  between  closing  and 
opening  the  switeh  that  can  be  measured  by  the 
stop-wateh  to  1  per  cent. ; 
S  the  rise  of  temperature  of  the  water  ; 
4  the  time  during  which  the  switeh  is  closed  ; 

^  See  Schedule  to  Final  Report  of  Electrical  Standards  Committee, 
1894. 
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and  let  -  per  cent,  be  the  maximnm  accuracy  of  result  obtain- 
able under  these  conditions. 
Since  0=^xSy 

and  «=.rT, 

1  ! 

and  the  ratio  of  heat  lost  to  heat  received  is 

we  have  «      ®         m 

or 


100  «' 


1^       2M 

lOOS.e.T* 


(1) 


.  We  also  know,  say  from  preliminary  experiments,  that  the 
heat  received  in  calories  is  about  0*24  tmie  the  energy  in 
watt-seconds. 

or 

Me«0-24WT (2) 

In  equations  (1)  and  (2)  M  and  x  are  the  only  unknown 
quantities,  for  S  is  a  function  of  M  depending  on  the  shape 
of  the  vessel  containing  the  water.  Thus  for  a  cylindrical 
vessel  of  height  equal  to  its  diameter, 

S=5-53M^ 

while  for  a  spherical  vessel, 

S=4-84M*. 

We  can  therefore  find  both  M  and  x  from  the  equations,  and 
since 

and  t=xT, 

0  and  t  are  also  determined. 

It  may  be  observed  here  that  as  S  varies  as  M^,  and  a^ 

varies  as  -h,  j;  is  proportional  to  the  6th  root  of  M  or  to  the 

6th  root  of  W.  Hence  if  the  number  of  watts  available  is 
doubled  the  accuracy  of  the  experiments  is  by  no  means 
doubled,  but  is  only  mcreased  by  about  |th. 

In  the  particular  case  for  which  the  apparatus  was  designed 
the  number  of  watts  available  was  about  300,  the  maximum 
current  being  30  amperes.     This  determined  the  resistance 
of  the  coil  or  strip  as  t  of  an  ohm. 
^      '         M2 
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The  average  emissivity  for  small  excess  temperatures  of  a 
glass  vessel  standing  on  a  felt  base  and  contaimng  water  was 
obtained  by  taking  cooling  curves,  the  mean  value  being 
0'000232  calorie  per  square  centimetre  of  area  per  1°  C.  excess 
temperature.  Tne  water  was  kept  at  a  uniform  temperature 
by  means  of  a  light  wooden  stirrer  during  these  experiments. 
B,  the  minimum  rise  of  temperature  that  can  be  measured 
to  one  per  cent.,  was  taken  as  2*5  degrees,  as  it  was  not  con- 
sidered advisable  to  rely  on  the  temperature  measurements  to 
more  than  ^  of  a  degree.  The  thermometer  used  is  read 
without  the  aid  of  a  telescope,  and  is  graduated  in  20ths  of  a 
degree. 

^  T,  the  minimum  time  that  can  be  read  to  one  per  cent.,  was 
taken  as- a  minute  and  a  half,  as  it  was  thought  that  an  error 
of  nearly  a  second  might  be  made  in  the  measurement  of  the 
time  between  closing  and  opening  the  switch,  and  stop- 
watches are  often  a  little  doubtful  as  to  their  zero. 
From  equation  (2)  we  have  at  once 

„     0-24x300x90 

^= 2^6 

s:  2592  cubic  centimetres. 
Substituting  in  equation  (I),  we  have 

«_J_       v^2592  1  J. 

100  ^    5-53     ^  -00023  ^  90' 
^=1-55; 

or  the  accuracy  of  measurement  is  0*64  of  one  per  cent.  The 
rise  of  temperature  adopted  should  therefore  be  3*87  degrees, 
the  time  being  2  minutes  20  seconds.  The  numbers  actually 
adopted  in  the  experiments  were  2000  cubic  centim.  of  water 
and  a  time  of  2  minutes  ;  the  smaller  quantity  of  water  being 
adopted  because  the  resistance  of  the  immersed  strip  when 
made  proved  to  be  rather  less  than  i  ohm,  the  watts  taken  at 
30  amperes  being  260  instead  of  300. 

To  ensure  success  in  an  experiment  of  this  kind  it  is  neces- 
sary that  the  water  be  as  uniformly  heated  as  possible,  and 
that  the  stirring  be  very  efRcient;  and  after  some  considera- 
tion the  authors  decided  that  the  best  of  all  plans  would  be  to 
use  a  movable  conductor  of  considerable  surface,  and  so 
shaped  that  it  might  itself  be  used  to  stir  the  liquid.  By  this 
means  an  exceedingly  uniform  rise  of  temperature  may  be 
produced,  every  particle  of  water  receiving  neat  direct  from 
the  strip  at  practically  the  same  rate.  The  following  is  a 
description  of  the  apparatus  as  constructed  bv  the  authors. 
I      A  strip  of  manganin  (chosen  on  account  of  its  low  tempera- 


Digitized  by 


Google 


Determining  the  Meclianical  Equivalent  of  Heat,       165 

ture-coefficient),  about  J  inch  wide,  0*03  inch  thick,  and  about 
5  feet  long,  was  bent  into  a  series  of  zigzags  (fig.  1)  so  as  to 

Fig.l. 


form  a  kind  of  circular  gridiron,  M  M,  in  which  the  successive 
portions  of  strip  lie  all  in  one  plane,  the  whole  being  held 
rigid  by  a  strip  of  vulcanized  fibre  F  crossing  the  gridiron 
and  to  which  each  portion  of  strip  was  screwed.  Another 
precisely  similar  griairon  was  placed  3  inches  below  the  first, 
and  they  were  held  together  by  three  thin  ebonite  pillars  E 
screwed  to  the  strips  of  vulcanized  fibre,  the  whole  forming 
the  top  and  bottom  of  a  sort  of  cylindrical  box,  5  inches  dia- 
meter and  3  inches  high.  The  two  grids  were  joined  in 
series,  and  the  ends  of  toe  strip  of  manganin  were  soldered 
to  two  copper  wires  C  C,  about  0'128  inch  thick  and  6  inches 
long,  which  were  insulated  from  one  another  by  vulcanized 
fibre  separators,  and  constituted  a  kind  of  handle  b^  means  of 
which  the  open  box  could  be  moved  up  and  down  m  the  con- 
taining vessel. 

The  whole  surface  exposed  to  the  water  received  a  thin  coat 
of  varnish  to  prevent  any  electrolysis  due  to  the  difference  of 
potential  between  the  different  parts  of  the  strip.  At  two 
points  in  the  same  vertical  line  the  zigzags  forming  the  two 
grids  are  bent  so  as  to  leave  a  space  for  the  passage  of  a 
thermometer  t,  the  bulb  of  which  is  midway  between  the 
grids  when  the  lower  one  is  resting  on  the  bottom  of  the 
vessel.  The  whole  heating  surface  exposed  to  the  wat^r  is 
about  60  square  inches^  or  400  square  centimetres.     The 
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vessel  used  to  hold  the  liquid  is  a  thin  glass  beaker  of  just 
sufficient  diameter  to  take  the  frameivork  of  manganin  strip. 
Electric  connexion  with  the  two  stiflF  wires  which  form 
the  handle  is  made  by  means  of  two  well-insulated  very 
flexible  leads  L  L,  each  composed  of  a  strand  of  about  21a 
copper  wires  *011  inch  diameter.  The  size  of  the  stout 
copper  wires  and  of  the  flexible  lead  was  chosen  with  the 
intention  that  there  should  neither  be  heat  received  nor  heat 
lost  on  account  of  these  connexions.  The  sectional  area  of 
the  insulated  flexible  lead  is  rather  greater  than  that  of  the 
stout  copper  wires,  and  the  ultimate  rise  of  temperature  of 
both  with  a  current  of  3<)  amperes  is  about  7^  C;  the  rise  of 
temperature  during  the  short  time  that  the  current  is  passed 
being  thus  about  equal  to  that  of  the  water,  and  automatically 

Ereventing  gain  or  loss  of  heat.  (,  The  number  of  watts  taken 
J  the  copper  wires  and  flexible  leads  at  30  amperes  is 
about  1*9.  ^ 

^  It  may  here  be  pointed  out  that  it  is  far  better,  from  the 
pbint  of  view  of  getting  a  good  mechanical  design,  to  use  a 
large  current  at  a  low  pressure  than  to  take  the  same  power 
from  a  small  current  at  a  considerable  pressure.  Thus  it  is 
easy  to  design  a  strong  stirrer  of  the  shape  described  above 
which  will  have  a  resistance  of  i  of  an  ohm,  carrying  30 
amperes  at  10  voltis  pressure;  but  it  would  be  by  no  means 
so  easy  to  make  an  equally  efficient  and  substantial  stirrer  of 
33*3  ohms  resistance  to  take  3  amperes  on\j  at  100  volts. 

{ It  was  thought  worth  while  to  ascertain  to  what  extent 
conduction  through  these  leads  influenced  the  rate  of  cooling 
of  the  vessel  when  no  current  was  passing,  and  cooling  curves 
were  therefore  taken  with  the  manganin  framework  in  the 
vessel  and  attached  to  the  leads.  The  average  rate  of  cooling 
was  found  to  be  0*000242  calorie  per  square  centimetre  area 
of  surface  per  1°  C.  excess  temperature;  which  is  only  about 
4  per  cent,  neater  than  in  the  previously  mentioned  experi- 
ments, in  which  a  light  wooden  stirrer  only  was  used,  the 
value  then  obtained  being  0-000232. 

III.   Use  of  the  Apparatus, 

In  the  following  table  are  given  the  results  of  several 
successive  experiments  made  with  the  auparatus  descril>ed 
above  by  Messrs.  Solomon  and  Orogan,  stuaents  at  the  Central 
Technical  College,  under  our  supervision.  The  amperes  and 
volts  are  expressed  in  the  international  units  adopted  at  the 
Chicago  Congress.  The  ammeter  and  voltmeter  used  were 
the  well-known  Weston-d'Arsonval  type  instruments.  The 
Citrrent  was  known  within  about  ^  of  one  per  cent.,  and  the 
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ayerage  potential-difference  within  abont  ^  of  one  per  cent., 
the  instruments  having  recently  been  tested  against  our 
standards  at  the  Central  Technical  College.  2000  cab.  centim. 
of  water  were  used  in  all  the  experiments,  and  were  measured 
with  a  graduated  glass  jar,  fresh  water  being  used  in  each 
experiment.  The  weight  of  the  glass  vessel  up  to  the  water- 
level  was  determined  as  184  grammes,  and  the  specific  beat 
being  about  0*2,  the  water-equivalent  is  37  grammes.  The 
weight  of  the  manganin  strip  is  1 14  grammes,  and  the  specific 
heat  being  about  0*09,  the  water-equivalent  is  10;  the  equiva- 
lent mass  of  water  used  being  therefore  2047  grammes. 


No.  of 

Time  in 

Temperature. 

Mean 

Calorieaper 

expt 

seooDds. 

Initial. 

FinaL 

Rise. 

yolte. 

watt-second. 

1      1... 

120 

18-40 

2202 

3-62 

30 

8-634 

0-2883 

2... 

180 

13-25 

18-70 

5-45 

30 

8-634 

02390 

3... 

180 

13-60 

19-00,   5-40 

30 

8*648 

0-2367 

4... 

120 

12-97 

16  531   3-56 

30 

8656 

0-2376 

1      5... 

120 

12-64 

16-26 

3-62 

80 

8-698 

0-2365 

«... 

120 

12-89 

1649 

360 

30 

8-662 

0-2364 

7... 

120 

1211 

16-72 

3-61 

30 

8-666 

0-2368 

8... 

120 

1210 

15-74 

364 

SO 

8-642 

0-2395 

9... 

120 

13-13 

16-75 

362 

30 

8-692 

0-2367 

Mean  0-2375 
Ayerage  deviation  from  the  mean =-001  =0-42  per  cent. 

With  this  apparatus,  then,  we  get  in  about  10  minutes, 
including  the  experiment  and  subsequent  calculation,  a  result 
for  the  heat-equivalent  of  the  watt-second  ;  and  these  results 
have  an  average  deviation  from  the  mean,  if  several  experi- 
ments are  made,  of  less  than  ^  of  one  per  cent.  This  result, 
as  we  have  seen  above,  should  not  difiPer  from  the  true  value 
by  as  much  as  one  per  cent.  It  may  here  be  pointed  out 
that  as  the  water  taken  from  the  ordinary  water-supply  is 
sure  to  be  at  least  two  or  three  degrees  below  the  atmospheric 
temperature  at  the  time,  it  is  exceedingly  easy  to  arrange 
that  its  mean  temperature  during  the  experiment  shall  be 
exactly  equal  to  the  temperature  of  the  air,  for  no  artificial 
method  of  cooling  is  required,  as  would  be  the  case  if  a 
greater  range  of  temperature  were  used.  This,  however,  was 
not  done  except  in  one  or  two  of  the  above  experiments,  and 
is  not  necessary  to  ensure  the  accuracy  that  was  required. 

The  mean  temperature  of  the  water  in  the  above  experi- 
ments was  15  degrees  Centigrade;  and  our  final  result  is  that 
at  that  temperature  0*2375  gramme  of  water  are  raised  1°  0, 
in  temperature  by  the  energy  of  one  watt-second. 
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Now  we  know  with  considerable  accuracy  the  equivalent 
in  ergs  of  one  watt-second,  which  certainly  does  not  difiFer 
from  10^  by  more  than  one  tenth  of  one  per  cent.^  that  is  to 
say,  the  international  volt  and  ampere  do  not  differ  from  10* 
and  10~*  C.G.S,  units  of  electromotive  force  and  current  by 
more  than  that  amount  (see  section  on  the  recent  history  of 
the  electrical  units).  Hence  the  result  we  have  obtained,  the 
error  in  which  is  less  than  one  per  cent.,  gives  us  at  once  a 
A'alue  for  the  mechanical  equivalent  of  heat  with  the  same 
accuracy. 

Since  we  find  the  equivalent  of  the  watt-second  in  gramme- 
degrees  at  15®  C.  to  be  0*2375,  we  have  at  once,  taking  10^ 
ergs  equal  to  one  watt-second,  the  mechanical  equivalent  of 
heat  in  ergs  per  gramme-degree  at  15®  C.  equals  4*211  x  10^. 

Reducing  this  to  foot-llw.  at  Greenwich  per  Ib.-degree  C. 
at  15®  0.^  it  becomes  1408,  or  in  foot-lbs.  per  Ib.-degree  F.  at 
59®  F.  it  is  788. 

A  series  of  four  experiments  made  subsequently  by  some 
students  at  the  C/cntral  Technical  College,  in  which  the  cool- 
ing error  was  eliminated  by  making  the  mean  temperature  of 
the  water  equal  to  that  of  the  air,  gave  as  their  mean  0*2384 
calorie  per  watt-second,  or  4*195  x  10^  ergs  per  gramme- 
degree  at  about  ®  C.  Beducing  this  value  to  foot-lbs.  at 
Greenwich  per  Ib.-degrees  C.  and  F.  respectively,  we  get 
1403  and  779  foot-lbs. 

IV,  Previous  Determinations  of  the  Meclianical  Equivalent 
of  Heat. 

It  is  of  interest  to  compare  these  figures  with  some  of  the 
more  recent  results  obtained  for  the  mechanical  equivalent. 
Rowland's  value  for  the  mechanical  equivalent  in  ergs  per 

Srramme-degree  at  15®  C.  is  4*  189  x  10  ,  which  reduced  to 
bot-lbs.  at  Greenwich  per  Ib.-degree  C.  is  1401,  and  in  foot- 
lbs,  per  Ib.-degree  F.  at  59®  F.  is  778*3.  Rowland  used  the 
method  of  direct  friction  of  water,  and  was  the  first  to  dis- 
cover that  the  specific  heat  of  water  was  a  minimum  at  30®  C. 
and  varied  one  per  cent,  between  5®  and  30®  C.  (Proc.  American 
Acad.  1879-80). 

Dieterici  (1889)  gives  as  the  result  of  a  determination  by 
the  electrical  method  in  which  Bunsen's  ice-calorimeter  was 
used,  the  number  4*244  X 10^  Correcting  from  the  "  legal  '* 
ohm  employed  by  him  to  the  international  unit,  we  get  the 
numbers  4-232  xlO^  1415,  and  786  {Annalen  der  Physikj 
vol.  xxxiii.  p.  417), 

Miculescu's  carefxil  determination  by  the  direqt  method  in 
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1892  gives  4*186  x  10^  on  the  mercury  scale  of  hard  glass,  or 
4-187  on  the  hydrogen  scale,  at  about  12®  C.  The  latter 
number  expressed  in  foot-lbs.  at  Greenwich  per  lb.  degree  C, 
is  1400,  and  in  foot-lbs.  per  lb.  degree  F.  is  778.  A  platinum 
non-thermal  junction  was  used  in  these  experiments,  and  was 
calibrated  against  a  (^onnelot  standard  mercury  thermometer. 

Griffiths,  using  the  electrical  method,  gives  as  his  final 
result  (Proceedings  Roval  Society,  vol.  iv.  p.  26),  4*198  X 10', 
the  corresponding  numWrs  in  the  other  units  being  1404  and 
780. 

The  recent  determination  of  Schuster  and  G(annon,  also  by 
the  electrical  method,  gives  4*180  X 10'  on  the  mercury  scale 
of  hard  French  glass,  or  4*192  on  the  hydrogen  scale,  at  a 
temperature  of  19°'l  C.  The  latter  value  expressed  in  foot- 
lbs,  at  Greenwich  gives  1402  and  779. 

Joule's  values  obtained  by  friction  of  water  in  1878  gave 
the  numbers  4-159x10',  13905,  and  772*5  respectively 
(mercury  scale) ;  while  his  values  obtained  by  the  electrical 
method  in  1867,  when  corrected  for  the  error  in  the  B.A.  ohm, 
give  4*155  X  10',  1389,  and  772,  the  average  temperature  of 
the  water  being  19®  C.  The  following  table  gives  die  result^* 
obtained  by  various  methods  since  1867,  the  numbers  having 
been  recalculated  from  those  given  in  a  table  at  the  end  of 
M.  Miculescu's  paper  {Ann.  de  Chimie,\o\.  xxvii.  p.  202)  : — 


1 

Eigsper 

Foot-lbs 

Date. 

ObMirer. 

Method. 

granune- 
£greeO. 

per  Ib.- 
degreeF. 

1867. 

Joule. 

Eleotrical. 

4i55xl(F 

772 

1870. 

VioUe. 

Heating  of  a  disk  between  the 

4  269x10' 

793 

1876. 

Pulig. 

poles  of  a  magnet 
Friction  of  metus. 

4179x10^ 

776 

187a 

Joole. 

Friction  of  water. 

* 

4159x10' 

772 

1878. 

Wi*er. 

Electrical 

4146x10' 

770 

1879. 

BowUnd. 

Friction  of  water  15^ 

-•)*• 

4189x10' 

778 

1888. 

Perot 

Bj  the  relation  L=sr(r,- 

4167x10' 

774 

1889. 

DieCericL 

ElectricaL 

4-232x10' 

786 

1891. 

I/AnouTal 

Heating  of  a  cylinder  in 
netio  field. 

amag- 

4161x10' 

773 

1892. 

Miculewsa. 

Friction  of  water. 

4186x10' 

778 

1893. 

Griffiths. 
Schuster 

Electrical 

4198x10' 

780 

189i. 

mnd 
Oannoii. 

Electrical 

4192x10' 

779 

The  results  obtained  since  1879  by  stirring  water  and  by 
electrical  methods  may  be  tabulated  thus  ; — 
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Rowland  (friction)  4-189  x  10^  or  778, 

Dieterici  (electrical)  4-232  x  10^  or  786, 

Miculescu  (friction)  4*186  x  10^  or  778, 

Griffiths  (electrical)  4-198  x  10^  or  780, 
Schuster") 

and      V  (electrical)  4-192  X 10^  or  779. 
Qannon. ) 

The  result  obtained  by  our  students  is  greater  dian  the 
mean  of  these  results  by  just  one  half  per  cent.  It  is  pro- 
bably not  generally  known  that  such  accuracy  can  be  obtained 
by  the  use  of  such  simple  apparatus  as  that  here  described, 
and  the  fact  is  we  think  sufficient  justification  for  bringing 
the  result  under  the  notice  of  the  Society. 

V.  Recent  History  of  the  Practical  Electrical  Units. 

A  short  account  of  the  recent  history  of  the  practical  elec- 
trical units  is  added  for  the  benefit  of  those  not  familiar  with 
the  work  of  the  Board  of  Trade  Standards  Committee. 

The  first  report  of  the  Electrical  Standards  Committee, 
appointed  by  toe  Board  of  Trade  at  the  end  of  1890,  was  pre- 
sented in  July  1891,  and  contained  the  following  recommen- 
dations among  others  : — 

"  4.  That  the  resistance  offered  to  an  unvarying  electric 
current  by  a  column  of  mercury  of  a  constant  cross  sectional 
area  of  one  square  millimetre  and  of  a  length  of  106*3  centi- 
metres, at  the  temperature  of  melting  ice,  may  be  adopted  as 
one  ohm." 

"  10.  That  an  unvarying  current,  which  when  passed  through 
a  solution  of  nitrate  of  silver  in  water,  in  accordance  with  the 
specification  attached  to  this  Report,  deposits  silver  at  the  rate 
of  0*001118  of  a  gramme  per  second,  may  be  taken  as  a 
current  of  one  ampere." 

At  the  British  Association  meeting  held  at  Edinburgh  in 
August  1892  the  B'.A.  Committee  on  Electrical. Standards,  in 
consultation  with  Dr.  von  Helmholtz,  M.  Guilleaume, 
Professor  Carhart,  and  others,  agreed  to  the  following  resolu- 
tions among  others : — 

"  2.  That  14*4521  grammes  of  mercury  in  the  form  of  a 
oolunin  of  uniform  cross  section  106*3  centimetres  in  length 
at  0°  C.  be  the  specified  column  of  mercury  adopted  as  the 
practical  unit  of  resistance." 

^'  That  the  number  *001 118  should  be  adopted  as  the  number 
of  grammes  of  silver  deposited  per  second  from  a  neutral 
solution  of  nitrate  of  silver  by  a  current  of  1  ampere,  and 
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the  value  1*434  as  the  electromotive  force  in  volts  of  a  Clark 
cell  at  15°  or 

These  decisions  agreed  with  those  which  bad  already  been 
laid  before  the  Gterman  Government  by  Dr.  Helmholtz  and 
the  Curatorium  of  the  Reichsanstalt.  It  was  considered  pre- 
ferable to  define  the  mercury  column  in  terms  of  length  and 
iiiass^  as  the  sectional  area  cannot  be  directly  measured  wdth 
'such  accuracy;  but  the  length  106*3  centimetres  was  adopted 
«o  that  the  sectional  area  might  be,  as  nearly  as  could  be 
known,  one  square  millimetre,  as  this  area  has  been  specified 
-in  all  previous  definitions. 

In  November  1892  a  supplementary  report  was  presented 
to  the  Board  of  Trade  by  its  Standards  Committee,  and  in- 
cluded the- following  resolutions  : — 

"  4.  That  the  resistance  ofiered  to  an  unvarying  electric 
current  by  a  column  of  mercury  at  the  temperature  of  melting 
ice  14*4521  grammes  in  mass  of  a  constant  cross  sectional 
area,  and  of  a  length  of  106*3  centimetres,  may  be  adopted  ns 
one  ohm." 

"10.  That  an  unvarj'ing  current  which,  when  passed  through 
a  solution  of  nitrate  of  silver  in  water,  in  accordance  with  the 
specification  attached  to  this  Report,  deposits  silver  at  the 
rate  of  0*001118  of  a  gramme  per  second,  may  be  taken  as  a 
current  of  one  ampere. 

"  14.  That  the  electrical  pressure  at  a  temperature  of  15° 
Centigrade  between  the. poles  or  electrodes  of  the  voltaic  cell 
known  as  Clark's  cell,  prepared  in  accordance  with  the  speci- 
fication attached  to  this  Report,  may  be  taken  as  not  differing  . 
from  a  pressure  of  1*434  volts  by  more  than  one  part  in  one 
thousand." 

At  the  International  Electrical  Congress  held  in  August 
1893  at  Chicago  these  values  were  adopted  by  the  delegates 
as  those  to  be  recommended  to  their  several  governments  as 
legal  units. 

The  Board  of  Trade  Committee,  after  having  had  laid  before 
them  the  reconmiendation  of  the  Electrical  Congress,  which 
was  substantially  that  contained  in  their  supplementary  report 
of  November  1892,  presented  their  final  report  advising  a 
legalization  of  the  standards  as  defined,  by  an  Order  of  Her 
Majesty  in  Council ;  and  on  August  23rd,  1894,  this  was 
effected,  and  the  practical  standards  we  may  hope  permanently 
settled. 

Of  the  three  units — ohm,  ampere,  and  volt — the  two  former 
are  defined  on  the  C.G.S.  system,  and  the  latter  as  a  secondaiy 
unit  from  the  relation  of  the  first  two.  The  numbers  given 
in  the  above^uoted  resolutions  as  to  the  ohm  and  the  ampere 
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are  the  values  which  appear  to  represent  most  accurately  the 
true  volt  and  the  true  ampere.  In  the  Report  of  the  d.A. 
Standards  (Committee  for  1892  is  given  a  table  showing  the 
results  of  nine  determinations  of  the  ohm  expressed  in  centi- 
metres of  mercury,  made  between  1882  and  1892;  the  mean 
of  these  results  being  106*31,  and  the  average  deviation  from 
this  mean  being  '015,  or  one  part  in  7000.  We  may  there- 
fore safely  say  that  the  ohm,  as  now  defined,  does  not  differ 
from  10*  C.O.S.  units  of  resistance  by  more  than  one  part  in 
two  or  three  thousand. 

As  regards  the  ampere,  we  have  the  very  careful  determi- 
nation 01  Lord  Bayleigh  and  Mrs.  Sidgwick  giving  '0011179 
Summe  of  silver  per  coulomb,  that  of  Kohlrausch  '0011188, 
ray  -001118,  and  Potier  and  Pellat  -0011192.  It  is  at 
least  probable  that  the  value  -001118  adonted  by  the  Board 
of  Trade  Committee  does  not  differ  from  that  corresponding 
to  the  absolute  C.G.S.  unit  divided  by  ten  by  more  than  one 
part  in  a  thousand. 

Hence  it  is  probable  that  the  number  of  ergs  equivalent  to 
one  watt-second  does  not  differ  from  10^  by  more  than  one 
part  in  a  thousand;  and  that  being  the  case  it  would  seem 
that,  considering  the  great  accuracy  with  which  electrical 
measurements  can  be  made,  the  electrical  method  of  deter- 
mining the  mechanical  equivalent  of  heat  should  be  the  most 
accurate. 


XVI.  A  Modification  of  the  BalUstio-Galvanometer  Metliod  of 
Determining  the  Electromagnetic  Capacity  of  a  Condenser. 
By  F.  Womack*. 

THE  method  consists  in  placing  the  condenser  in  parallel 
with  one  arm  S  of  a  Wheatstone-bridge  arrangement  of 
non-inductive  resistances.  A  balance  for  steady  currents 
having  been  obtained,  the  condenser 
is  placed  in  circuit,  and  the  throw  6 
determined  due  to  the  depression  of 
the  battery-key.  The  condenser  is 
then  thrown  out  of  circuit,  and  the 

roportionality  of  the  arms  of  the 

ridge  disturbed  by  changing  the 
value  of  S.  The  steady  denexion  a 
due  to  this  want  of  balance  is  read. 
From  these  two  readings  and  the 
known  values  of  S,  the  capacity  is 
inunediately  determined. 

t  CommvDicated  by  the  Phynoal  Society:  read  I^ov^mber  23, 1894 
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If  a,  y,  Zy  w  denote  the  integral  cyclic  currents  reckoned 
from  the  instiint  of  make, 

P(a?+y-uT)-f     Qx      +R{a?+y)=0 
-Gj?       +Q(y  -w)  +  S(y-e)  =0 
P(u;-a?-y)  +     Bu;       +  Q(u^-y)  =JE  .  dt 

^=CSt/.    J 

Sabstitating  for  z  in  the  second  equation  and  rearranging, 


j;= 


(P+G+R)«+(P  +  R)i^-  Vw       =0 

-G«        +(Q+S)y-  Qu7       =CS»y. 

-P«       -(P+Q)i/  +  {P  +  Q+B)tt.=J'E.d< 
Hence 

0  P+R  -P 

CS»y.      Q  +  S  -Q 

jE.df  -(P+Q)     P+Q  +  B   _CS»y, 


(i.) 

(ii.) 

(iii.) 


-(P  +  Q)     P+Q  +  B 
P  +  R         -P 


P+G+R  P+R  -P 
-G  Q+8  -Q 
-P  -(P+Q)  P+Q+ 


(PB  +  PR+QR  +  BR). 


To  find  the  steady  current  y^  ultimately  flowing  through 
B  we  have  the  same  equations,  except  that  the  right-hand 
side  of  (ii.)  is  zero,  and  ».,  y„,  ti,  instead  of  «,  y,  to. 
Hence 


y.= 


P+G  +  R 

0 

-P 

-G 

0 

-Q 

-P 

E 

P+Q+B 

=  f(PQ  +  GQ+RQ  +  PG). 


Therefore  the  integral  current  through  the  galvanometer  is 
•«=^^(PB+PR+QR+BR)(PQ+GQ+RQ+PG). 

When  the  balance  is  disturbed  by  S  becoming  S+<2S,  the 
cyclic  equations  for  steady  currents  are 

(P+G  +  R)i.+     (P  +  R)y.     -       Pw.  =0 

'   -Qa.       +(Q  +  SfrfS)y.-       Qw^  =0 

-P;b.       -    (P+Q)y.      +(P  +  Q+B)w.=Ej 


Digitized  by 


Google 


174  Eleetromoffnetic  Capadty  of  a  Condenser^ 

which  give 

0        P  +  R  -P        I 

0    Q+S+rfS        -Q 

E     -(P  +  Q)    P  +  Q  +  B  I  EP 

A  nearly 


aJ^  = 


A  nearly 


rfS, 


assuming  the  value  of  the  determinant  A  to  be  but  little 
affected  by  the  change  of  S. 
Therefore,  finally, 


— X  correction  for  damping 


_CS^   (PB4PR+QR  +  BR)(PQh-GQ  +  RQ+PG), 
~  A   '  P.rfS 

which  on  expansion  of  A  gives  -j^ ; 

^      T     28in^/2    rfS  ..      r     J        . 

.*.     ^^"^  •  ~~L n  '"OS  ^  correction  for  damprag.i 

^      '       ''.  '  '       ' 

In  the  practice  of  the  method,  in  order  to  avoid  error 

arising  from  the  altered  value  of  A  due  to  the  change  of  S, 

readings  of  the  deflexion,  a  inav  be  taken  with  equal  positive 

and  negative  values  of  dS.     Thus  an  error  which  otnei*wise 

might  be  as  great  as  1  in  100  is  reduced  to  1  in  10*. 

In  order  to  avoid  change  of  the 
E.M.F  of  the  battery  due  to  its 
being  for  any  appreciable  time  on 
open  circuit,  it  is  desirable  to  use 
a  reversing-key  in  the  battery 
branch,  and  to  observe  the  throw 
of  the  galvanometer  due  to  re- 
versal of  the  sign  of  the  current  in 
S  ;  and  immediately  after  observe 
the  deflexion  due  to  the  alteration 
ofS. 

The  method  is  necessarily  subject  to  the  same  disadvantages 
as  that  of  Fleeming  Jenkin,  in  respect  of  it  not  giving  the 
instantaneous  capacity  of  the  condenser.  But  measurements 
of  the  same  condenser  taken  with  different  galvanometers,  or 
with  a  graded  moment  of  inertia  of  the  galvanometer-needle, 
have  led  to  nearly  constant  results,  the  capacity  being  appa- 
rently but  little  dependent  on  the  period  of  charging  and 
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discharging  of  the  condenser.     The  eflTect  would  be  likely  to 
be  much  more  marked  if  the  capacity  were  much  greater. 

The  conditions  for  a  maximum  throw  of  the  galvanometer 
for  a  given  E.M.F.  are,  moreover,  not  the  same  as  those  for 
the  maximum  sensitiveness  to  steady  current.  There  is 
usually  no  difficulty,  however,  in  obtaining  sufficient  sensi- 
tiveness of  galvanometer  to  detect  want  of  proportionality  of 
the  arms  PQRS  of  the  bridge,  so  that  a  change  of  S  by  1 
in  200  will  thus  give  a  deflexion  of  convenient  magnitude. 
It  is,  however,  very  advantageous  to  have  a  galvanometer 
whose  period  of  oscillation  can  be  varied  at  pleasure,  so  as  to 
give  about  the  same  throw  as  steady  deflexion  for  the  chosen 
value  of  d&.  One  advantage  which  the  method  has  is  that 
there  is  no  necessity  to  know  the  galvanometer  or  battery 
resistance.  In  the  ordinary  ballistic-galvanometer  method  it 
is  very  doubtftil  if  the  resistance  of  the  galvanometer,  unless 
it  is  measured  at  the  time,  is  known  within  1  to  2  per  cent. 

Further,  the  two  essential  parts  of  the  determination  0  and 
a  may  be  made  in  quick  succession,  without  any  shifting  of 
contacts  or  connexions  and  with  the  battery-current  flowing 
continuously,  leaving  only  the  period  of  the  galvanometer 
and  its  damping  correction  to  be  afterwards  determined. 

The  method  may  be  of  service  in  the  simtdtaneous  deter- 
mination of  the  resistance  of,  and  joint  capacity  and  inductance 
of,  a  submarine  cable  or  telephone-  or  telegraph-line. 

XVII.  Electrical  Notes.    By  Arthur  Schuster,  F.R.S.* 
II.   On  the  Measurement  of  Resistance. 

A  NUMBER  of  physical  instruments,  like  the  bolometer 
and  platinum  tnermometer,  depend  on  an  accurate 
measurement  of  electric  resistance.  The  question  not  un- 
frequently  therefore  arises,  what  the  limit  of  accuracy  is  with 
which,  with  a  given  galvanometer  and  resistance,  the  measure- 
ment* can  be  made.  •     • 

Whatever  arrangement  we  adopt,  the  sensitiveness  is  always 
increased  by  an  increase  of  electromotive  force;  and  tne 
Umit  is  reached  either  when  we  have  put  into  action  all  the 
electromotive  force  at  our  disposal,  or  when  the  currents 
become  so  strong  that  there  is  danger  of  overheating  one  or 
other  of  the  resistances.  The  overheating  may  either  damage 
the  insulation  or  produce  disturbances  in  the  way  of  thermo- 
electric currents,  or  be  the  cause  of  other  irregularities.  For 
a  given  resistance,  we  may  generally  fix  on  some  current 

•  Oommunieated  by  the  Author. 
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which  is  the  greatest  that  can  with  safety  be  used.  In 
ordinary  laboratory  practice  our  battery-power  is  generally 
sofScient,  so  that  it  is  the  heating  of  the  condactors  whicn 
puts  the  limit  to  a  measurement  of  resistance ;  and  I  propose 
to  discuss  the  question  from  this  point  of  view.  It  may  be 
answered  in  .a  very  simple  manner.  Imagine  any  network 
of  conductors,  and  let  %  be  the  current  which  passes  through 
the  resistance  to  be  measured  (/)).  Consider  a  small  change 
of  resistance  hp.  This  change  will  alter  the  currents,  and, 
amongst  others,  that  passing  uirough  the  galvanometer  which 
forms  the  measuring  instrument.  The  change  in  the  currents 
is  the  same  as  if  an  electromotive  force  numerically  equal  to 
Up  was  introduced  into  the  branch  of  which©  forms  part. 
In  order  that  this  electromotive  force  should  afiect  the  galva- 
nometer, which  we  take  to  have  a  resistance  ^,  there  must  be 
some  one  mesh  of  the  network  of  conductors  which  contains 
both  p  and  g.  If  there  should  be  no  other  resistances  in  that 
mesh,  and  Mp  does  not  form  part  of  any  other  mesh,  the  current 
87  in  the  galvanometer  produced  by  the  change  of  resistance 
5p  will  be  given  by 

87=-%- (1) 

'     p+9  ^  ^ 

If  the  above  conditions  are  not  satisfied,  and  they  never  can 
be  completely,  the  current  through  the  galvanometer  will  be 
smaller  than  the  value  given.  It  will  be  shown  that  we  may 
make  such  experimental  arrangements  as  will  render  equa- 
tion (1)  approximately  correct ;  at  any  rate,  that  equation  will 
give  us  a  lower  limit  for  the  change  of  resistance  hp  which 
produces  an  appreciable  eflFect,  if  for  1  we  substitute  the 
maximum  current  which  can  pass  the  resistance.  If  this  is 
denoted  by  ««„  and  if  S7  stands  for  the  smallest  current  the 
galvanometer  can  detect,  we  obtain 

-^  =  ^ (2) 

This  represents  a  somewhat  important  proposition : — 
With  a  given  resistance  and  galvanometer ^  the  ratio  of  the 
smallest  change  of  resistance  which  can  he  detected  to  tliesum  of 
the  given  and  galvanometer  resistance  is  eqtial  to  the  ratio  of  the 
smallest  current  which  can  be  detected  by  the  galvanometer  to 
the  maximum  current  which  can  be  sent  through  the  resistances. 
If  we  have  a  choice  of  galvanometers  and  take  account  of 
the  fact  that  for  the  same  type  of  instrument  the  deflexion 
varies  as  the  square  root  of  the  resistance,  equation  (2)  shows 
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that  the  best  galvanometer-resistance  is  that  for  which  p=ff, 
and  in  that  case 

p  "    i« ^"^^ 

With  a  given  conductor  and  type  of  galvanometer ^  the  smallest 
c/uinge  per  unit-resistance  which  can  be  measured  is  given  by 
twice  the  ratio  of  the  smallest  current  which  can  be  detected  by 
means  of  a  galvanometer  having  the  same  resistance  as  the  one  to 
be  measured  to  the  greatest  current  which  can  be  sent  through  the 
galvanometer. 

For  the  smallest  current  which  can  be  observed  with  a 

f;alvanometer    of  given   type   we   may    write   Sy=a/{\^g). 
nserting  this  in  equation  (3)  and  observing  that  tne  equation 
holds  only  when  />=y,  we  obtain 

P^^^^P ^^^ 

or: — 

Tlie  highest  percentage  accuracy  with  which  a  given  resist^ 
ance  can  be  measured  is  directly  proportioned  to  the  square  root 
of  the  maximum  electric  work  which  can  be  done  on  it  without 
overheating. 

Sometimes  the  galvanometer-resistance  is  given  but  'p  may 
be  varied,  as  when  we  wish  to  design  a  bolometer  or  platinum 
thermometer.  Equation  (2)  shows  that  there  will  be  an 
advantage  in  taking  p  as  large  as  possible  provided  we  do 
not  thereby  reduce  die  value  of  i„,.  This  can  be  done  by 
increasing  the  length  of  the  conductor  without  diminishing  the 
cross  section. 

The  case  which  most  frequently  occurs  is  the  one  in  which 
we  have  a  certain,  but  not  unlimited,  choice  of  galvanometer. 
Each  laboratory  will  probably  be  provided  with  a  low  and  a 
high  resistance  galvanometer;  but  we  cannot  for  each  in- 
dividual measurement  construct  one  which  has  exactly  the 
right  resistance.  It  is  useful  to  realize,  therefore,  how  much 
we  lose  in  sensitiveness  bv  working  with  a  galvanometer 
which  has  not  exactly  the  n^ht  resistance. 

Substituting  again  a/(  Vg)  for  Sy,  the  smallest  observable 
change  of  resistance  hp  then  becomes 


'9 
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If  we  further  put  ^=np,  where  p  is  equal  to  the  best  galva- 
nometer- resistance, 

With  a  galvanometer  of  resistance  np  the  sensitiveness  is 

therefore i  times  that  of  the  obtainable  maximum.     And 

n+1 

the  reduction  is  the  same  whether  the  galvanometer-resistance 

is  np  or  />/n.     The   following  table   giving  the    values   of 


I     Tip 


n+1 


may  be  useful* 


f#. 

2V« 
n+1 

n. 

2V« 
»+l 

1 

1 

•943 
•866 
•800 
•745 
•700 
•661 
•629 
•600 
•675 

11 

•553 
•533 
•515 
•499 
•484 
•471 
•458 
•447 
•436 
•426 

2 

12 

i:::::::::::. 

13 

4 

14 

6 

15 

6 

16 

7 

17 

8 

18 

9 

19 

10 

20 

It  is  seen  that  if  the  galvanometer-resistance  is  five  times  too 
great  or  too  small,  the  sensitiveness  is  reduced  by  25  per  cent. 
Except  for  very  special  purposes,  such  a  reduction  is  not 
of  great  importance ;  but  I  think  sufficient  consideration  is 
not  paid,  in  ordinary  laboratorv  practice,  to  the  proper  choice 
of  galvanometer-resistance.  The  tendency  is  to  use  a  galva- 
nometer of  too  great  resistance,  probably  because  the  makers 
take  more  trouble  with  the  more  expensive  instruments,  and 
in  consequence  they  are  more  easily  adjusted  and  less  liable 
to  get  out  of  order.  With  the  same  instrument  it  is  con- 
venient to  be  able  to  vary  the  resistance ;  and  this  can  be 
done  by  using  the  pattern  of  a  differential  galvanometer,  and 
by  dividing  each  of  the  two  coils  again  into  two  parts.  The 
resistance  may  be  varied  in  that  case  in  the  ratio  of  1  to  16. 
If  we  had  the  command  of  three  galvanometers  each  having 
four  coils  respectively  of  '01,  4,  and  1000  ohms,  we  coulJ 
measure  resistances  varying  between  '0005  and  20,000  ohms, 
and  always  be  .within  25  per  cent,  of  the  greatest  obtainable 
sensitiveness  so  far  as  the  galvanometer  is  concerned.  If  we 
are  only  able  to  have  one  galvanometer,  we  can  obtain  a 
useful  combination  by   choosing  one  of  four  coils  of  about 
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10  ohms  resistance  each.  By  joining  thetn  in  multiple  ai*c  or 
series,  we  may  change  the  internal  resistance  from  2*5  to  40 
ohms,  and  conduct  measurements  of  resistances  lying  between 
half  an  ohm  and  200  ohms  with  considerable  accuracy. 

We  have  obtained  a  value  for  the  smallest  change  of  re- 
sistance which  it  is  possible  to  measure  with  any  arrangement, 
but  have  not  discussed  how  closely  we  may  approximate  to 
the  theoretical  value  by  any  of  the  known  methods.  The 
simplest  arrangement,  in  many  ways,  is  that  in  which  a 
differential  galvanometer  is  used,  as  in  fig.  1.  The  two 
nearly  equal  resistances  to  be  compared 
are  p  and  i/,  while  G  ard    &  denote  Fig.  1. 

the  two  coils  of  the  galvanometer.  If 
balance  is  obtained  with  a  current  /«» 
passing  through  the  resistances,  it  is 
required  to  determine  the  change  Bp 
which  will  produce  the  smallest  observ- 
able change  of  current  Sy  in  the  galva- 
nometer. Equation  (1)  will  be  applicable  if  the  internal 
resistance  of  the  battery  b  is  small  compared  to  p+g;  for 
in  that  case  a  small  change  of  resistance  Bp  will  not  disturb 
appreciably  the  current  in  G',  and  will  produce  the  maximum 
effect  in  its  own  branch. 

In  order  that  this  arrangement  shall  be  workable,  it  is 
necessary,  however,  that  the  maximum  current  i^  which  can 
pass  p  shall  also  be  able  to  pass  through  the  galvanometer 
without  overheating  it.  Calling  jm  the  greatest  current  which 
the  instrument  will  stand,  we  liave  as  a  necessary  condition  that 

As  a  second  case,  we  take  a  differential  galvanometer,  but 
place  it  in  parallel  circuit  with  the  resistance/?.  The  arrange- 
ment is  diagrammatically  represented  in  fig.  2. 

In  order  that  an  electromotive  force 

iBp  shall  produce  a  current  — ^ 


m 


pfg 

the  galvanometer-branch  G,  it  is  ne- 
cessary that  b  should  be  large  com- 
pared with  the  combined  resistance  of 
p  and  ff.     The  current  through  the 

galvanometer  will  be  ^;  and  hence 

with  this  arrangement  it  is  necessary 
that 

ym^Lp/ff. 


Kg.  2. 


E   -- 


N2 
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We  might  substitute  an  ordinary  galvanometer  for  the 
differential  one,  but  balance  the  current  by  an  independent 
battery,  as  we  frequently  do  in  the  comparison  of  electro- 
motive force.  The  arrangement  is  that 
shown  in  fig.  3.     A  small  change  8p  of  p  Fig.  3. 

will  show  itself  as  a  deflexion  of  the  gal- 
vanometer.    The  sensitiveness  is  the  same 
as   before,   with   the  exception  that  the  ^- 
resistance  q  of  the  auxiliary  battery  is  a 
disadvantage.    If  6  is  large,  we  now  have 

If  we  can  make  q  small,  we  come  back  to  the  original 
equation  ;  and  I  have  introduced  this  example  merely  to  show 
that  however  much  we  may  vary  the  form  of  the  experiment, 
we  always  come  back  to  the  same  limiting  value. 

The  method  most  usually  adopted  for  a  comparison  of 
resistances  is  the  Wheatstone- bridge,  which  is  generally 
assumed  without  further  discussion  to  be  the  most  delicate 
arrangement. 

It  seems  advisable,  therefore,  to  discuss  a  little  more  fully 
the  conditions  under  which  the  best  effects  can  be  obtained. 
If  p  is  the  resistance  to  be  measured,  we  see  at  once  that 
if  a  change   of  resistance  Sp  produce  a  p.    ^^ 

current  iBp/(p-\-ff)  in  the  galvanometer- 
branch,  the  resistance  e  must  be  small  and 
q  large  compared  to  p  and  g.  The  arrange- 
ment is  therefore  very  different  from  that 
we  are  usually  told  to  adopt.  To  determine 
the  effect  of  a  small  electromotive  force 
iiSp  in  the  branch  p,  let  i|,  ij,  ij,  i^,  7  be 
the  currents  in/?,  q,  r, «,  and  a  respectively ; 
then,  in  the  usual  way,  we  find  m  terms  of  the  current  in  />, 

y^       {pr-qs)ti 
ff{s  +  r)'\-8{q  +  r) 

When  the  resistance  p  after  being  balanced  is  changed  to 
Sp,  the  current  through  the  galvanometer  will  be 

8^=  ^>  -  ri,Sp  .5. 

9(s'¥r)  +  8{q  +  r)      (7(«  +  '-)  +  K />  +  «)*     '     ^     ^  ' 

In  order  that  Sy  should  be  as  great  as  possible,  e  must  be  as 

small  as  possible.    If  it  can  be  neglected  compared  withp,  we 

should  have 

ffis-^-r^  +  rp 
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If,  fririhery  q  is  large  compared  with  jo,  and  therefore  r  large 
compared  with  8,  we  obtain  the  fundamental  equation, 

If  all  resistances  are  equal,  which  is  often  supposed  to  be 
the  most  favourable  arrangement,  the  smallest  detectable 
change  of  resistance  Bp  is  given  by 

8p^4S7. 
P       *«.  ' 
that  is  to  say,  we  only  obtain  half  the  maximum  sensibility. 

In  the  general  case  the  best  galvanometer-resistance  is 
found  to  be 

^        {r+»)  ' 
and  by  introducing  this  value  into  equation  (4),  we  obtain 

Sp^2{p  +  s)^. 


Also 
Hence 


&y=     " 


\/ff       >/  r  y/p  +  s 


p  V    V         q/\        Pj 

This  equation  shows  what  we  lose  in  sensitiveness  by 
making  s  too  large  or  a  too  small.  If  Carey  Foster's  method 
is  adopted,  j9=g',  rad  tne  sensitiveness  is  necessarily  reduced 
in  the  ratio  of  ^2:1. 

The  results  here  obtained  are  valid  so  long  as  we  have 
sufficient  battery-power  at  our  command.  If  we  are  limited 
to  a  fixed  and  insufficient  electromotive  force,  the  conditions 
are  altogether  different,  and  in  that  case  the  problem  has 
been  fQUy  discussed  by  Mr.  0.  Heaviside  (Phil.  Mag.  1873, 
xlv.  p.  114). 

M.  Ch.  Eug.  Guye*,  in  a  valuable  paper,  has  discussed 
the  best  arrangement  of  a  Wheatstone-ondge  for  bolometer 
measurements,  out  he  only  considered  the  special  case  of  the 
equality  between  two  and  two  of  the  four  resistances.  His 
results  are  in  agreement  with  those  given  above. 

In  comparing  the  different  methods  of  measuring  resists 
ance,  we  see  that  there  is  really  no  theoretical  advantage  of 

^  Arekke$  de$  Sciences  phynques  et  naiurtOeBf  January  1892< 
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the  Wheatstone-bridge  over  any  other  balance  method.  We 
obtain  for  all  of  them,  on  the  contrary,  the  same  limiting 
value.  When  a  differential  galvanometer  is  used,  the  two 
opposing  currents  pass  through  the  coils  of  the  instrument. 
Wnenever  there  is  any  danger  of  disturbances  in  the  indica- 
tions of  the  needle  due  to  heating-effects  within  the  galvano- 
meter, the  Wheatstone-bridge  will  have  the  advantage.  I  do 
not  know  whether  there  are  any  actual  measurements  as  to 
the  strongest  currents  we  can  send  through  a  mirror-galvano- 
meter ;  but  it  seems  likely  that  when  the  resistances  to  be 
measured  are  such  that  weak  currents  only  can  be  used,  as 
with  a  platinum  thermometer  or  bolometer,  the  differential 
arrangement  will  possess  many  advantages. 

It  appears  that,  in  order  to  obtain  the  best  effects  from  a 
Wheatetone-bridffe,  the  resistance  to  be  measured  must  adjoin 
one  which  is  small  and  one  which  is  great  compared  to  itself; 
and  these  resistances  must  of  course  be  constructed  so  that 
they  are  not  overheated  when  the  maximum  current  passes 
through  the  resistance  which  is  to  be  measured.  This  we  may 
not  be  able  always  to  accomplish  easily,  and  in  practice  the 
sensibility  of  the  Wheatstone-bridge  may  have  to  be  reduced 
still  further.  I  tHink,  therefore,  that  for  measurements  of 
resistance  in  which  a  high  degree  of  accuracy  is  required, 
the  differential  galvanometer  deserves  more  attention  than  it 
has  so  far  received.  If  galvanometers  can  be  constructed 
so  that  convection-currents  due  to  heat-effects  in  the  cell 
containing  the  suspended  magnets  can  be  avoided,  it  is  very 
probable  that  the  differential  galvanometer  will  often  prove 
to  be  the  most  suitable  instrument. 

With  respect  to  the  maximum  current  which  we  may  be 
capable  of  sending  through  galvanometers  of  the  same  tvpe, 
it  is  to  be  noted  tnat  the  magnetic  field  at  the  centre  of  the 
coils  is  proportional  to  the  square  root  of  the  electric  work 
done  in  the  instrument.  When  the  heating-effect  has  reached 
the  maximum  allowable  limit,  the  magnetic  fields  in  different 
instruments  having  similar  coils,  but  wound  with  different 
wires,  will  be  the  same. 

The  proposition  embodied  in  equation  (4)  may  give  some 
useful  tints  in  the  construction  of  bolometers  or  platinum 
thermometers.  Thus  we  may  ask  the  question  whether  for 
certain  purposes  some  other  metal  may  with  advantage  be 
substituted  for  platinum. 

The  rise  in  temperature  of  a  conductor  St  is  connected  with 
the  electric  work  (W)  by  the  equation 

M*8<=W, 
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where  s  is  the  heat-capacity  in  electric  units  (water  =4'49). 
For  a  certain  allowable  gain  in  temperature  per  unit  time 
and  a  given  mass,  that  material  is  the  best  which  has  the 
greatest  specific  heat.  A  metal  of  low  atomic  weight  would 
flierefore  nave  the  preference.  If  the  volume  of  the  sub- 
stance be  taken  as  fixed,  we  must  make  the  product  of 
density  and  specific  heat  as  great  as  possible.  This  product 
is  highest  for  iron  and  steel  ('90),  then  follows  copper  ('80), 
platinum  ('72),  and  gold  ('62).  There  would  be  an  appre- 
ciable advantage  in  substituting  a  steel  wire  for  a  platinum 
one,  if  small  di&rences  of  temperature  are  to  be  detected  by  a 
change  of  resistance,  especially  as  the  temperature-coefficient 
of  electric  conductivity  is  considerably  higher  than  that  of  the 
other  metals.  There  are,  however,  obvious  disadvantages 
connected  with  the  use  of  steel  which  in  most  cases  would 
counterbalance  its  greater  sensibility. 


XVII I.  Ronavne's  Cubes. 
By  Professor  H.  Hennbssy,  F.R.S.* 

A  FEW  years  since  I  was  presented  by  Mr.  S.  Yeates 
with  a  pair  of  eaual  cubes,  one  of  which  could  pass 
obliquely  through  the  otner.  These  objects  had  been  for  a 
long  time  in  his  father's  possession,  but  there  was  no  record 
as  to  where  or  by  whom  they  were  made.  At  first  I  paid 
little  attention  to  the  cubes,  as  I  looked  upon  them  merely 
as  mathematical  curiosities.  Not  long  since,  on  perusing 
Gibson's  *  History  of  Cork,'  I  came  on  a  passage  extracted 
from  Smith's  '  History  of  Cork,'  published  in  1750,  in  which 
a  pair  of  interpenetrating  cubes  is  distinctly  referred  to  as 
the  invention  of  Mr.  Phillip  Honayne,  of  the  Great  Island 
near  Cove  (now  Queenstown).  The  cubes  were  said  to  be 
constructed  after  Mr.  Ronayne's  design  by  Mr.  Daniel  Voster, 
who  was  at  this  time  teacher  of  mathematics  in  Cork,  and 
editor  of  the  well-known  book  on  Arithmetic,  compiled  during 
the  early  part  of  the  last  century  by  his  father,  Elias  Vosterf. 

•  Communicated  by  the  Author. 

t  Passage  in  Smith's  *  History  of  Cork ' : — 

"  Not  far  from  the  castle  of  Belvelly  is  Ronayne's  Grove  formerly 
called  Hodnets  Wood ;  [now  Marino]  a  good  house  and  handsome  im- 
provements of  Philip  Bonayne,  Esquire.  From  the  gardens  one  has  a 
charming  view  of  the  river  and  shipping  up  to  Cork,  as  also  the  town  of 
Passage  on  die  opposite  shore.  This  gentleman  has  distinguished  himself 
by  several  essays  in  the  most  subhme  parts  of  mathematics;  among 
others  by  a  treatise  on  Algebra,  which  has  nassed  through  several  editions, 
and  is  much  read  and  esteemed  by  all  tne  philomatins  of  the  present 
time.    He  has  invented  a  cube  which  is  penorated  in  such  a  manner 
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•  I  was  led  by  this  passage  in  Smith's  ^  History '  to  more 
closely  examine  the  cubes,  together  with  the  box  in  which 
they  are  contained.  The  box  is  mahogany,  and  it  is  fastened 
by  hasps  of  an  old-fashioned  pattern  ;  it  is  itself  manifestly 
in  an  old  style  of  work.  One  of  the  cubes  is  made  of  hard 
wood,  the  other  consists  of  a  brass  shell  or  frame,  in  which 
two  pieces  of  hard  wood  fill  up  the  vacant  space  so  as  to  con- 
stitute a  complete  cube.  The  brass  work  was  not  a  casting, 
but  the  result  of  combining  pieces  of  hammered  or  sheet-brass 
suitably  cut  out  which  were  welded  or  soldered  together,  and 
the  whole  was  manifestly  finished  by  the  use  of  file  and 
hammer.  The  only  mark  on  the  brass  is  the  number  1, 
placed  on  a  part  of  the  shell  as  a  guide  for  inserting  one  of 
the  supplementary  wooden  pieces,  xhis  figure  is  undoubtedly 
in  the  old  style,  and  Mr.  Yeates  is  distinctly  of  opinion  that 
the  brass  work  is  old-fashioned,  as  he  satisfied  himself,  by 
comparing  it  with  old  brass  instruments,  that  it  could  be  very 
well  assigned  a  date  in  the  early  part  of  the  eighteenth 
century.  It  was  most  probably  the  work  of  an  amateur,  or 
done  under  the  direction  of  a  mathematician  for  a  special 
object ;  for  if  it  had  been  made  by  an  instrument-maker  for 
the  purpose  of  sale  a  number  of  similar  brass  cubical  shells 
could  more  easily  have  been  made  by  casting. 

I  have  never  seen  any  demonstration  of  the  structure  of  the 
cubical  shell,  but  it  soon  appeared  manifest  that  it  is  based  on 
the  properties  of  a  square.  Lay  ofi*  on  the  diagonal  of  one  of  the 
faces  of  the  cube  from  its  middle  point  two  parts,  each  equal 
to  half  the  side  of  the  cube.  Draw  lines  at  the  extremities  of 
these  perpendicular  to  the  diagonal,  and  two  isosceles  right- 
angled  triangles  will  be  formed  which  constitute  the  bases  of 
two  equal  triangular  prisms,  between  which  a  cube  equal  to 
that  from  which  the  prisms  were  cut  can  slide.  If  the  cube 
slides  parallel  to  the  faces  of  the  original  cube  the  prisms 
will  be  totally  unconnected,  and  the  whole  problem  turns 
upon  their  material  connexion  while  allowing  the  sliding  cube 
to  pass  between  them. 

The  annexed  figures  show  the  cubes  separately,  and  also 

that  a  second  cube  of  the  same  dimensions  may  be  passed  through  the 
same,  the  possibility  of  which  he  has  demonstrated,  both  geometrically 
and  algebraically,  and  which  has  been  actually  put  in  practice  by  the 
ingenious  Mr.  Daniel  Voster  of  Cork,  with  whom  I  saw  two  such  cubes." 
(Smith's '  History  of  Cork/  1st  edition,  1760,  vol.  i.  p.  172.)  This  passage 
is  ouoted  by  Gibson,  who  says  that  Daniel  Voster  was  probably  father 
to  Elias,  the  author  of  the  Arithmetic.  But  this  is  not  correct — Dani^ 
was  the  son  of  Elias,  aa  I  find  from  the  eighth  edition  published  in  1766 
that  Daniel  was  editor  of  the  book  to  whicn  the  name  of  Elias  is  prefizedl 
fui  the  fmthor. 
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the  penetration  of  the  second  cube  through  the  brass  which 
forms  the  frame  of  the  first. 


The  prisms  must  be  connected  at  top  and  bottom  by  two 
similar  and  equal  flanges,  the  edges  of  which  must  lie  between 
the  diagonal  of  the  cube  and  the  extreme  corner  of  the  flange. 
If  too  far  from  the  diagoiial^  connexion  with  the  prisms  would 
cease  ;  if  too  close  to  the  diagonal,  the  second  cube  could  not 
pass  between  the  flanges. 

The  geometrical  conception  of  a  cube  and  the  material 
solid  representing  such  a  conception  to  the  sight  and  touch 
are  difierent  things.  It  is  easy  to  conceive  how  one  geome- 
trical cube  can  pass  through  another  of  equal  dimension  by  a 
square  opening  whose  diagonals  are  perpendicular  to  the 
sides  of  the  first  cube.  The  triangular  prisms  left  by  this 
opening  would  be  equal ;  but  they  would  touch  by  mere 
lines,  and  could  not  be  represented  by  a  continuous  solid 
material  substance.  They  would  necessarily  be  distinct  and 
separate. 

If  the  second  cube  were  passed  through  the  first  parallel  to 
the  diagonal  of  the  square  on  one  of  its  faces,  two  triangular 
prisms  would  be  cut  off  each  distant  from  the  other  by  the 
side  of  the  cube.    The  sides  of  the  base  of  each  prism  p  would 

be  manifestly  ;?= a  (l—  -^J,  and  the  long  sides  a(v/2-l). 

But  these  prisms  would  again  be  unconnected.    They  could 
be  connected  by  triangular  flanges  having  knife-edges,  and 
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equally  inclined  planes  terminating  at  the  comers  of  the 
cube.  These  knife-edges  must  manifestly  be  equal  to  the  side 
of  the  cube ;  and  as  the  sliding  cube  on  each  flange  has  its 
side  perpendicular  to  the  flange,  the  two  flanges  must  have 
their  edges  a  little  distant  from  the  diagonal  to  which  each  is 
parallel.  The  interval  secures  junctions  of  the  flange  with 
the  two  prisms.  The  thickness  t  of  flange  downwards  must 
be  also  secured  in  order  that  the  flange  holds  its  place.  The 
inclination  of  the  face  of  the  flange  will  depend  upon  these 
two  quantities. 

The  relations  between  a  the  distance  of  the  knife-edge 
from  the  comer  of  the  cube,  t  the  thickness  of  the  flange  at 
the  points  of  junction  with  the  prisms,  and  0  the  angle  of 
inclination  of  the  inner  face  of  tne  flange  to  the  face  of  the 
cube  can  be  easily  found.  As  the  sliding  cube  must  have  one 
of  its  sides  always  perpendicular  to  the  face  of  the  flange,  the 
following  equation  must  subsist : — 


a=  (a-0  cos  ^+  [p^2-  (^— ia)]  sin^. 

ess  of  the  flange  pa 
represented  by 

/=(^— ^a)  tan^. 


As  the  least  thickness  of  the  flange  parallel  to  the  long  side 
of  the  prism  may  be  represented  by 


the  above  becomes 

{a-2t)coB0+p^^2Bin0=^ay     .     .     .     .    (1) 
or 

a=acos^+[;?>/2-2(^-ia;]sin^, 

a— acos^=a(V2-2.i?)sin^,       ...     (2) 
remembering  thai  p— a  ( 1—  -7=)« 

From  (2)  the  relation  between  x  and  0  gives  for  0, 
,^^fi^     2a(a^2--2.r) 

From  (1)  the  value  of  0  which  makes  t  a  maximum  can  be 
found  by  the  usual  methods, 

2<=a(V'2-l)ian^-a(8ec^-l), 
2^_rt(^2  — 1)  _as\n0 
d0         co?'^  cos«^' 

m     acos»g-2(V'2-l)cosgsing-2asin^gcosg 
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When^=0,  8in^=i/2-l,  this,  substituted  in  the  value 

for  ^,   shows   that   the   latter   must  be   negative ;   hence 

6in^=  V'f— 1  gives  for  t  a  maximum,  or  ^=24°  28'  would 
give  the  greatest  thickness  for  t.  Between  this  and  zero  the 
thickness  would  give  a  smaller  inclination  and  also  a  different 
value  for  a.     In  the  model  a  has  been  chosen  between  the 

two  extreme  values  -— ^  and  |,  or  ^=  ^  (^/2  +  l)• 
This  value  of  a  would  allow  greater  values  of  t  and  6  than 
in  the  model,  but  they  have  been  both  determined  by  making 
the  greatest  thickness  of  the  flange  at  its  extreme  end  equal 

to  -^-7=.    This  gives 

2^2  tan  5=^-= 

2ar>/2 

with  the  assumed  value  of  a, 

tan^=  —p= — • 
^2  +  1 
Hence  ^=9°  45' nearly. 
The  value  of  a  numerically  is  a .  '60355  nearly. 

^  '         4(^2  +  1)        4  (1+ V'^) 

8x 

The  side  of  the  ciibe  is  very  nearly  1*92  inch,  and  the  above 
results  agree  with  the  measured  values  of  a,  p,  6,  and  very 
nearly  with  that  of  ^ 

It  thus  follows  that  a  material  solid  cube  can  be  so  con- 
structed as  to  allow  of  a  cube  of  the  same  dimensions  passing 
through  it  by  an  aperture  cut  in  the  former  without  separa- 
ting tne  remaining  portions.  As  crystals  are  known  to  be 
{)enetrated  by  others  of  similar  shape,  this  problem  may 
possibly  illustrate  questions  connected  with  the  study  of 
isomorphous  groups  of  the  cubical  type  which  are  frequently 
known  to  present  the  appearance  of  interpenet ration. 
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XIX.  On  the  Liquefaction  of  Gases. 
By  Prof.  Dr.  Charles  Olszewski*. 

MY  researches  concerning  the  liquefaction  of  gases,  with 
which  I  have  been  occupied  ever  since  the  year  1883, 
have  been  published  in  various  scientific  periodicals  in  the 
Polish,  French,  and  German  languages,  viz.,  in  the  publica- 
tions of  the  Academy  of  Sciences  of  Cracow  (in  Polish),  in 
the  Bulletin  International  of  the  same  Academy  (in  French 
and  German),  in  the  Annals  of  the  Academy  of  Sciences  of 
Vienna,  and  in  Wiedemann's  Annalen  der  Physik  und 
Chemie  and  in  his  Beibldttevy  as  well  as  in  the  Comptes 
Rendus,  Though  I  suppose  that  my  labours  are  sufficiently 
known  to  the  scientific  world,  yet  there  are  motives  which 
lead  me  to  ask  the  Editors  of  the  Philosophical  Magazine  to 
insert  the  following  summary  of  the  more  important  results 
of  my  experiments. 

Firstly,  because  my  researches  appeared  irregularly  in 
different  scientific  papers,  as  they  proceeded ;  such  as  wished 
to  become  acquainted  with  them  being  obliged  to  look  them 
up  in  all  the  papers  I  have  mentioned.  Secondly,  because  of 
the  experiments  and  public  lectures  of  Prof.  James  Dewar, 
concerning  the  liquefaction  of  large  quantities  of  oxygen  and 
air.  In  several  cases  Prof.  Dewar  merely  repeated  my  ex- 
periments :  for  instance,  as  regards  the  absorption  spectrum 
and  the  colour  of  liquefied  oxygen.  In  these  cases  he  con- 
firmed the  observations  I  have  made,  and  mentioned  the 
results  of  my  work  in  the  manner  usually  received  in  the 
scientific  world.  But  in  his  last  experiments  and  lectures 
respecting  the  liquefaction  of  considerable  quantities  of  oxygen 
and  air  and  their  employment  us  cooling  agents.  Prof.  Dewar 
has  thought  fit  not  to  make  any  mention  of  my  labours  in  the 
same  field,  which  had  been  published  several  years  before 
Prof.  Dewar  went  over  them  again.  In  the  number  for  June 
1890  of  the  Bulletin  International  de  VAcadimie  de  Cracovie^ 
I  have  described  an  apparatus  serving  to  liquefy  a  greater 
quantity  of  oxygen  or  air  in  a  steel  cylinder,  from  which  it 
c{)n  be  poured  out  into  an  open  glass  vessel,  and  used  as  a 
frigorific  agent.  It  is  entitled  "  K.  Olszewski.  Transvase- 
ment  de  Poxygfene  liquide  ; "  and  a  brief  report  on  the  subject 
is  contained  in  the  Beibldtter  of  Wiedemann,  vol.  xv.  p.  29, 
under  the  title  "  K.  Olszewski.  Ueber  das  Giessen  des  fliissigen 
Sauerstoffs.'^    That  my  labours  should  have  thus  been  passed 

^  Communicated  by  the  Author, 
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over  in  silence  is  nil  the  more  astonishing,  because  as  soon  as 
the  above-mentioned  Bulletin  was  printed  I  sent  a  proof  of  it 
to  Prof.  Dewar ;  I  also  forwardea  him  proofs  of  my  other 
researches,  knowing  that  they  interest  him. 

The  apparatus  I  constructed  and  described  works  very  well 
and  can  be  nsed  withoat  danger,  so  that  in  October  of  the 
same  year  (1890)  I  was  enabled  to  obtain  100  cub.  centim.  of 
liquid  oxygen  in  the  presence  of  an  audience  consisting  of 
over  100  students.  In  the  following  year,  during  the  Congress 
of  Polish  uaturalists  and  phvsicians  in  Cracow  (July  1891)  I 
obtained  200  cub.  centim.  of  liquid  oxygen  in  the  presence  of 
a  good  many  physicists,  and  snowed  its  peculiar  properties  ; 
as,  e.  g.y  its  bluish  colour  and  its  absorption  spectrum.  Subse- 
quently, without  having  altered  my  apparatus  in  any  way,  I 
?;ot  about  200  cub.  centim.  of  liquid  air  and  used  it  as  a 
rigorific  agent  in  order  to  liquefy  nydrogen.  The  construc- 
tion of  my  apparatus  is  very  simple,  and  it  can  easily  be 
enlarged  by  using  a  steel  cylinder  of  the  capacity  of  300, 400, 
500,  or  more  cubic  centimetres.  The  only  reason  that  I  have 
never  hitherto  employed  a  steel  cylinder  of  greater  capacity 
than  200  cub.  centim.,  is  the  circumstance  that  the  quantity 
of  oxygen  or  air  which  can  be  liquefied  in  this  cylinder  was 
quite  sufficient  for  my  experiments. 

After  these  remarks,  1  shall  now  give  a  summary  of  the 
more  important  results  of  m}-  former  labours  concerning  the 
liquefaction  and  solidification  of  gases,  and  then  describe 
the  apparatus  I  constructed,  whicn  serves  to  obtain  great 
quantities  of  liquefied  oxygen  and  air  ;  also  stating  my  experi- 
ments made  in  order  to  liquefy  hydrogen,  by  using  large 
quantities  of  liquid  oxygen  or  liquid  air  as  frigorific  agents. 


Summary  of  the  Results  of  my  former  Experiments. 

In  1883,  and  for  several  years  following,  I  liquefied  the 
gases  in  a  strong  glass  tube,  about  30  centim.  in  length,  14-18 
millim.  in  diameter  within,  with  walls  from  3  to  4  millim. 
thick.  Oxygen,  nitrogen,  atmospheric  air,  carbon  monoxide, 
nitric  oxide,  and  methane,  submitted  to  the  influence  of  cold 
in  the  tube  by  means  of  liquid  ethylene,  boiling  in  vacuo  at  a 
temperature  of  —  150°C.,  were  easily  liquefied  under  a  pres- 
sure not  beyond  50  atm.  As  my  experiments  proceeded,  I 
published  their  results  in  the  periodicals  I  have  mentioned  ; 
and  a  detailed  description  oi  the  apparatus  I  nsed  in  my 
experiments  is  contained  in  Wiedemann's  Annalen  der  Physik 
und  Chemie,  1887,  vol.  xxxi.  p.  58,  under  the  title  '•  K.  Ols- 
zewski.   Ueber  die  Dichte  des  fliissigen  Methans  sowie  des 
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yerfliissigten  Sauersioffs  nnd  Stickstoffs/'  In  this  Upparatas 
I  liquefied  all  the  gases  spoken  of,  in  quantities  varying  from 
a  few  to  a  good  many  cubic  centimetres  of  liquid,  and 
determined  their  critical  temperatures  and  pressures,  as  well 
as  their  boiling-points  under  atmospheric  pressure.  I  suc- 
ceeded in  solidifying  four  of  these  gases,  viz.,  nitrogen  (6), 
carbon  monoxide  (6),  nitric  oxide  (7),  and  marsh-gas  (7),  by 
lowering  the  pressure  to  several  millimetres  of  mercury,  and 
determined  their  freezing-points  and  the  corresponding  pres- 
sures of  solidification,  i  also  showed  that  liquid  oxygen  and 
air  boiling  m  vacuo  at  a  pressure  of  4  millimetres  of  mercury 
do  not  freeze  though  their  temperatures  are  lowered  to  below 

—  211°  and  —220°  C.  By  diminishing  the  pressure  of  solid 
nitrogen  to  4  millimetres  of  mercury,  I  obtained  a  temperature 
reaching  —  225°  C,  the  lowest  that  has  ever  been  obtained  and 
measured  (6). 

With  the  same  apparatus  1  also  made  a  series  of  experi- 
ments with  reference  to  the  liquefaction  of  hydrogen,  sub- 
mitting it  to  a  pressure  reaching  160  atm.,  and  at  the  same 
time  cooling  it  down  to  —211°  and  even  —220°  C,  by  means 
of  liquid  ethylene  and  liquid  air  boiling  in  vacuo  (2) .  I  also 
showed  that  the  critical  temperature  of  hydrogen  is  below 

—  220°  C.  In  the  same  apparatus  which  served  for  the  lique- 
faction of  hydrogen  I  liquefied  a  mixture  of  two  volumes 
hydrogen  and  one  volume  oxygen,  and  thus  obtained  a  liquid 
which  was  in  thin  layers  colourless  and  transparent  (8).  I  • 
likewise  determined  the  specific  gravity  of  oxygon,  nitrogen, 
and  methane  at  the  boiling-points  of  these  gases  (15).  The 
same  apparatus  was  also  of  use  for  examination  of  the  absorp- 
tion spectrum  of  liquid  oxygen  and  air,  and  showed  that  liquid 
oxygen  in  layers  not  thicker  than  7  millim.  absorbs  light 
very  strongly ;  also  that  it  gives,  among  others,  two  strong 
absorption  bands,  corresponding  in  position  to  two  absorptions 
of  the  solar  rays,  which  are  due  to  the  oxygen  in  the  air  (13). 
Using  liquid  oxygen  as  a  cooling  agent,  I  obtained  pure  ozone 
in  the  shape  oi  a  dark-blue  liquid,  easily  and  violently  ex- 
ploding, and  of  which  I  determined  the  boiling-point  (12). 

Besides  the  above-mentioned  gases,  I  have  examined  another 
series  with  regard  to  their  behaviour  at  low  temperatures, 
especially  those  which  had  not  yet  been  examined  in  this 
respect,  or  which  had  been  examined  without  success.  I  first 
solidified  the  following  gases  and  determined  their  melting- 
points :  chlorine  (10) ,  hydrochloric  acid  (10),  hydrofluonc 
acid  (11),  phosphine  (11),  arsine  (10),  stibine  (11),  ethylene 
(12),  [silicon  tetrafluoride  *  (10)].  Moreover,  I  determined 
•  Does  not  melt,  but  evaporates  in  solid  state. 
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the  boiling-points  of  ethane  (17),  propane  (17),  and  hydrogen 
selenide  (19),  as  well  as  their  critical  temperatures  and 
pressures.  The  following  liquids  were  solidified  for  the  first 
time  by  me: — methyl  (14),  ethyl  (14),  amyl  alcohol  (10), 
ethyl  ether  (10),  carbon  bisulphide  (14),  and  phosphorous 
chloride  (PCI,)  (14). 

In  order  io  measure  very  low  temperatures,  I  used  exclu- 
sively  a  hydrogen  thermometer :  the  bulb  was  plunged  in 
the  liquefied  gas  itself;  only  exceptionally  a  few  not  very  low 
temperatures  were  measured  with  the  carbon -bisulphide 
thermometer.  Wishing  to  ascertain  how  far  gas-thermo- 
meters maybe  used  to  measure  very  low  temperatures,  1  com- 
pared thermometers  filled  with  difterent  gases,  and  especially 
the  hydrogen  thermometer  with  the  nitrogen,  oxygen,  and 
nitric-oxide  thermometers,  immersing  them  in  liquid  ethylene, 
gradually  cooled  to  —151°  C.  It  was  proved  by  this  that  the 
tnreo  last-mentioned  thermometers  indicated  temperatures  not 
very  different  from  those  indicated  by  the  hydrogen  thermo- 
meter, even  at  temperatures  much  lower  than  the  critical 
temperatures  of  the  corresponding  gases. 

This  experiment  proved  at  the  same  time  that  nitric  oxide 
does  not  change  its  molecular  weight,  corresponding  to  the 
formula  NO,  even  at  a  temperature  so  low  as  —147°  C. 
Profs.  Victor  Meyer  and  Daccomo,  disregarding  the  results  of 
my  investigations,  performed  a  similar  experiment  (Liebig's 
Ann.  d.  Chem.  ccxl.  p.  326),  but  they  cooled  the  nitric  oxide 
with  solid  carbon  dioxide  and  ether  down  to  —70°  0.  only. 

As,  according  to  my  experiments  on  the  liquefaction  of 
hydrogen,  its  critical  temperature  lies  below  —220°  C,  it 
may  be  admitted  that  its  coefficient  of  expansion  does  not, 
even  at  —220°  C,  differ  much  from  the  coefficient  of  gases 
at  ordinary  temperatures,  and  that  hydrogen  is  the  only  body 
which  can  be  used  in  a  thermometer  for  measuring  very  low 
temperatures.  The  determinations  of  the  temperatures  by 
measuring  the  quantity  of  heat  taken  away  from  a  given 
body,  a  silver  ball  for  instance,  is  not  precise ;  for,  as 
Zakrzewski  *  showed,  the  specific  heat  of  silver  changes  in 
the  interval  of  0°  to  —100°  C.  by  about  3  per  cent. ;  so  that 
the  temperature  which  is  thus  determined  must  differ  from  the 
true  one  to  some  not  inconsiderable  extent.  Thermoelectric 
thermometers,  or  thermometers  based  upon  the  variation  of 
the  electric  conductivity  of  metals  at  low  temperatures,  can 
be  used  only  in  the  limits  between  which  they  have  been 
compared  with  the  hydrogen  thermometer;  every  extra- 
polation may  lead  to  great  mistakes.  An  excellent  thermo- 
•  Bullet  Intern,  of  the  Acad,  of  Oacow,  April  1891,  p.  146. 
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meter,  based  on  the  alteration  of  the  electric  condnctivity  of 
a  thin  iron  wire,  has  been  constructed  by  Prof.  Wiikowski  *, 
my  fellow-worker  on  the  optic  properties  of  liquid  oxygen. 


Liquefaction  of  Large  Quantities  of  Oaygen  and  Air, 

[Deflcription  of  the  apparatus  given  in  the  Bulletin  Intematicnal  de 
VAcadiime  des  Sciences  de  Cracovie,  June  1890,  under  the  title,  "K. 
Olszewski,  Transvasement  de  TOxygdne  liquide/'] 

Though  I  have  simplified  and  improved  my  former  appa- 
ratus for  liquefying  gases  to  such  a  degree  that  I  have  been 
able  to  show  the  liquefaction  of  oxygen  to  a  numerous 
auditory  during  the  lecture,  yet  it  leaves  much  to  be  desired 
as  regards  the  practical  application  of  liquefied  gases  as  cooling 
agents. 

By  means  of  my  former  apparatus  I  was  able  to  obtain 
only  small  quantities  of  liquened  gases  ;  a  greater  diameter 
could  not  be  given  to  the  glass  tubes  used  for  the  purpose, 
because  they  would  not  resist  the  high  pressure  which 
is  necessary  for  liquefaction.  Besides  this,  the  use  of  glass 
tubes  exposed  to  high  pressures  is  always  attended  with  some 
danger :  it  often  happens  that  tubes  tested  for  60  atm.  some- 
times burst  during  the  experiment  at  40  atm.,  or  even  at  a 
lower  pressure. 

I  proved  long  ago  (6)  that  liquid  oxygen  is  the  best  cooling 
agent ;  for  it  easily  gives  the  temperature  of  —  211^'5  C  if 
the  pressure  is  lowered  to  9  millim.  of  mercury,  and  it  does 
not  freeze  even  at  the  pressure  of  4  millim. 

To  obtain  considerably  larger  quantities  of  liquid  oxygen 
for  the  purpose  of  applying  it  as  a  frigorific  agent,  it  was 
necessary,  instead  of  brittle  glass,  to  use  a  substance  endowed 
with  more  resisting-power,  even  though  not  transparent,  and 
to  find  means  to  pour  the  liquid  oxygen  into  a  glass  vessel. 
My  new  apparatus  excludes  the  inconveniences  of  the  former 
one,  and  renders  it  possible  to  preserve  the  liquid  oxygen  a 
longer  time  under  the  ordinary  atmospheric  pressure. 

A  flask  of  wrought  iron,  5  litres  in  capacity  (such  as  is  used 
to  hold  liquid  carbon  dioxide),  containing  oxygen  under  a 
pressure  of  80  atm.,  is  joined  by  a  narrow  copper  tube  to  the 
upper  end  of  a  steel  cylinder  tested  at  a  pressure  of  200  atm. 
This  cylinder,  having  a  capacity  of  30-100  cub.  centim., 
according  to  the  quantity  of  oxygen  which  we  wish  to  liquefy 
at  a  time,  is  immersed  in  liquid  ethylene,  of  which  the  tem- 
perature may  easily  be  lowered  to  —140°  C.  by  means  of  an 

•  Bull.  Intern,  of  the  Acad,  of  Cracow,  May  1891|  p.  188. 
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air-pump.  The  lower  end  of  the  cylinder  is  joined  hy  a 
narrow  copper  tube  to  a  little  stopcock,  through  which  the 
oxygen,  liquefied  in  the  cylinder,  can  be  poured  down  into 
an  open  glass  vessel  kept  cool  by  the  surrounding  air.  Owing 
to  this  isolation,  liquid  oxygen  contained  in  the  open  vessel 
evaporates  but  very  slowly ;  and  when  after  some  time  its 
quantity  has  considerably  decreased,  a  new  portion  which  has 
been  liquefied  in  the  meantime  can  be  led  down  into  the 
vessel  by  turning  the  cock.  This  may  be  continued  until 
the  store  of  ethylene  serving  to  cool  the  cylinder  and  the 
amount  of  oxygen  in  the  iron  flask  are  exhausted.  240  g. 
of  liquid  ethylene  sufiice  to  keep  the  oxygen  liquid  at  the 
atmospheric  pressure  for  half  an  hour. 

By  connecting  the  glass  vessel  which  contains  the  liquid 
oxygen  with  a  good  air-pump,  its  temperature  can  easily  be 
lowered  to  —211°  C.     Thus  was  solved  the  problem  of  lique- 

2ing  considerable  quantities  of  oxygen  without  the  slightest 
inger.  This  decides  me  to  resume  my  former  experiments 
concerning  the  liquefaction  of  hydrogen  ;  and  I  hope  thereby 
to  obtain  more  successful  results. 


To  this  description,  which  I  have  given  in  a  literal  trans- 
lation from  the  above-mentioned  Bulletin  International^  I 
subjoin  a  diagram  (fig.  1)  representing  a  section  of  my  appa- 
ratus, which  I  shall  shortly  explain.  But  1  must  remark  tnat 
in  the  same  year  (1890),  when  proceeding  to  my  experiments 
on  the  liquefaction  of  hydrogen,  I  doubled  the  dimensions  of 
the  apparatus  without  changing  anything  in  its  construction. 
The  dimensions  that  I  shall  affcerwards  give  refer  to  the  enlarged 
apparatus. 

The  steel  cylinder  a,  of  a  capacity  of  200  cub.  centim.,  has 
its  upper  end  connected  by  means  of  a  thin  copper  tube 
with  a  metallic  manometer  b,  and  an  iron  bottle  c  10  litres 
in  capacity,  containing  dry  oxygen  or  air  under  a  pressure  of 
100  atm.,  the  lower  aperture  of  the  cylinder  a  being  con- 
nected by  a  very  thin  copper  tube  with  the  little  cock  d, 
which  serves  to  let  out  the  liquefied  oxygen  or  air.  The 
cylinder  a  is  placed  in  a  glass  vessel  m  with  double  or  treble 
walls,  which  serves  to  receive  the  liauid  ethylene,  of  which 
the  iron  flask/is  the  reservoir.  This  nask  (3  litres  in  capacity) 
is  shaped  like  a  siphon,  and  contains  about  1  kilog.  of  liquid 
ethylene.  The  ethylene,  liquefied  and  cooled  in  the  flask/  by 
means  of  ice  and  salt,  passes,  after  the  cock  is  turned,  into 
the  condenser  g  filled  with  a  mixture  of  ether  and  solid  carbon 
dioxide.  To  lower  the  temperature  of  this  mixture  —78'^  C.) 
Phil.  Mag.  S.  5.  Vol.  39.  No.  237.  Feb.  1895.  0 


Digitized  by 


Google 


194 


Prof.  C.  Olszewski  on  t/^e 


to  —100°  C,  the  tube  n  is  connected  with  a  smaller  double- 
action  pump  which  at  every  movement  of  the  piston  draws 


out  about  1  litre  of  gas.  When  the  pressure  i^u  the  condenser 
g  is  lowered  to  50.  millim.  Hg,  the  vessel  m  is  connected,  by 
turning  the  cock  /,  with  a  large  vacuum-pump  provided  witn 
sliding- valves,  and  at  the  same  time,  by  slowly  turning  the 
cock  A,  the  ethylene,  already  considerably  cooled,  is  let  down 
into  the  vessel  wi.  The  liquid  ethylene,  on  entering  the 
vessel  m,  at  first  evaporates  quickly,  and  the  vapour  is  forced 
back  into  a  gasometer  by  means  of  the  large  pump  alluded  to, 
and  may  again  be  employed  as  a  frigorific  agent  for  a  sub- 
sequent experiment.  Owing  to  the  very  great  diflference 
between  the  temperaj^res  of  the  steel  cylinder  and  the  liquid 
ethylene,  the  lattgrlroes  not  at  first  touch  the  cylinder  directly, 
but  is  separatctfjirom  it  by  a  thin  layer  of  vapour,  being  in 
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the  spheroidal  state  :  it  is  only  when  the  cylinder  has  cooled 
considerably  that  the  ethylene  comes  into  direct  contact  with 
it ;  a  violent  boiling  of  the  liquid  shows  that  this  has  taken 
place.  Henceforward  a  more  abundant  stream  of  ethylene 
may  be  poured  in  until  it  fills  the  vessel  m  above  the  cylinder  a; 
afterwards  the  cock  h  is  closed,  and  the  smaller  pump  which 
is  connected  with  the  vessel  m  by  means  of  the  tube  i  must  be 
kept  working  withouf  interruption,  by  which  the  temperature 
of  the  ethylene  is  continually  lowered ;  and  when  it  has  fallen 
below  the  critical  temperature  of  the  gas  contained  in  the 
flask^c  (oxygen  or  air),  the  cock  of  this  flask  is  slowly  opened. 
The  gas  enters  the  cooled  cylinder  a  under  the  pressure  in- 
dicated by  the  manometer  b,  and  becomes  liquid  speedily 
enough,  in  consequence  of  which  the  index  of  the  manometer 
shows  a  constant  fall ;  when  it  becomes  stationary,  the  cylinder 
a  is  wholly  filled  with  the  liquefied  gas.  When  this  has  been 
done,  the  bottle  c  is  closed,  and  by  slowly  opening  the  cock  d 
the  liquefied  gas  is  poured  into  the  glass  vessel  placed  under- 
neath, which  is  secured  from  external  heat  by  its  triple  walls. 
Whilst  the  liquid  oxygen  is  being  poured  from  the  cylinder  a, 
the  pressure  descends  to  20  atm.,  and  remains  at  this  point 
as  long  as  any  liquid  oxygen  remains  in  the  cylinder :  it  is 
only  when  there  is  no  more  that  the  pressure  becomes  less 
than  20  atm.  As  the  liquefied  gas  conies  under  the  ordinary 
atmospheric  pressure,  a  considerable  part  of  it  resumes  the 
gaseous  state,  and  only  half  or  a  third  of  the  liquid  remains 
in  the  glass  vessel  after  having  cooled  down  to  its  boiling- 
temperature.  In  order  to  prevent  the  collected  liquid  being 
blown  out  by  the  powerful  jet,  the  thin  copper  tube  through 
which  the  stream  flows  is  closed  beneath,  and  provided  with 
four  lateral  openings. 

I  mentioned  above  that  the  temperature  of  ethylene  in  the 
vessel  m  must  be  lowered  by  pumping  to  less  than  the  critical 
temperature  of  the  gas  we  wish  to  liquefy;  but  it  is  not 
necessary  to  measure  the  temperature  of  the  ethylene.  It  is 
sufficient  to  measure  its  pressure.  According  to  my  compu- 
tations (3),  the  following  relation  exists  between  the  pressure 
and  the  temperature  of  me  liquefied  ethylene : — 

Pressure.  Temperature, 

millim.  Hg.  *  C. 

146  -122 

107  -126 

72  -1297 

56  -132 

31  -139 

12  -148 

9-8  -150-4 
02 
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The  critical  temperatares,  also  according  to  my  reckonings, 
are:  for  oxygen —118°*8C.;  for  air —140°  C;  for  nitrogen, 
— 146°C.  The  pressure  of  ethylene  must  accordingly  be 
lowered  to  100—40  millim.  in  order  to  liquefy  oxygen  ;  to 
liquefy  air,  to  20  millim.,  and  to  liquefy  nitrogen,  to  10  millim. 

The  pressure  to  which  ethylene  is  subjected  in  the  vessel  m 
is  indicated  by  the  metallic  vacuometer  jfe,  for  which  in  more 
exact  experiments  a  mercury  manometer  may  be  substituted. 
The  pressures  I  have  stated  above  for  ethylene  are  maximum 

f)re8sure.s  at  which  it  is  still  possible  to  bring  about  the 
iqnefaction  of  large  quantities  of  the  corresponding  gases  ; 
but  it  is  generally  necessary  to  take  care  that  the  pressure  of 
the  liquid  ethylene  be  lowered  to  the  minimum  obtainable  by 
the  pump  serving  for  the  experiment.  The  more  we  lower 
the  temperature  of  the  ethylene,  the  sooner  the  cylinder  a  is 
filled  with  the  liquefied  gas,  and  the  more  liquid  we  obtain 
bv  pouring  out  the  liquefied  gas  under  the  ordinary  pressure. 
To  lower  tne  temperature  of  a  considerable  quantity  of  ethylene 
to  —146*^  or  —150°  C,  which  temperature  is  absolutely 
necessary  for  the  liquefaction  of  large  quantities  of  air  ancl 
nitrogen,  a  large  air-pump  with  rapid  ami  powerful  action  is 
required.  When  in  1890 1  used  a  smaller  pump,  which  drew 
out  two  litres  of  gas  at  each  complete  double  stroke,  I  could 
only  liquefy  oxygen  in  the  described  apparatus  ;  but  when  in 
the  following  year  1  brought  from  Burckhard's  factory,  Basle, 
an  excellent  sliding  valve-pump,  six  times  larger  than  the 
preceding  one,  and  working  with  great  speed  and  perfection, 
I  was  enabled  in  the  same  apparatus  easily  to  obtain  at  once 
200  cub.  centim.  of  liquid  air.  It  is  true  that  I  never  tried  to 
liquefy  nitrogen  in  large  quantities,  but  I  believed  it  unneces- 
sary, taking  into  account  my  former  experiments  with  nitrogen 
(6) .  I  had  already  examined  the  properties  of  liquid  and  solid 
nitrogen,  and  showed  that  the  use  of  liquid  nitrogen  as  a 
frigorific  agent  is  of  no  greater  advantage  tnan  that  of  oxygen 
or  air.     However,  considering  that  by  using  both  of  my 

fmmps  the  pressure  of  ethylene  in  the  vessel  m  is  easily 
owered  to  10  millim.  and  the  temperature  to  —150°  C,  I  can 
decidedly  aflSrm,  that  all  so-called  permanentgases,  except 
hydrogen,  may  be  liquefied  in  my  apparatus.  When  we  want 
to  obtain  such  a  considerable  rarefaction  of  ethylene,  the 
compressing  tube  of  the  larger  pump  must  be  connected  with 
the  exhausting  tube  of  the  smaller  one,  whereby  the  effect  of 
the  larger  pump  is  exceedingly  increased. 

It  need  hardly  be  said  that  the  processes  connected  with 
the  liquefaction  of  large  quantities  of  gases,  as  the  liquefaction 
of  ethylene  in  the  cylinder/,  the  charging  of  the  cylinder  c 
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with  oxygen  or  air,  and  the  working  of  both  the  larger  and 
smaller  pump,  must  be  accomplished  not  by  hand,  but  by 
means  of  a  gas-motor  of  1-3  H.JP. 

The  indispensable  condition  for  such  experiments  to  be 
successful,  is  the  purity  of  the  gases  to  be  liquefied  ;  the 
liquid  carbon  dioxide,  used  as  a  frigorific  figent,  must  be  free 
from  moisture  ;  the  ethylene,  oxygen,  and  air  must  be  com- 
pletely dry  and  free  from  carbonic  acid.  A  small  amount  of 
carbon  dioxide  in  oxygen  or  air  renders  these  gases  turbid 
and  opaque  when  liquefied  :  a  slight  quantity  of  moisture 
may  freeze  and  stop  up  the  narrow  tubes  which  join  together 
the  component  parts  of  the  apparatus,  and  thus  frustrate  the 
experiment,  prepared  with  so  much  trouble.  In  order 
absolutely  to  purify  oxygen  and  air  from  water  and  carbon 
dioxide,  there  must  be  put  into  the  bottle  a,  before  it  is 
charged,  1  kilog.  of  potassium  hydroxide  in  thin  sticks,  that 
will  in  a  few  days  completely  absorb  the  moisture  and  carbonic 
acid  which  may  be  produced  whilst  the  gas  is  being  forced 
into  the  flask,  in  consequence  of  the  action  of  the  condensed 
oxygen  on  the  leather  piston  of  the  pump. 

The  quantities  of  liquid  oxygen  and  air  I  got  by  means  of 
the  apparatus  described  were  quite  sufficient  for  carrying 
out  my  experiments  on  the  liquefaction  of  hydrogen  and  the 
examination  of  the  optical  properties  of  liquid  oxygen,  which 
I  shall  shortly  describe.  On  that  account  I  did  not  think  it 
necessary  to  increase  the  dimensions  of  the  apparatus  (which, 
however,  it  would  have  been  easy  to  do),  the  more  so  because, 
after  having  liquefied  the  first  200  cub.  centim.  of  oxygen  or 
air,  the  operation  may  be  repeated  every  15  minutes,  on  an 
equal  quantity  of  gas,  as  long  as  the  store  of  liquid  ethylene 
suffices,  and  the  pressure  in  the  bottle  c  does  not  fall  below 
60  atm. :  in  this  case  other  cylinders,  containine  the  whole 
charge  of  the  corresponding  gas,  should  take  the  places  of 
c  and/. 

I  now  pass  te  the  description  of  the  experiments  I  have 
executed  by  means  of  the  apparatus  described,  either  by 
myself  or  working  in  conjunction  with  Prof.  Witkowski. 

On  the  Absorption  Spectrum  and  the  Colour  of 
Ligvejied  Oxygen. 

[Notice  published  in  German  in  the  Bulletin  International  de  VAcadhnie 
de  Cracoviej  January  1891,  and  in  Wiedemann's  AnnaUn,  1891,  vol.  xlii. 
p.  683.] 

In  my  earlier  investigations*  T   found  four  absorption- 
bands  in  the  spectrum  of  liquid  oxygen,  corresponding  to  the 
♦   Wiener  Akademie  Berichte^  xcv.  p.  257. 
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wave-lengths  628,  577,  535,  and  480.  Messrs.  Liveing  and 
Dewar  *,  who  at  a  later  date  examined  the  absorption  spectrum 
of  gaseous  oxygen  in  a  long  steel  tube  under  a  strong 
pressure,  found  the  same  four  absorption-bands  in  the  visible 
part  of  the  spectrum,  and,  besides  them,  in  the  utmost  red  two 
others,  corresponding  to  the  lines  A  and  B  oi  the  solar 
spectrum,  which  were  also  observed  by  Egoroff  and  Janssen. 

The  apparatus  I  have  described  enabled  me  to  repeat  my 
former  experiments  and  to  examine  more  exactly  the  absorption 
spectrum  of  a  thicker  layer  of  liquid  oxygen  in  the  utmost 
red. 

The  liquid  oxygen  was  poured  out  of  the  liquefying  appa- 
ratus into  a  thin-walled  glass  tube,  the  lower  end  of  wnich 
was  soldered  and  closely  fixed  into  three  glass  vessels  one 
outside  of  the  other,  to  preserve  it  from  external  heat.  The 
column  of  oxygen  was  30  millim.  thick  and  about  50  millim. 
deep.  In  this  glass  tube  the  oxygen  remained  at  its  boiling 
temperature  (— 181°'4  C.)  under  atmospheric  pressure,  in 
sufficient  quantify  for  the  experiment,  during  more  than  half 
an  hour,  though  it  was  strongly  heated  by  a  Drummond's 
lime-light,  concentrated  on  it  by  means  of  a  collecting-lens  : 
this  light  was  used  to  produce  the  absorption  spectrum.  In 
examination  of  the  spectrum  I  used  a  universal  spectroscope 
of  Kriiss,  with  a  prism  of  Rutherford.  Besides  the  four 
known  absorption-bands,  the  experiment  also  proved  the 
existence  of  a  fifth  band,  corresponding  to  the  solar  line  A  : 
it  is  somewhat  blurred,  but  can  be  seen  distinctly  enough  if 
a  red  glass  is  put  between  the  source  of  light  and  the  slit  in 
the  spectroscope.  This  band  appeared  feebler  than  the 
absorption-bands  which  correspond  to  the  wave-lengths  628, 
577,  and  480,  but  stronger  than  the  absorption-band  at  553. 
With  this  relatively  slight  dispersion,  the  band  A  could  of 
course  not  be  decomposed  into  lines.  And  this  time  too  I 
A^as  unable  to  penjeive  any  absorption  corresponding  to  the 
solar  B. 

The  experiments  in  1883  made  out  liquid  oxygen  to  be 
a  colourless  fluid,  for  but  small  quantities  of  it  were  then 
obtained.  Since  then  I  have  several  times  observed  that 
oxygen,  when  liquefied  in  wider  tubes  about  15  mm.  thick, 
appears  of  a  bluish  colour.  During  my  experiments  already 
alluded  to,  in  which  for  the  first  time  a  relatively  considerable 
quantity  of  liquid  oxygen  was  collected  in  a  glass  vessel,  its 
bluish  colour  appeared  quite  distinctly.  The  oxygen  was 
prepared  from  potassium  chlorate  and  manganese  dioxide  ;  to 
ascertain  that  it  contains  no  traces  of  ozone  from  which  the 
♦  Phil.  Map.  [/>J  xxvi.  p.  286  (1888.) 
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bluish  colour  might  be  derived,  it  was  carefully  tested  for  that 
substance.  Paper  moistened  with  potassium  iodide  and  starch, 
exposed  for  several  hours  to  the  action  of  the  oxygen  used, 
was  not  coloured  at  all  ;  and  when  the  oxygen  was  made  to 
pass  through  a  solution  of  potassium  iodide  and  starch  the 
result  was  the  same.  It  remained  for  several  weeks  in  an 
iron  flask,  in  contact  with  solid  potassium  hydroxide,  and 
was  by  this  means  completely  purified  from  carbonic  acid, 
vapour  of  water,  and  chlorine.  After  these  experiments, 
there  is  no  doubt  that  liquid  oxygen,  seen  in  layers  of  about 
30  mrllim.,  possesses  a  distinctly  bluish  colour.  This  colour  is, 
moreover,  qtiite  in  agreement  with  the  absorption  spectrum 
of  oxygen.  It  was  rather  strange  that  a  colourless  liquid — as 
it  was  hitherto  thought  to  be — should  give  such  a  pronoxmced 
absorption  spectrum,  in  which  the  absorptions  in  orange, 
yellow,  and  red  are  preponderant ;  but  after  the  bluish 
colour  of  liquefied  oxygen  was  proved,  this  apparent  contra- 
diction no  longer  exists. 

1  may  conclude  with  a  word  or  two  about  the  colour  of 
the  sky.  There  exist  so  many  hypotheses  on  that  point,  that 
I  scarcely  venture  to  add  one  more.  But  the  simplest  theory, 
in  my  opinion,  would  be  to  ascribe  that  colour  to  the  principal 
component  part  of  our  atmosphere,  which — at  least  in  a 
liquid  state — is  blue. 


On  the  Critical  Pressure  of  Hydrogen, 

[These  researches  were  published  in  Polish,  in  the  Heporta  of  the 
Cracow  Academy  1891,  vol.  xxiii.  p.  385;  a  short  G^nnan  abstract 
therefrom  was  printed  in  the  Bullet,  Intern,  of  the  same  Academy.  The 
following  description  is  taken  from  the  first-named  source,  and  is 
explained  hy  figs.  2  and  3.] 

In  my  former  researches,  undertaken  in  1884  and  1885, 1 
showed  that  hydrogen  cannot  be  liquefied  even  by  employing 
the  lowest  obtainable  temperatures  and  a  high  pressure, 
reaching  to  190  atm. ;  and  that  it  is  only  during  the  sudden 
expansion  from  a  high  pressure  that  a  greater  or  less  trace 
of  liquefaction  can  for  an  instant  be  seen.  This  depends  on 
the  temperature  of  the  frigorific  medium,  as  well  as  on  the 
initial  pressure  of  expansion.  As  cooling  agents  there  were 
employed  : — oxygen  boiling  under  atmospneric  pressure  (<= 
— 181°*4)  and  in  vacuo^  reacning  to  9  millim.  (is=  —  211°*5)  ; 
also  air  boiling  under  atmospheric  pressure  (<=  — 191°*4)  and 
tw  vacuo  at  10  millim.  (<=  —220°),  as  well  as  nitrogen  boiling 
under  atmospheric  pressure  (<=  — 194°*4)  and  m  vacuo  at 
60  millim.  (/=  -213°).  • 
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I  also  showed  that  nitrogen,  boiling  in  vacuo  at  4  millim., 
rives  the  lowest  possible  temperature,  reaching  —  225°,  but  that 
it  can  be  used  as  a  cooling  agent  only  as  far  as  —213*^,  for 
at  lower  temperatures,  under  pressures  below  60  millim.  Hg, 
it  solidifies  to  a  snowy  opaque  mass,  which  is  a  bad  conductor  of 
heat.  It  follows  that  liquid  oxygen  and  air  are  the  best  means 
to  obtain  the  lowest  temperatures,  for  neither  of  them  solidifies 
at  all,  even  at  the  lowest  pressures,  and  neither  possesses  trans- 
parency. I  had  already  used  these  cooling  agents  in  mv 
former  attempts  to  liquefy  hydrogen  ;  I  then  exhausted  all 
possible  means  of  obtaining  the  lowest  temperatures  without 
obtaining  the  desired  results  ;  for  the  temperature  of  —220°, 
I.  /?.,  the  lowest  which  can  be  produced  by  means  of  liquefied 
air,  proved  to  be  above  the  critical  temperature  of  hydrogen. 

On  repeating  my  former  experiments  I  had  no  hope  of  ob- 
taining a  lower  temperature  by  means  of  any  cooling  agent, 
but  1  noped  that  the  expansion  of  hydrogen  would  oe  more 
efficacious,  on  account  of  the  larger  scale  on  which  the  experi- 
ment was  made. 

The  quantity  of  the  frigorific  medium,  viz.,  of  liquid  air  or 
oxygen,  did  not  exceed  2-3  cub.  centim.  under  atmospheric 
pressure,  and  became  considerably  less  by  the  use  of  the 
vacuum  ;  accordingly,  the  glass  tube  which  contained  hydro- 
gen was  only  2  millim.  in  internal  diameter.  The  phenomenon 
of  liquefaction,  or  rather  of  sudden  ebullition*  of  hydrogen 
which  appeared  in  the  tube  during  the  expansion,  lasted  only 
a  fraction  of  a  second,  and  reouired  a  relatively  sudden  but 
not  complete  expansion.  The  hydrogen,  cooled  by  its  expan- 
sion below  its  critical  temperature,  was  at  once  heated  in  so 
narrow  a  tube  to  the  temperature  of  the  surrounding  frigorific 
medium. 

In  the  subjoined  diagram  (fig.  2)  a  represents  the  lower 
end  of  the  steel  cylinder,  serving  to  liquefy  oxygen  or  air ; 
this  cylinder  is  enclosed  in  a  glass  vessel  (double,  if  oxygen 
be  employed  ;  triple,  if  liquefied  air)  which  serves  to  receive 
liquid  ethylene.  The  cylinder  a  is  a  component  part  of  the 
apparatus  represented  in  tig.  1,  and  is  therefore  marked  with 
the  same  letter  ;  but  it  was  increased  for  these  experiments  to 
200  cub.  centim.  in  capacity.  The  glass  tube /is  destined  for 
the  liquefaction  of  hydrogen  ;  the  external  diameter  of  this 
lower  and  wider  part  is  11  millim.,  the  internal  diameter  is 
7  millim.  Within  it  I  place  a  short  glass  tube,  with  very 
thin  walls  6  millim.  in  diameter  ;  it  serves  to  isolate  from  the 
warmer  walls  of  the  larger  tube  the  hydrogen  which  is  con- 
siderably cooled  by  its  expansion.  The  tube  /  is  placed  in  a 
larger  glass  tube  e^  with  thin  walls,  measuring  30  millim.  in 
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internal  diameter,  and  serving  to  receive  the  liquid  oxygen 
under  atmospheric  pressure.    The  tube  e  is  surrounded  by  two 


others,  of  greater  and  greater  diameter,  and  hermetically  closed 
above  with  a  brass  plate  g.  The  whole  apparatus  is  her- 
metically placed  in  a  larger  glass  cylinder,  with  calcium 
chloride  at  the  bottom,  serving  to  dry  the  enclosed  air.  The 
top  of  the  tube  /  is  connected  with  the  manometer  h  and  the 
iron  bottle  c,  containing  absolutely  pure  and  dry  hydrogen, 
under  a  pressure  of  150  atm.  ;  the  cock  I  serves  to  let  the 
hydrogen  out  of  the  tube  /,  thus  producing  the  expansion ; 
through  the  upper  end  of  the  tube /J  which  is  closed  with  the 
screw  m,  a  thermoelectric  junction  may  be  introduced,  if  it 
be  required  to  measure  the  temperature  of  the  hydrogen  at 
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the  moment  of  expansion.  I  performed  the  experiment  as 
follows  : — 

By  opening  the  cock  d  I  let  the  liquid  oxygen,  contained  in 
the  steel  cylinder  a,  into  the  vessel  e  ;  a  part  of  the  oxygen, 
which  thus  returned  into  the  gaseous  state,  escaped  with 
violence  through  the  tube  i  ;  another  was  cooled  down  to  its 
boiling-point  (  — 181°*4C.)  and  collected  as  a  bluish  liquid  in 
the  tube  e,  to  a  height  of  6-7  centim.,  so  that  the  wider  part 
of  the  tube  /  was  plunged  in  liquid  oxygen.  I  afterwards 
closed  the  cock  d  and  joined  the  tube  i  to  the  pump,  by  slowly 
opening  a  cock,  which  is  not  represented  in  the  figure  ;  the 
mercury  manometer  h  indicated  the  pressure  of  the  liquid 
oxygen  in  the  vessel  e.  Liquid  oxygen  behaves  very  quietly 
in  tne  vessel  e  under  atmospheric  pressure,  boiling  quickly 
but  uniformly  on  being  pumped  :  if  we  do  not  reach  very  low 
pressures,  the  oxygen,  after  cooling  according  to  the  lowered 
pressure,  boils  again  quietly.  But  if  the  pressure  falls  below 
10  millim.  (or  less),  the  oxygen  boils  irregularly,  the  liquid  is 
thrown  up,  and  shortly  disappears.  To  avoid  this  I  intro- 
duced into  the  vessel  e  a  capillary  glass  tube  o,  the  lower  end 
of  which  reaches  to  the  very  bottom  of  the  vessel  e,  the  upper 
end  is  connected  with  the  iron  cylinder  k,  containing  dry 
hydrogen  under  a  pressure  of  several  atmospheres.  During 
the  pumping  of  the  oxygen  the  cock  of  the  cylinder  k  is  little 
by  little  opened,  and  a  slow  stream  of  hydrogen  is  let  through 
the  liquid  oxygen  ;  by  this  means  the  liquid  oxygen  is  con- 
stantly and  easily  removed,  and  it  boils  quietly,  even  if  the 
pressure  falls  to  4  millim. 

When  the  manometer  h  indicated  a  pressure  of  10-4  millim. 
I  introduced  hydrogen  into  the  tube/,  by  slowly  opening  the 
cylinder  c,  until  the  pressure  became  140  atm.,  as  indicated 
by  the  manometer  6.  When  the  hydrogen  in  the  tube /has 
come  down  to  the  temperature  of  the  cooling  agent,  I  little  by 
little  produced  expansion,  by  opening  the  screw-cock  Z.  The 
phenomenon  of  hydrogen  ebullition,  which  was  then  observed, 
was  much  more  marked  and  much  longer  than  during  my 
former  investigations  in  the  same  direction  (3,  4) .  But  even 
then  I  could  not  perceive  any  meniscus  of  liquid  hydrogen. 

I  have  remarked  in  these  experiments,  that  with  a  slow 
expansion  the  phenomenon  of  sudden  ebullition  always  appears 
under  the  same  pressure,  no  matter  how  great  the  initial 
pressure  may  be,  provided  that  value  be  not  too  low.  So  that 
by  expansions  made,  beginning  with  the  pressures  of  80,  90, 
100, 110,  120,  130,  140  atm.,  the  phenomenon  described  con- 
stantly appeared  at  20  atm.;  but  if*  the  initial  pressure  was  70, 
60,  and  50  atm.,  the  ebullition  appeared  at  a  lower  and  lower 
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pressure,  viz.,   approximately   at   18,  16,   and    14   atm.     I 
repeated  the  same  experiment  a  good  many  times,  and  always 
obtained  the  same  results.     These  experiments  bring  me  to 
the  conclusion,  that  the  20  atm.  at  which  the  ebullition  of 
hydrogen  always  appears  represents  its  critical  pressure.     If 
hydrogen,  cooled  by  means  of  liquid  oxygen,  boiling  in  vacuo, 
to  the  temperature— 211°  C,  which,  we   may  suppose,   is 
several  degrees  above  the  critical  temperature  of  hydrogen,  is 
submitted  to  a   slow  expansion  from   a  high   pressure,   its 
temperature  is  lowered  to  the  critical  temperature,  hitherto 
unknown.      If  the  initial  pressure  is  high   enough — in  my 
experiments  it  was  above  80  atm. — then,  by  means  of  a  slow 
expansion,  the  temperature  of  hydrogen  sinks  to  its  critical 
value,  before  its  critical  pressure  is  reached,  and  then  liquid 
hydrogen  will  appear  the  moment  we  lower  the  pressure  to  its 
critical  value.     But  if  the  initial  pressure  is-  too  low,  a  slow! 
expansion  cools  the  hydrogen  to  the  critical  temperature  only 
after  the  critical  pressure  has  been  passed:   the  lower  the 
initial  pressure  is  the  greater  is  the  expansion  needed  to  cool  the 
hydrogen  below  its  condensing  temperature.     We  may  thus 
explain  the  changing  pressures,  corresponding  to  the  phe- 
nomenon of  ebullition  or  instimtaneous  liquefaction  in  the  case 
of  expansion  from  an  insufficient  initial  temperature.     And  if 
the  initial  pressure  is  still  lower,  the  instantaneous  liquefaction 
will  not  appear  at  all. 

To  ascertain  the  truth  of  this  statement  I  performed  two 
series  of  analogous  experiments  with  gases,  the  critical 
pressures  and  temperatures  of  which  are  accurately  known, 
viz.,  with  oxygen  and  ethylene.  The  critical  temperature  of 
oxygen  is,  according  to  my  former  researches,  —  118°'8C., 
its  critical  pressure  is  50*8  atm.  In  the  same  apparatus 
which  I  used  for  the  experiments  with  hydrogen  I  cooled 
oxygen  by  means  of  ethylene  boiling  under  atmospheric 
pressure  (  — 102^*5),  then  to  a  temperature  16*3  degrees  below 
the  critical  temperature  of  oxygen,  and  subjected  it  to  a 
slow  expansion,  beginning  with  different  initial  pressures, 
from  40  atm.  up  to  100  atm.  The  ebullition  of  oxygen 
always  appeared  at  a  pressure  of  about  51  atm.,  provided  the 
initial  pressure  was  not  lower  than  80  atm. :  at  the  same 
time  there  also  appeared  a  meniscus  of  liquid  oxygen.  As 
the  initial  pressure  became  lower  and  lower,  so  did  the  ebulli- 
tion pressure  too. 

The  critical  temperature  of  ethylene  according  to  Prof. 
Dewar  is  10*^*1,  the  critical  pressure  51  atm. ;  my  own  deter- 
minations of  the  same  quantities  yielded  results  agreeing  well 
with  the  above-cited,  viz.,  10*^  C.  and  51*7  atm. 
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I  made  similar  experiments  with  ethylene,  using  the  appa- 
ratus of  Cailletet ;  one  series  at  a  temperature  of  17°  C, 
another  at  27°;  then  at  temperatures,  whicn  were  first  7°,  then 
17°  higher  than  the  critical  temperature  of  ethylene.  During 
the  first  series  of  experiments,  the  ebullition  of  ethylene,  and 
at  the  same  time  the  meniscus,  appeared  constantly  in  conse- 
quence of  a  slow  expansion  at  a  pressure  of  about  51  atm.,  if 
tne  initial  pressure  was  70,  80,  90,  100,  and  110  atm.  During 
the  second  series  of  experiments  the  ebullition  appeared  at  the 
same  pressure,  if  the  initial  pressure  was  100,  110,  120,  and 
130  atm.  In  proportion  as  the  initial  pressure  was  lowered — 
in  the  first  series  below  70  atm.,  in  the  second  below  100 
atm. — the  ebullition  pressure  was  lowered  too.  I  must, 
however,  mention  that  in  the  apparatus  of  Cailletet,  in  which 
I  made  the  experiments  with  ethylene,  the  conditions  of  ebulli- 
tion of  any  gas  by  expansion  are  much  less  advantageous  than 
in  the  apparatus  described  above. 
"1^.  Hence  it  follows  that  the  determination  of  critical  pressures 
by  means  of  expansion  is  possible,  even  if  the  gases  have  a 
temperature  which  is  several  or  many  degrees  higher  than 
their  critical  temperature.  This  dynamical  method  of  deter- 
mination of  critical  pressure  is  really  of  no  advantage  if  applied 
to  the  other  gases,  lor  these  pressures  may  be  more  easily  and 
precisely  determined  by  the  vanishing  of  the  meniscus ;  but 
with  hydrogen  it  is  the  sole  possible  way  to  determine  not 
only  ite  critical  pressure,  but  also  its  critical  temperature. 

On  repeating  these  experiments  in  November  1891  I  used 
liquid  air,  boiling  under  a  pressure  of  4-10  millim.,  as  a  cooling 
agent,  and  obtained  the  same  results,  with  the  only  difiference 
that  the  ebullition  of  hydrogen  on  expansion  appeared  still 
more  distinctly  and  persisted  somewhat  longer. 

The  reason  for  wnich  it  has  not  been  hitherto  possible  to 
liquefy  hydrogen  in  a  static  state,  is  that  there  exists  no  gas 
having  a  density  between  those  of  hydrogen  and  of  nitrogen, 
and  which  mignt  be  for  instance  7-10  (H  =  l).  Such  a  gas 
could  be  liquefied  by  means  of  liquid  oxygen  or  air  as  cooUng 
agent,  and  be  afterwards  used  as  a  frigorific  menstruum  in  the 
liquefaction  of  hydrogen. 

The  subjoined  figure  3,  taken  from  the  original,  repre- 
sents my  apparatus  for  liquefying  large  quantities  of  oxygen 
and  air,  connected  witn  the  apparatus  serving  to  deter- 
mine the  critical  pressure  of  hydrogen.  The  following  brief 
description  will  help  to  unders^nd  the  figure  : — 

(a)  The  steel  cylinder,  200  cub.  centim.  in  capacity,  for  the 
liquefaction  of  oxygen  or  air. 

{V)  The  glass  vessel  with  triple  walls,  serving  to  receive 
liquid  ethylene  under  diminished  pressure. 
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(c)  The  iron  flask,  3  litres  in  capacity,  containing  liquid 
ethylene,  under  high  pressure. 

Fig.  3. 


{d)  A  zinc  vessel  with  ice. 

(e)  The  condenser,  for  cooling  ethylene  by  means  of  ether 
and  dolid  carbon  dioxide. 

(/)  The  cock  connecting  the  condenser  with  the  small 
pump. 

(g)  The  cock  serving  to  let  liquid  ethylene  into  the 
vessel  h, 

(A  //)  Iron  flasks,  10  litres  in  capacity,  containing  oxygen 
or  air  under  a  pressure  of  100  J^tm.,  connected  by  means  of  a 
tube  with  the  manometer  /  and  the  cylinder  a. 

(A)  The  glass  vessel  with  triple  walls,  serving  to  receive 
liquid  oxygen  or  air  under  atmospheric  pressure. 
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{I)  The  glass  tube,  pluDged  in  liquid  oxygen  or  air,  serving 
to  liquefy  hydrogen,  connected  with  the  manometer  m  and 
iron  cylinders  n  n',  containing  hydrogen  under  a  pressure  of 
150  atm. 

(o)  Iron  fla«k  containing  hydrogen  under  the  pressure  of 
several  atmospheres,  which  passes  through  the  liquid  oxygen 
in  the  vessel  *,  when  its  pressure  is  diminished. 

(pi/)  Mercury  manometers,  serving  to  measure  the  pressure 
of  ethylene  and  liquid  oxygen,  contained  in  the  vessels  b 
and  k. 
,(rr^)  Cocks  serving  to  connect  the  vessels  b  and  k  with  the 
large  pump. 

(«)  Iron  cylinder,  containing  liquid  carbon  dioxide. 

As  my  experiments  on  the  liquefaction  of  hydrogen  do 
not  at  all  confirm  those  of  M.  Pictet,  made  at  Geneva  in 
1879,  I  requested  Dr.  Krzyzanowski  to  examine  whether 
the  glaring  discrepancies  between  my  experiments  and  M. 
Pictet's  might  not  be  explained  by  impurities  contained  in 
the  hydrogen  he  used.     And  indeed  Dr.  Krzyzanowski  (24) 

E roved  that,  if  potassium  formate  be  heated  with  potassium 
ydroxide,  hydrogen  cannot  be  obtained  free  from  moisture, 
even  in  the  most  advantageous  case,  which  occurs  \^hen  the 
latter  is  in  excess  ;  and  that  if  these  substances  are  employed 
in  the  proportion  given  by  M.  Pictet,  that  is  with  potassium 
formate  in  excess  of  what  is  required  by  the  calculation  of 
molecular  weights,  we  get  by  heating  them  a  sample  of 
hydrogen  containing  not  only  water  but  also  considerable 
quantities  of  carbon  monoxide  and  dioxide.  Now  these  sub- 
stances, interfering  with  the  purity  of  the  hydrogen  experi- 
mented on  by  M.  Pictet,  were  doubtless  the  ground  of  the 
extraordinary  results  M.  Pictet  described,  and  which,  though 

flaringly  improbable,  are  cited  in  nearly  all  chemical  manuals. 
*erhaps  this  remark  of  mine  will  contribute  to  a  proper 
appreciation  of  M.  Pictet's  experiments  respecting  the  lique- 
faction and  solidification  of  hydrogen;  perhaps  it  will  suggest 
to  the  author  (who  has  now  established  a  laboratory  in  Berlin 
with  the  special  purpose  of  obtaining  very  low  temperatures) 
that  he  might,  with  advantage  for  science,  control  and  rectify 
the  results  of  the  work  he  performed  in  1879. 


On  tJie  Optic  Properties  of  Liquid  Oxygen. 

[Tbe^  investigations  were  made  in  coUaboration  with  my  friend 
Prof.  Witkowski,  and  were  published  in  the  ReportA  of  the*  Cracow 
Academy  and  in  the  Bulletin  Inteniationalf  October  1801  and  June  1804.] 

As  far  back  as  1887  1  discovered  a  very  remarkable  and 
powerful  selective  absorption  of  light  in  the  liquefied  oxygen. 
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It  was  desirable  to  obtain  some  numerical  data  as  regards  the 
absorbing  power  for  the  several  bands.  For  this  purpose  we 
mjide  use  of  the  spectrophotometer  of  Glan.  The  liquid 
oxygen  was  contained  in  the  innermost  tube,  provided  with 
a  flat  bottom,  of  the  apparatus  shown  in  the  annexe  1  figure 
(fig.  4,  taken  from  the  Bulletin  International,  October  1891). 
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The  thickness  of  the  liquid  could  be  varied  to  a  known  degree 
by  screwing  up  and  down  the  tube  ef,  closed  at  both  ends  by 
plane  glass  plates,  and  provided  with  a  millimetre  division. 
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So  far  as  the  accuracy  of  photometric  measurements  under 
such  difficult  conditions  could  be  relied  upon,  we  found  a 
proportion  of  light  varying  between  84  and  89  per  cent., 
transmitted  by  a  layer  of  oxygen  1  milUm.  in  thickne&s  in 
the  most  intense  part  of  the  yellow-greenish  band  (\=577  to 
X=570).  The  corresponding  average  number  for  the  red 
band  (X=630  to  X=f>38)  was  88  per  cent. 

In  the  same  pamphlet  we  described  a  method  of  deter- 
mining the  coefficient  of  refraction  of  liquid  oxygen  and  gave 
results  for  sodium  li^ht.  The  most  suitable  method  for  the 
purpose  proved  to  be  that  of  total  reflexion.  The  liquid  is  con- 
fcained  in  a  thin  iron  parallelepipedon  A  (see  fig.  5),  pro- 
vided with  plane  glass  windows,  and  protected  by  several 
varnished  pasteboard  boxes  of  similar  form  containing  some 
phosphoric  anhydride.  A  double  glass  plate,  composed  of 
two  carefully  selected  plane  bits  of  glass,  separated  at  the 
corners  by  small  pieces  of  mica  (thickness  about  0*006  millim.) 
and  cemented  at  their  obliquely-ground  borders  by  means  of 
fish-glue,  is  immersed  in  the  oxygen.  The  double  plate  is 
rigidly  conected  with  the  axis  of  a  divided  circle.  A  similar 
arrangement  has  been  employed  by  Ketteler  in  some  of  his 
investigations  on  the  refraction  and  dispersion  of  water 
(Wiedemann's  Annaleny  vol.  xxxiii.).  It  is  therefore  un- 
necessary  to  enter  into  particulars  as  regards  the  mode  of 
observation  and  calculation  of  results.  A  first  series  of 
observations  gave  the  value  1*2235  of  the  coefficient  for 
sodium  light,  in  very  close  agreement  with  a  result  found 
by  Messrs.  Liveing  and  Dewar  by  means  of  the  prism  method. 
Later  determinations  of  the  same  constant  by  myself  and 
Prof.  Witkowski,  made  with  the  view  of  ascertaining  the 
dispersion  of  liquid  oxygen  (^Bulletin  International^  July 
1894),  yielded  a  rather  smaller  result  (1'2226)  as  a  mean  of 
five  distinct  measurements.  At  the  same  time  we  found 
n=  1-2213  for  X=  670-5,  and  1-2236  for  the  wavelength 
535  /iffr.  Anomalous  dispersion;  specially  sought  for^  could 
not  be  detected. 

Besides  these  researches  I  have  made  (partly  by  myself, 
partly  in  collaboration  with  Prof.  Witkowski)  certain  hitherto 
unpublished  experiments  concerning  the  intensity  of  chemical 
energy  at  low  temperatures ;  I  mention  them  here  to  com- 
plete the  list  of  my  investigations.  They  refer  chiefly  to  two 
substances,  viz.  liquid  ethylene  and  oxygen,  under  the  in- 
fluence of  agents  which  combine  with  these  substances  ot  the 
usual  or  at  a  higher  temperature.  Ethylene,  boiling  under 
atmospheric  pressure    (  — 102^*5  C.)   was   submitted  to  the 
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action  of  chlorine  and  bromine.  The  action  was  feeble,  bat 
in  both  cases  I  obtained  prodacts  of  combination  (CsH^Cl^ 
and  CjH4Br,)  in  considerable  quantity. 

The  possibility  of  preparing  relatively  large  quantities  of 
liquid  oxygen  in  open  vessels  at  atmospheric  pressure  gave  us 
an  opp6rtunity  to  examine  the  chemical  properties  of  this 
interesting  substance  more  closely.     We  ascertained  first  the 
exceedingly  feeble  chemical  affinity  of  liqaid  oxygen.     A  \ 
piece  of  metallic  sodium  in  contact  with  it  showed  no  change  ^ 
m  its  metallic  brilliancy ;  a  hardening  of  the  substance,  m ' 
consequence  of  its  very  low  temperature,  being  apparently 
the  dmy  effect  produced.     This  might  have  been  anticipated, 
considering  that  every  trace  of  moisture  had  been  frozen 
away.     Potassium  acted  similarly  to  sodium. 

But  when  the  reaction  of  oxidation  with  light  and  heat 
pbeuiomena  had  already  beguu;  the  low  tempisrature  (— 181°'4) 
IS  nol  abler  to  cdol  the  burning  substance  to  stich  a  decree  as 
to  interrupt  the  reaction.  For  instance,  a  piece  of  ignited 
wood  immersed  in  liquid  oxygen  takes  fire  just  as  in  gaseous 
oxygen  ;  a  steel  spring  burns  and  spreads  sparks  of  burning 
iron,  which  in  this  experiment  burst  the  glass  vessel  of  oxygen, 
and  thel  liquid  oxygen  was  consequently  spilt  on  the  table, 
giving  thus  the  interesting  sight  of  liquid  drops  rolling  and 
jumping  about  in  a  perfectly  spheroidal  state. 

In  this  connexion,  as  I  had  (in  1891)  large  quantities  of  liquid 
oxygen,  my  friend  Prof.  Kreutz  performed  a  series  of  expe- 
riments on  the  behaviour  of  coloured  substances  at  very  low 
temperatures,  and  showed,  that  many  of  them  (HgS,  flgis, 
I,  &c.)  become  much  brighter  at  — 181°'4. 


From  this  summary  of  researches,  as  well  as  of  dates,  it 
follows  that  the  first  apparatus  serving  to  produce  large 
quantities  of  the  liquefied  so-called  permanent  gases,  with  the 
solitary  exception  of  hydrogen,  was  constructed  by  me.  This , 
apparatus  can  be  enlarged  at  will  by  increasing  its  parts^  but 
without  changing  anything  in  its  construction,  so  that  it 
might  be  used  to  obtain  liquefied  gases  in  factories  should 
they  at  any  time  prove  of  practical  utility.  By  uieans  of 
this  apparatus  I  obtained  as  large  quantities  of  liquid  gases 
as  I  wantied ;  and  they  were  used  for  the  first  time  on  a  large 
scale  as  cooling  agents  (for  instance,  in  my  attempts  to  liquefy 
hydrogen),  or  as  an  object  of  scientific  researches  (the 
absorption  spectrum  of  liquefied  oxygen,  its  coefficient  of 
refraction,  &c.) 

The  experiments  of  Prof.  Dewar  are  merely  the  repetition, 
PhU.  Mag.  S.  5.  Vol.  39.  No.  237.  Feb.  1895.  P 
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and  confirmation  of  these  researches,  most  of  which  were  pub- 
lished several  years  before  his  corresponding  investigations. 
I  His  work  is  really  original  only  as  to  the  magnetic  properties 
of  liquid  oxygen :  that  whicn  is  not  borrowed  from  my 
researches  is  a  development  of  ideas  strnck  out  by  another — 
as,  for  instance,  the  experiments  on  electrical  resistance  at 
low  temperatures,  which  were  begun  by  Clausius,  continued 
by  Cailletet  and  Bouty,  and  brought  ten  years  ago  by  my 
former  fellow-worker,  the  late  Prof.  Wroblewski  *,  to  the 
temperature  of  the  freezing-point  of  nitrogen,  then  several 
degrees  below  the  temperature  attained  in  tne  experiments  of 
Messrs.  Dewar  and  Fleming,  who,  it  is  true,  extended  their 
examination  to  various  metals,  alloys,  and  non-metals.  But 
the  execution  of  these  labours  meets  with  no  difficulty ;  for 
the  method  of  getting  large  quantities  of  liquefied  gases  is 
now  generally  known. 

In  the  table  opposite  (p.  210)  I  have  set  down  the  most  im- 
portant numbers,  obtainea  as  stated  in  my  former  experiments, 
concerning  the  liquefaction  and  solidification  of  gases. 


List  of  my  Researcliesj  of  which  I  have  specified  the  most 
important  Results  in  the  foregoing  Summary. 

All  my  researches  were  at  first  published  in  the  Polish 
language,  in  the  publications  of  the  Cracow  Academy  of 
Sciences ;  I  afterwards  published  an  excerpt  of  each  of  them 
in  French  and  German.  The  present  list  contains  only 
French  and  German  papers,  as  being  accessible  to  students  of 
every  nationality.  The  numbers  enclosed  in  brackets  in  the 
preceding  summary  have  reference  to  the  ordinal  numbers  of 
the  following  list. 

1.  K.  Olsziwski.   Essais  de  liquefaction  de  I'hydrog^ne. — Gomptes 

Bendus,  vol.  xcviii.  p.  365  (1884). 

2.  .  Nouveauz  essais  de  liquefaction  de  Thydrog^ne,  solidifi- 
cation et  pression  critique  de  I'asote. — 0.  B,  vol.  xcviii. 
p.  913. 

3.  .  Temperature  et  pression  critique  de  I'azote.  Tempera- 
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XX.  Mirrors  cf  Magnetitm. 
By  SiLVANUs  P.  Thompson,  jF.R.S.,  and  Miles  Walkbr*, 

OUR  knowledge  of  Electric  Images  is  based  almost  entirely 
upon  mathematical  deduction.  It  woald  be  difficult  to 
satisfactorily  demonstrate  their  properties  by  experiment. 
We  are  content  to  take  the  elegant  geometrical  proofs  that 
Lord  Kelvin  has  given  us,  and  corroborate  these  pnysically  at 
points  where  the  conclusions  are  within  reach  of  experiment. 
The  subject,  therefore,  is  one  of  purely  theoretical  interest, 
but  so  beautifully  does  it  elucidate  difficult  problems  in  Elec- 
trostatics that  it  remains  the  continual  dehght  of  text-book 
writers. 

Magnetic  Images,  on  the  other  hand  (apart  from  one  or 
two  investigations  by  the  same  great  master),  are  entireljr 
neglected,  and  yet  tnese  are  mncn  more  likely  to  be  practi- 
caUy  utilized  in  the  near  future  than  their  electncal  analogues. 
It  may  be  in  questions  of  dynamo  and  instrument  shielding, 
or  it  may  even  be  in  the  solution  of  that  commercial  problem, 
the  testing  of  the  magnetic  properties  of  iron  en  masse. 

The  existence  of  magnetic  images  is  suggested  by  con- 
siderations altogether  apart  from  the  mathematical. 

If  we  take  a  solenoid  of  wire  through  which  a  current  is 
flowing  and  place  its  end  against  a  large  plate  of  iron,  we 
eliminate  the  effect  of  that  end  upon  the  distribution  of  the 
field  about  the  coil,  and  so  obtain  a  field  on  one  side  of  the 
plate  of  a  shape  the  same  as  if  the  coil  were  continued  to  double 
its  length.  If  we  place  the  coil  with  its  end  against  a  mirror 
(fig.  1),  we  see  it  reflected  in  the  mirror  so  that  it  appears  to 
be  double  its  real  length.  Thus  the  iron  plate  gives  us  mag- 
netically an  image  of  the  coil  analogous  to  the  optical  image 
produced  by  the  mirror,  geometrically  identical  indeed  with 
the  optical  image,  virtual  and  erect. 

If  a  large  iron  plate  is  placed  at  each  end  of  the  coil  the 
field  will  be  the  same  as  if  the  coil  were  infinitely  long.  We 
know  that  two  mirrors,  facing  each  other,  one  at  each  end  of 
the  coil,  would  give  it  the  appearance  of  stretching  away  to 
infinity  in  both  directions  (fig.  2).  .« 

Of  course  these  optical  effects  could  onlv  be  perfectly 
obtained  if  the  mirror  were  a  perfect  reflector;  and  to 
include  all  possible  points  of  view  it  would  have  to  be  infi- 
nitely large.  So  the  magnetic  effects  could  only  be  perfectly 
obtained  if  the  plates  were  perfectly  permeable  and  infinitely 
large.  Observe  that  we  are  only  considering  the  effect  at  a 
point  in  front  of  the  mirror  and  in  front  of  the  iron  plate* 
^  Commmiicated  by  the  Physical  Society :  read  November  28, 1894. 
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Behind,  that  is  to  say  on  the  side  opposite  the  coil,  there  is 
no  effect  in  eith^  case. 

Rg.l. 


Hlx 


Fig.  2. 


It  was  thought  interesting  to  ascertain  how  far  e£fects  of 
this  kind  could  be  obtained  in  practice,  using  an  ordinary 
iron  plate  somewhat  less  than  that  required  for  the  perfect 
case.     For  this  purpose  two  similar  solenoids  were  wound. 
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5  oentim.  long  and  4  centim.  mean  diameter^  the  winding  at 
the  ends  being  exposed  so  that  it  could  be  put  up  close  to  the 
iron.  A  search-coil  of  100  turns,  about  1^  centim.  in  dia- 
meter, was  mounted  so  that  it  could  be  fixed  at  different 
positions  relatively  to  one  of  the  solenoids,  which  was  then 
placed  upon  the  iron  plate*  and  upon  the  other  solenoid 
alternately.  A  current  of  constant  value  was  turned  on  and 
off  in  each  position  of  the  solenoid,  and  the  throw  on  a  ballistic 
^vanometer  in  the  circuit  of  the  search-coil  observed.  The 
following  table,  giving  the  throw  of  the  needle  for  different 
positions  of  the  search-coil,  shows  how  perfectly  the  iron 
plate  mirrored  the  magnetism  of  the  solenoid.  The  dis- 
crepancy in  the  figures  arises  more  from  errors  of  observation 
than  anything  else. 


Position  of  Searoh-coiL 

Throw  when  coil 
dneoil. 

Xhrow  when  eoQ 
on  mm. 

Ilak6. 

Break. 

Hake. 

Break 

LI 

236 
235 

230 
227 

204 

129 

69 

41 
24 

236 
236 

230 
227 

202 

126 

67 

41 
24 

236 
234 

230 
228 

204 

129 

69 

41 
24 

236 
234 

229 

227 

202 

127 

68 

41 
23 

Ja 

1  a 

Bdddle      |o| 

1  °l 

end          Q. 

^  a 

a 

1  1 

1 

•  The  iron  plate  was  ordinary  boiler-plate  \  inch  thick,  size  3  feet  by 
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The  first  position  in  the  above  table  is  the  most  important, 
as  the  coil  is  placed  in  a  part  of  the  field  that  experiences  the 
greatest  change  by  the  presence  or  absence  of  the  iron  plate, 
the  difference  being  that  between  236  and  129.  If  the  search- 
coil  conld  have  been  placed  so  that  its  centre  was  at  the  very 
end  of  the  solenoid,  the  throw  ought  to  be  just  one  half  of 
what  it  would  be  witfi  the  coil  continued  to  double  its  length. 
This  was  found  to  be  so  when  the  solenoid  was  placed  on  the 
other  solenoid,  but  could  not  be  tried  with  the  iron  as  part  of 
the  search-coil  protruded. 

The  experiment  was  then  made  of  lifting  the  solenoid  step 
by  step  a  little  distance  from  the  iron  plate,  when  it  was 
found  that  the  presence  of  the  iron  plate  had  the  effect  of 
producing  an  image  of  the  coil  receding  an  equal  amount 

bphind  the  plate.  

Fig.3. 


JOL 


!;    COIL 


search  c&U  • 


ir0M  filat€ 


IMACE 


A  larger  search-coil  was  placed  in  different  positions  out- 
side the  solenoid  ;  and  in  all  positions  on  which  any  readable 
throw  of  the  needle  could  be  obtained,  it  was  found  that  the 
iron  plate  gave  an  effect  almost  exactly  the  same  as  an  equal 
solenoid  in  the  position  of  its  image. 

In  order  to  try  the  effect  of  tilting  the  solenoid,  it  was 
mounted  on  a  strip  of  wood  hinged  to  another,  the  angle 

Pig.  4. 


between  them  being  fixed  by  a  clamp  (fig.  4.)     This  was  then 
placed  alternately  on  the  iron   plate  and  against  a  similar 
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hinged  strip  upon  wkich  the  other  solenoid  was  placed,  the 
angle  of  inclination  being  the  same  for  both  solenoids  (fig.  5). 

Fig.  6. 


The  angle  was  altered  step  by  step  from  0  to  90  degrees,  and 
in  all  eases  the  iron  plate  produced  the  same  eTOct  as  its 
image  within  limits  not  greater  than  those  shown  in  the 
previous  table.  It  was,  however,  only  when  the  solenoid 
was  placed. at  the  end  of  the  hinged  strip  n^aredt  the  iron 
plate  that  readings  of  any  value  could  be  obtained,  as  small 
dislocations  in  the  position  of  the  coil  laterally  wef6  apt  to 
prodoce'^changes  of  reading  comparable  with  those  due  to 
considerable  changes  in  angle.  At  distances  greater  than 
5  centim.  the  iron  had  very  little  effect.  The  search-coil 
dtlring  these  experiments  was  moved  about  to  different 
positions  both  inside  and  outside  the  solenoid,  preference 
being  given  to  the  most  sensitive  positions. 

Then  the  effect  of  differently-snaped  solenoids  was  tried. 
A  long  narrow  one  and  a  wide  flat  one  were  used  with  similar 
effects,  so  far  as  they  could  be  measured. 

There  is  a  difference  between  the  magnetic  reflexion  of  an 
iron  plate  and  the  optical  reflexion  of  a  mirror  in  the  following 
respect :  an  optical  image  has  those  of  its  lines  which  are  at 
ri^ht  angles  to  the  mirror  reversed  while  those  parallel  to  the 
mirror  are  not  reversed.  For  instance,  if  we  hold  a  magnet 
with  its  north  end  pointing  from  us  and  towards  a  mirror, 
the  optical  image  of  it  will  have  its  North  end  pointing 
towards  us  (fig.  6).  But  in  the  case  of  a  magnetic  image 
this  is  inversed:  the  magnetic  image  has  its  South  end  point* 
ing  towards  us.  In  fact  the  renexion  of  a  North  end  is  a 
South  end.  If,  however^  we  look  at  the  reflexion  of  the  cur* 
rents  flowing  in  the  solenoid  instead  of  at  the  sign  of  the  pole 
of  the  solenoid,  we  see  that  laws  of  the  optical  caise  hold  good 
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for  the  magnetic  case.  The  ima^e  (fig.  7)  of  a  current  flowing 
in  finj  direction  in  a  plane  parallel  to  the  mirror  is  another 
current  flowing  parallel  to  the  first  and  towards  the  same  part. 

Fig.  6. 


m       ^ 


^ 


Kg.  7. 


Fig.  8. 


(m 


A  North  pole  viewed  from  the  front  is  equivalent  to  a  laovo- 
«heiral  circulation  of  current.  The  image  of  this  pole  turned 
towards  the  mirror  is,  to  the  spectator,  a  dextro-cheiral  circu- 
lation, or  a  South  pole.  The  same  is  true  if.  as  in  fig.  8,  the 
solenoid  has  its  axis  parallel  to  the  plane  of  tne  mirror.  « 
In  order  to  hy  some  efl^cts  with  an  isolated  pole,  a  solenoid^ 
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2  metres  long  and  1*5  centim.  mean  diameter,  was  utdformly 
wound  with  twelve  turns  per  centimetre  of  a  suitable  wire. 
When  a  current  of  15  amperes  was  passed  through  this  a 
pole  of  a  strength  of  about  40  units  (C.G.S.)  was  obtained, 
and  this  might  be  regarded  as  an  isolated  pole  at  distances 
not  greater  than  30  centim.  from  it.  It  was  found  that 
brinring  an  iron  plate  within  a  few  centimetres  of  this  pole 
procmced  very  nearly  the  same  eflFect  upon  the  field  as  would 
nave  been  produced  by  bringing  up  a  pole  of  opposite  sign  to 
a  point  at  aouble  the  distance. 


Fig.  9. 


Fig.  10. 


The  field  close  to  the  iron  plate  ought  to  have  been  exactly 
twice  as  strong  as  if  no  iron  plate  were  there.  This  was  found 
to  be  so  within  the  limits  of  error  of  observation  (about  3  per 
cent.)  when  the  pole  was  within  6  centim.  of  the  iron  plate. 
As  the  distance  was  increased  the  throw  of  the  needle  became 
too  small  to  be  accurately  read,  and  the  field  being  extremely 
weak  the  susceptibility  of  the  iron  would  be  very  low. 

It  was  this  weakness  of  the  field  (for  one  could  not  consider 
the  pole  as  a  point  except  at  distances  exceeding  10  centim.) 
that  spoilt  some  experiments  on  kaleidoscope  efiects.  One 
can  conceive  that  if  the  laws  of  reflexion  hold  good  between 
a  magnetic  pole  and  a  sheet  of  iron,  it  ought  to  be  possible,  by 
means  of  several  sheets  of  iron,  to  build  up  a  magnetic  kaleido- 
scope by  which  the  eflect  of  a  great  number  of  magnetic  poles 
could  tie  produced  from  a  single  pole.  The  idea  of  a  mag- 
netic kaleidoscope  was  suggested  by  Lord  Kelvin  many  years 
ago,  but  it  is  doubtful  whether  it  has  ever  been  successfully 
carried  out.     If,  for   instance,   two    plates  of  susceptible 
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material  are  inclined  to  each  other  at 

an  angle  of  60  degrees,  and  the  North 

pole  of  a  magnet  puu^ed  evenly  between 

them^  one  would  expect  to  get  between 

the  plates  exactly  the  same  distribution 

of  field  as  if  there  were  six  poles^  three 

norths  and  three  souths,  spaced  alt'Cr- 

nately  and  evenly  round  the  line  of 

intersection  of  the  plates.     It  may. 

however,  be  said  to  those  who  woula 

care  to  try  this  experiment,  that  they 

must  use  a  point  poie  of  much  greater 

strength  than  40  units,  or  plates  much  ^ 

more  susceptible  than  iron  if  they  hope  S 

to  be  at  all  successful. 

The  close  connexion  between  the  effect  of  an  iron  plate 
magnetically  and  that  of  a  mirror  optically  naturally  makes 
us  ask  what  would  be  the  effect  of  a  curved  plate  ?  Would  it 
give  magnified  or  diminished  images  like  a  concave  or  convex 
mirror,  and  what  would  be  the  position  of  these  images  with 
regard  to  the  object  ? 

If  we  take  the  case  of  spherical  curvature,  and  consider  the 
iron  as  being  infinitely  susceptible,  the  answer  to  these 
questions  can  be  determined  theoretically  from  the  laws  of 
magnetic  potential.  All  the  formulse  relating  to  electric 
images  already  known  are  applicable  to  magnetic  images. 

If  we  consider  two  points  A  and  B  at  which  are  placed 
two  poles  respectively,  of  the  strengths  +mi  and   —  wij,  the 

Fig.  12. 


magnetic  potential  at  a  point  C  due  to  m^  is  —  where  ris=AC, 
ftnd  that  du^  to  —  wi|  is where  r|=BC. 
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The  total  potential  at  C  is  therefore  — . 

K  we  choose  C  at  a  point  of  zero  potential^  we  have 

5^1  _  ^  =0- 

that  is  to  say 

mi  _ri. 

but  ^  is  a  constant;  therefore,  if  we  take  C  at  the  points  of 
m, 

sero  potential  ~  will  always  be  constant.     Bat  if  a  point 

r* 
moves  so  that  -^  remains  constant  it  moves  on  the  surface  of 

a  sphere,  therefore  the  eonipotential  surface  of  value  zero  is 
in  the  form  of  a  spherical  shell.  If  0  be  the  centre  of  the 
sphere,  it  follows  from  a  well-known  property  of  a  circle  that 

AO      ^1  ^  ^  • 

If,  therefore,  we  are  given  mj  we  can  find  from  the  equation 

0 

the  strength  of  pole  m,  which  when  placed  at  B  will  give 
zero  potential  on  a  given  spherical  shell. 
Now  consider  a  magnet  pole  +mi  (fig.  13)  brought  up  to 

Pig.  18. 


a  point  A  near  a  sphere  of  very  susceptible  material  whose 
radius  is  large  as  compared  with  the  distance  between  A  and 
its  surface,  so  that  we  may  neglect  the  potential  of  the  sphere 
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due  to  mi  in  dealing  with  the  potential  of  points  in  the  field 

we  are  considering,  and  so  that  we  may  take  the  surface  of 

the  sphere  as  an  equipotential   sarface  of  practically  zero 

value*.     The  distribution  of  the  field  outside  the  sphere  will 

be  the  same  as  if  no  sphere  were  there,  but  instead  a  pole  of 

00 
strength  ""^ittv  were  placed  at  B.     We  may  say  that  the 

sphere  acting  like  a  convex  mirror  has  given  a  diminished 
image  at  B. 

We  can  find  the  position  of  B  by  the  following  construc- 
tion : — Describe  the  arc  00  (fig.  14)  with  A  as  a  centre,  and 

Kg.  14. 

c 


*  [Note  added  after  reading  of  Paper, — At  this  point  our  original  paper 
contained  the  following  remark  as  a  footnote : — "  If  the  magnetic  object 
Lb  large,  or  is  fiar  removed,  then  besides  the  image  as  above  defined  it  is 
necessary  to  take  into  account  the  raising  of  the  potential  of  the  whole 
sphere,  which  would  he  represented  hy  another  image  at  tiie  centre."  As 
some  discussion  took  place  on  this  point  after  the  reading  of  this  paper,  it 
may  be  well  to  deal  further  with  the  matter.  The  case  is  then  analogous 
to  the  case  of  an  electric  charge  q  brought  up  to  an  insulated  conduct- 
ing sphere  having  no  previous  charge.  Lora  Kelvin,  in  a  paper  dated 
Jiuy  7th,  1848,  has  shown  that  the  effect  on  external  points  of  the 
charge  residing  on  the  surface  of  such  a  sphere  is  the  same  as  the  effect 

of  ft  charge  -  ;^5f  **  B  (fig.  14),  and  a  further  charge  of  -(- .  9  at  the  centre 

O.  His  reasoning  being  applicable  to  the  magnetic  case,  we  see  that  the 
image  of  a  North  pole  at  A  consists  of  a  doublet  having  a  South  pole 

situated  at  B  of  strength  mi^and  a  North  pole  also  of  the  strength  mi^ 
a  d 

situated  at  the  centre  0.  Now  any  magnetic  object  such  as  a  solenoid 
will  have  a  South  pole  as  well  as  a  North  pole,  and  if  the  object  is 
small  compared  with  the  size  of  the  sphere,  both  North  and  South  may 
be  taken  as  equidistant  from  the  centre,  and  their  images  at  the  centre 
will  therefore  neutralize  each  other,  and  we  have  left  tiie  image  that  is 
considered  in  the  text.  If  the  object  is  large  as  compared  with  the 
sixe  of  the  sphere,  then  in  both  the  magnetic  case  and  the  opdoal  case 
there  is  a  eoiuiidon  of  images.] 
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then  describe  the  arc  OB  with  C  as  a  centre^  B  being  on  the 

r-t 
line  AO.    The  condition  that  ^  shall  be  constant  for  all 

points  on  the  circumference  is  that  ^^^  shall  be  equal  to  jr^, 

and  this  is  seen  to  be  true  from  the  similarity  of  the  triangles 
AGO  and  COB. 

If  we  had  any  number  of  magnetic  points  outside  the  sphere 
each  would  have  its  virtual  image  inside  the  sphere ;  thus  any 
form  of  magnet,  such  as  a  solenoid  carrying  a  current^  would 
also  have  its  image. 

It  is  easy  to  see  that  the  experiments  above  mentioned  with 
a  large  iron  plate  can  be  explained  in  this  way.  For  if  we 
may  consider  the  plate  as  part  of  an  infinite  spnere  : 


Figa& 


toO 


toO 

at  infinity 


in  this  case  rn^  =1 ;    therefore  —  =1 ;    therefore  wiissmj : 
and  further  ^  =1 ;    therefore  nsr,. 

To  assimilate  to  optical  formulae  let  us  now  express  the 
relations  in  terms  of  the  distance  of  object  and  image  re- 
spectively from  the  pole  E  of  the  mirror,  and  write  AO=rf  ; 

B0=6  ;  t4=AE=d-r  ;  r=BE=r-6  (fig.  14).    Now 
>  as  '  ,  by  similar  triangles. 


This  may  be  written 


u^r  _     r 
r    ""  r— t? 
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whence 


On  Mirrors  of  Mdgnetimn. 


u      r       V 


The  well-known  optical    mirror  formola  for  a  spherical 

2  .  1 

mirror  differs  from  this  in  having-  instead  of  >• 

In  order  that  a  magnetic  image  as  at  B  in  fig.  14  should 
be  prodaced  by  a  magnetic  object  at  A,  and  with  the  relative 
strengths  m^  and  mj,  not  only  must  the  reflecting  surface  pass 
through  the  point  E  such  that 

AB  _  mi 

BE  -  tn,' 
but  the  curvature  of  the  magnetic  mirror  is  defined  by  the 
condition  previously  laid  down  that 

AO      nu    , 

Now  the  optical  mirror  which  will  give  at  B  the  image  of 
A,  and  have  its  middle-point  situated  at  E  (as  defined  by  the 
former  of  these  conditions)   will  not  have  0  for  its  centre. 

Fig.  16. 


In  fact  it  will  be  a  spherical  surface  having  half  the  curvature 
or  twice  the  radius.    If^fig.  16)  the  dotted  circle  FEGbe 
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drawn  with  centre  H,  we  have  the  sectional  view  of  the  optical 
convex  mirror  which  will  give  the  same  position  of  image  as 
the  magnetic  convex  mirror  shown  by  the  circle  CED. 

In  conclusion,  it  may  be  remarked  that  the  construction  of 
fig,  14  affords  a  new  and  simple  graphic  method  of  finding  the 
position  of  optical  images,  by  the  device  of  using  the  auxiliary 
circle  whose  diameter  is  the  radius  of  the  spherical  surface. 
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The  Scientific  Basis  of  Analytical  Chemistry, 

Die  wissenschaftlichen  Chrundlagen  drr  Analytischen  Chemi^,  Ele- 
mentar  dargestellt  von  W.  Ostwald.  (Leipzig:  Wilhelm 
Eogelmann.    1894.) 

1 T  has  been  so  long  the  custom  with  a  certain  class  of  teachers  in 
^  this  country  to  regard  analytical  chemistry  as  synonymous  with 
chemit  al  science  that  the  very  title  of  this  book  will  come  as  a 
surprise.  Prof.  Ostwald,  in  the  present  little  volume  of  187  pages, 
has  attempted  to  present  the  subject  of  chemical  analysis  in  a 
popular  form  and  m  a  new  way.  Whether  he  has  succeeded  in 
his  objects  in  his  own  country  it  is  difficult  to  say,  but  so  far  as 
English  chemists  are  concerned  the  book  is  certainly  not  Ukely  to 
achieve  popularity :  first,  because  it  is  not  arranged  in  accordance 
with  our  examinational  notions  of  chemical  analysis ;  and,  secondly, 
because  it  bases  the  analytical  properties  of  the  elements  and  their 
compounds  on  a  theory  which  has  not  found  general  acceptance  in 
this  country,  viz.  the  theory  of  ionic  dissociation.  But  in  calling 
attention  to  these  two  points  we  are  really  bestowing  praise  upon 
the  work  ;  because  any  novelty  of  treatment  in  such  a  well-worn 
field  is  to  be  cordially  welcomed,  and  all  attempts  to  approach  the 
subject  from  a  different  scientific  aspect  to  that  generally  adopted 
are  bound  to  help  in  the  *'  depolarization  ^  of  cut  and  dried  dogmas 
which  are  so  baneful  to  true  progress  in  science. 

Of  the  two  parts  into  which  the  book  is  divided,  the  first,  con- 
sisting of  five  chapters,  deals  with  theory,  and  the  second,  consisting 
of  eight  chapters,  deals  with  applications.  The  theoretical  part, 
where  concerned  with  the  ordinary  operations,  is  lucidly  pub 
together,  and  forms  quite  pleasant  reading  as  compared  with  the 
purely  cookery-book  kind  of  directions  that  the  student  in  this 
country  is  expected  to  follow.  We  doubt  much  whether  the 
average  "  certificated  teacher "  knows  that  there  is  any  scientific 
theory  behind  the  processes  which  he  has  been  drilled  into  carrying 
out.  It  is  in  the  fourth  chapter,  under  the  heading  Die  chemische 
Scheidung,  that  the  new  theory  of  solutions  is  first  broached,  and 
from  that  part  onwards  everything  connected  with  the  subject  is 
treated  of  from  the  point  of  view  of  ionic  dissocintion.  Whether 
this  view  is  accepted  or  not,  it  must  be  conceded  that  Prof.  Ostwald 

Phil.  Mag,  S.  5.  Vol.  39.  No.  237.  Feb.  1895.  Q 


Digitized  by 


Google 


226  Intelligence  and  Miscellaneous  Articles, 

has  made  out  a  good  case  in  support  of  its  applicability  to  the 
ordinary  processes  of  analysis.  The  key-note  is  struck  on  p.  47 
in  the  following  extract,  which  we  paraphrase : — 

**  In  aqueous  solutions  of  electrolytes  the  ions  are  generally 
partly  combined  and  partly  uncorabined.  In  neutral  salts  the 
uncombined  portion  is  by  far  the  grpater,  and  is  in  fact  the  more 
in  preponderance  the  more  dilute  the  solution.  The  properties  of 
dilute  salt-solutions  are  consequently  determined,  not  so  much  by 
the  properties  of  the  dissolved  salt  as  such  or  by  the  combined  ions, 
but  rather  by  the  properties  of  its  free  ions.  Through  this  con- 
ception the  analytical  chemistry  of  saline  matter  (salzartigen  Stoffe) 
at  once  undergoes  an  enormous  simplification  :  it  is  not  the  ana- 
lytical properties  of  salts  as  a  whole,  but  only  those  of  their  ions 
Mhich  have  to  be  established.  Supposing  that  50  anions  and 
60  kations  are  Kiven,  these  can  form  with  each  other  2500  salts ; 
and  supposing  these  salts  to  possess  individual  reactions,  the  pro- 
perties of  2500  kinds  of  matter  must  be  individually  enunciated. 
But  since  the  properties  of  the  dissolved  salt«  are  simply  the  sums 
of  the  properties  of  their  ions,  it  follows  that  the  knowledge  of 
60-1-50=100  cases  is  sufficient  to  predominate  over  the  whole 
possible  number  of  2500  cases.  As  a  matter  of  fact,  analytical 
chemistry  has  long  made  use  of  this  simplification.  It  has  long 
been  known,  for  example,  that  the  reactions  of  the  copper  salts 
are  the  same  with  respect  to  copper,  whether  we  examine  the 
sulphate,  nitnite,  or  any  other  salt;  the  scientific  formulation  and 
the  cause  of  this  behaviour  have,  however,  been  reserved  for  the 
dissociation  theory." 

Any  polemically  disposed  chemist  might  feel  inclined  to  traverse 
the  last  statement,  but  we  have  said  enough  to  show  that  we  have 
at  any  rate  a  work  on  chemical  analysis  which  can  in  reality  be 
called  a  new  work.  It  is  worthy  of  the  most  careful  study,  and 
its  pages  will  be  found  interesting  both  by  veterans  and  novices ; 
an  opinion  which  is  tantamount  to  the  highest  praise  that  can  be 
bestowed  upon  a  book  devoted  to  a  subject  in  which  there  has 
been  practically  no  scope  for  a  new  departure  since  the  time  of 
Liebig. 


XXII.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  CHANGE  OF  LENGTH  IN  SOFT  IRON  WIRE  PLACED  IN  A 
UNIFORM  MAGNETIC  FIELD.      BY  B.  ROSING. 

To  the  Editors  of  the  Philosophical  Magazine, 
Gentlemen, 

IN  No.  224  (vol.  xxxvii.)  of  your  esteemed  Magazine  was  pub- 
lished a  paper  by  Mr.  Nagaoka  on  "  Hysteresis  attending  the 
Change  of  Length  by  Magnetization  in  Nickel  and  Iron."  Wince 
the  autumn  of  1891  I  have  been  investigating  the  same  question, 
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and  the  results  I  have  now  obtained  agree  in  general  with  tho«e 
of  Mr.  Nagaoka.  Some  discrepancy  between  our  observations  may 
be  explained  as  due  to  a  divergence  in  the  conditions  of  experi- 
ment *.  The  method  1  used  consisted  in  the  application  of  inter- 
ference-fringes and  sensitive  lever.  Its  sensitiveness  was  nearly 
the  same  as  that  in  the  method  of  Mr.  Nagaoka:  one  division 
of  the  microscope  scale  corresponding  to  a  change  of  length 
=  11x10"^  cm.  Influence  of  temperature  effects  was  compen- 
sated by  a  peculiar  bimetallic  suspension  of  the  sensitive  lever. 
The  results  I  have  obtained  are  given  in  the  following  Table, 

where  H  represents  magnetic  force  (C.G.S.  units),  y  elongation 
per  unit  of  length  of  my  iron  wire  t,  and  I  its  magnetisation. 


H(O.G.S.). 

^'xio-. 

i(o.a.s.). 

67-4 

-1371 

1495 

50-5 

-107-0 

1495 

33-7 

-  62-2 

1448 

263 

-  28  6 

1395 

16-9 

-  1*7 

1283 

13-5 

+  13-6 

1206 

8-4 

+  24-3 

1142 

M 

+  29  6 

1065 

34 

+  29-5 

1012 

17 

+  26  6 

965 

0 

4-217 

920 

-  1-7 

+  139 

683 

-  3-4 

4-  3-8 

312 

-  51 

+  7-8 

-  418 

-  67 

+  12-2 

-  559 

-lO-l 

+  15  1 

-  900 

-13-5 

+  11-3 

-1060 

-16-9 

+  41 

-1107 

-268 

-  21-4 

-1219 

-337 

-  45  1 

-1272 

-60-5 

-  88-8 

-1378 

-67-4 

-1247 

-1454 

Theoretical  views  permit  us  to  suppose  the  following  correlation 
between  y  and  corresponding  values  of  H  and  I  — 

y=ar-l-6IH-|-cH« (1) 

My  friend  Mr.  Weinberg  has  kindly  calculated  the  coefficients 
of  this  formula  by  the  method  of  least  squares.  These  are  as 
follows : — 

a=:4!4834xl0-",    6= -365023  xlO'^     r«3016-31  xlO"". 

*  The  iron  bars  of  Mr.  Na^ka  were  comparatively  thick  and  short, 
the  ratio  of  their  length  to  their  diameter  was  not  greater  than  70,  whereas 
my  wire  had  for  this  ratio  about  494.    This  wire  was  moreover  stretched. 

t  Mean  of  several  sets  of  observations. 
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The  dotted  curve  on  the  accompanying  figure  represents  the 
relation  between  y  and  H  calculated  by  the  formula  (1),  and  the 
plain  curve  the  results  of  observations. 


The  mean  difference  between  the  values  of  j  obsened  and  cal- 
culated is  equal  to  about  6*7  X 10**  or  to  3  per  cent,  of  the  maximum 
value.  This  difference  is  too  great  for  an  exact  formula,  but  as  a 
first  approaimation  the  formula  (1)  may  be  accepted.  Thus  1  may 
set  forth  the  results  of  my  investigation  in  the  following  form  : — 

A  soft  iron  wire^  39*6  cm,  long  and  0  083  cm,  thick,  with  a  longi- 

tudinal  stress  of  380 ^  and  placed  in  a  magnetizing  solenoid  86  cm, 

long  and  3*85  cm,^  in  mean  section,  hy  cyclic  magnetization  shows  a 
change  of  length,  which  may  be  compressed,  as  a  first  approximation, 
hy  theformtda 

10"  X  y  =  0-000044834  x  P-  0-00365023  x  IH  +  0-0301631  x  H% 

Zl  . 
where  -j  is  elongation  per  unit  of  length,  I  magnetization,  and  H 

magnetic  force. — Abstract  of  a  paper  puMished  in  the  Journal  of 
the  Russian  Physico-CJietnical  Society,  xxvi.  pp.  253-264. 

Physical  Laboratory. 
University  of  St.  Petersburg,  Russia. 
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XXni.  Some  Experiments  with  Alternating  Currents.  By 
Albert  Griffiths,  M.Sc.^  Berkeley  Fellow  of  Owens 
College^  Manchester*. 

THIS  paper  embraces  experiments  on  certain  actions  pro- 
duced by  an  alternating  current  when  it  passes  through 
the  coil  or  coils  of  a  galvanometer^  and  investigations  of  a 
peculiarity  noticed  by  Lenard,  viz.,  that  the  resistance  of 
bismuth  in  a  strong  magnetic  field,  when  measured  with  an 
alternating  current  and  a  telephone,  is  greater  than  when 
measured  with  a  steady  current  and  a  galvanometer;  in 
addition  there  are  some  theoretical  considerations. 

Ab  mentioned  by  Dr.  Schuster  in  Phil.  Mag.  vol.  xlviii. 
1874,  p.  340,  it  IS  found  that  if  an  alternating  current  and 
constant  current  combined  ^o  through  the  coils  of  a  ^1- 
vanometer,  the  deflexion  of  me  needle  is  greater  than  uiat 
produced  by  the  constant  current  alone. 

In  my  experiment^,  an  induction-coil  supplied  with  Kohl- 
rausch's  apparatus  for  the  determination  of  electrolytic 
resistance  was  used  as  the  source  of  the  alternating  current^ 
the  interrupter  of  which  was  replaced,  initially,  by  a  tuning- 
fork  which  gave  128  complete  vibrations  per  second. 

The  galvanometer  employed  was  one  of  Edelmann's  :  there 
is  a  pair  of  coils  on  each  side  of  the  needle  which  can  be 

•  Commimicated  by  F^£  A.  Schuster,  F  Jt.S. 
PUl.  Mag.  S.  6.  Vol.  39.  No.  238.  March  1895.       R 
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placed  at  various  distances  from  the  needle  ;  the  coils  can 
also  be  rotated  as  a  whole  about  a  vertical  axis  passing  through 
the  centre  of  the  needle.  The  needle  consists  of  a  steel  ring, 
suspended  with  the  plane  of  the  ring  vertical. 

Chrystal  gave  a  very  complete  explanation  of  the  phe- 
nomenon in  rhil.  Mag.  p.  401,  vol.  ii.  1876  ;  his  explanation 
depends  on  the  assumption — no  doubt  correct — that  the  mag- 
netization of  a  steel  needle  can  be  caused  to  vary  by  a 
magnetic  fields  however  small. 

Suppose  that,  through  any  cause,  the  needle  makes  an 
angle  with  the  plane  of  the  galvanometer  coils  :  owin^  to  the 
fact  that  a  needle  is  most  readily  magnetized  lengthwise,  that 
component  of  a  magnetic  field  parallel  to  the  needle  produces 
a  decided  change  in  the  ma^etization  lengthwise,  whilst  the 
action  of  the  field  in  any  omer  direction  is  relatively  small. 
It  is  unnecessary  to  go  into  details,  but  it  is  found,  on 
examination,  that  the  field,  with  lines  at  right  angles  to  the 
plane  of  the  coils,  which  tends  to  increase  the  angular 
deflexion  increases  the  magnetization  of  the  needle :  on  the 
other  hand,  the  field  which  tends  to  diminish  the  angular  de- 
flexion diminishes  the  magnetization  of  the  needle.  Hence  in 
the  case  of  alternations  the  currents  that  tend  to  increase  the 
deflexion  give  greater  impulses  than  those  in  the  other  direc- 
tion, and  in  consequence  the  angular  deflexion  of  the  needle 
is  increased.  The  same  would  happen  if  the  needle  were  not 
magnetized. 

Since  the  change  in  the  magnetization  of  the  needle  will 
vary  approximately  as  the  strength  of  the  alternating  current, 
and  the  action  on  the  needle  varies  as  the  product  of  the 
change  and  the  strength  of  the  alternating  current,  it  follows 
that  the  action  on  the  needle  will  vary  approximately  as  the 
square  of  the  alternating  current.  Kiis  i  proved  indirectly 
bv  using  an  alternating  current  of  constant  strength,  and 
placing  the  coils  at  various  distances  from  the  needle,  having 
previously  determined  the  relative  sensibilities  of  the  galva- 
nometer for  the  various  distances  with  a  steadv  current. 

Still  following  Chrystal,  it  is  obvious  that  if  a  magnetized 
steel  sphere,  or  any  steel  body  bounded  by  a  surface  of  revolu- 
tion whose  axis  is  that  of  suspension,  be  suspended,  the  super- 
imposed magnetization  will  always  be  parallel  to  the  lines  of 
force  in  the  field,  and  hence  there  will  oe  no  turning  moment 
due  to  this  cause. 

I  suspended  a  magnetized  steel  sphere  in  place  of  the 
ordinary  needle,  and  was  surprised  to  find  that  when  the 
angular  displacement  of  the  magnetic  axis  with  respect  to  the 
coils  was  in  one  direction,  an  alternating  current  increased 
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the  deflexion :  when  the  angular  displacement  was  in  the 
other  directioni  an  alternating  current  dtminislied  the  deflexion. 
A  magnetized  steel  ring  behaved  in  a  similar  manner  ;  in 
this  case  I  proved  experimentally  (indirectlv)  that  the  action 
on  the  needle  varied  approximately  as  the  square  of  the 
alternating  current ;  also  on  resuspending  the  ring  so  as  to 
make  what  was  previously  the  lower  side  the  upper  one,  the 
direction  of  the  deflexion  was  reversed.  An  explanation  did 
not  strike  me  at  the  time  of  experimenting,  but  perhaps  the 
true  explanation  is  that,  owing  either  to  some  defect  in 
homogeneity  or  in  geometrical  shape,  die  direction  most  sus- 
ceptible to  magnetization  was  inclined  at  an  angle  to  the 
magnetic  axis.  Suppose,  for  example,  that  the  angle  were 
45^:  since  the  angle  which  the  direction  most  susceptible 
Jio  magnetization  makes  with  the  plane  of  the  coils  is  increased 
by  an  alternating  current,  it  is  obvious  that  the  magnetic  axis 
could  be  rotafcea  45^  in  either  direction  before  there  was  a 
change  in  the  direction  of  the  deflexion  produced  by  the  alter- 
nating current. 

Although,  undoubtedly,  the  phenomena  described  above  are 
almost  entirely  due  to  magnetic  causes,  it  was  thought 
advisable  to  try  some  experiments  with  a  copper  (non- 
magnetic) ring. 

It  must  be  mentioned  that  the  Edelmann  galvanometer  was 
supplied  with  dampers  which  consisted  of  two  hollow  metal 
cylinders  capable  of  movement  to  various  distances  from  the 
needle.  The  copper  ring  was  suspended  with  a  diameter 
verti(^  and  capable  of  rotation  about  that  diameter ;  when 
the  dampers  were  pushed  in  as  far  as  possible,  the  angle  be- 
tween tne  plane  of  the  ring  and  the  plane  of  the  coils  was 
increased  by  an  alternating  current ;  when  the  dampers  were 
drawn  out^  the  angle  was  diminished.  These  repubions  and 
attractions  are  no  doubt  caused  by  the  interactions  of  the 
original  alternating  current  in  the  galvanometer  coils^  and  the 
induced  currents,  of  various  phases,  in  the  copper  ring  and 
dampers. 

The  copper  ring  was  sawn  across^  so  that  the  circle  was  no 
longer  complete ;  the  action  on  the  ring  of  an  alternating 
current  in  the  galvanometer  coils  was  now  almost  negligible. 

A  steel  ring  was  sawn  across,  so  that  the  circle  was  no 
longer  complete,  and  then  magnetized  and  suspended  with 
a  diameter  vertical.  An  alternating  current  produced  a 
powerful  action  on  the  suspended  needle^  althougn  no  induc- 
tion-currents of  any  importance  could  exist. 
.  In  the  preceding  experiments  I  was  troubled  with  slight 
irregularities  which  I  attributed  to  imperfections  in  the  alter- 
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nating  current,  and  I  attributed  the  imperfections,  perhaps 
erroneously,  to  slight  irregularities  in  the  make  and  break. 

The  interruptions  in  the  primary  circuit  were  caused  by  a 
platinum  point  leaving  a  mercury  surface  which  was  covered 
with  methylated  spirit.  The  spark  seemed  to  me  to  be 
an  erratic  factor,  and  I  endeavoured  to  get  rid  of  it  by 
employing  a  resistance  as  a  shunt  across  the  spark-gap,  by 
employing  a  condenser  as  a  shunt,  and  in  particular  oy  a 
method  of  Differential  Winding,  which  was  only  a  partial 
success,  described  by  S.  P.  Thompson  in  ^The  Electro- 
magnet and  Electromagnet  Mechanism.' 

The  method  of  Differential  Winding  diminishes  the  spark 
on  break,  but  certainly  does  not  elinunate  it ;  as  the  action 
of  the  arrangement  is  of  some  interest,  1  have  given  a  full 
explanation  of  its  construction  and  behaviour  in  Addendum  L 

The  device  for  preventing  sparking  which  acted  the  best, 
and  which  I  think  is  a  new  one,  consists  in  the  use  of  electro- 
lytic cells  or  small  batteries  placed  as  a  shunt  across  the 
spark-gap. 

I  first  used  electroljrtic  cells,  the  platinum  plates  of  which 
were  about  1  in.  by  §  in.,  and  dipped  in  dilute  or  strong  sul- 
phuric acid. 

The  explanation  is  that  the  cells  polarize,  and  on  making 
the  gap  an  E.M.F.  is  introduced  opposed  to  the  E.M.F.  of 
the  battery,  so  that  the  current  rapidly  diminishes,  decom- 
posing the  Uquid  and  doing  chemical  work. 

I  may  mention,  incidentally,  that  the  rapid  make  and  break 
of  current  through  the  electrolytic  cells  disintegrated  the  sur- 
face of  either  the  positive  or  negative  plates  (I  did  not  observe 
which)  and  brougnt  platinum  into  suspension,  in  a  very  finely 
divided  state,  throughout  the  liquid. 

I  tried  plates  of  gas-charcoal  in  dilute  HsSO^ ;  these  did 
not  act  so  well  as  the  platinum. 

I  tried  lead  plates  in  dilute  HsS04 ;  these  acted  quite  as 
well  as  the  platinum  plates,  and  are  of  course  cheap. 

When  the  above-mentioned  device  was  employed  there  was 
no  trouble  with  the  mercuiy ;  in  fact  the  little  sparking  there 
was  seemed  to  purify  rather  than  contaminate  the  surface. 

Having  now  had  some  experience  with  alternating  cur- 
rents, I  was  recommended  to  examine  some  of  Lenard's 
experiments*  on  the  electrical  resistance  of  bismuth  in  a 
magnetic  field  with  constant  and  alternating  currents. 

The  telephones  and  bridge  employed  were  those  which  are 
used  for  the  determination  of  electrolytic  resistances  by  Kohl- 
rausch's  method ;  the  bridge-wire  is  wound  on  a  cylinder. 

•  Wied.  Amu  xxxix.  p.  619  (1890). 
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To  eliminate  any  possible  errors  due  to  the  self-indnction  of 
the  bridge- wirOy  the  resistance  of  the  standard  arm  was  always 
varied  nntil  the  reading  of  the  bridge  was  not  far  from  the 
middle  of  the  wire. 

I  no  longer  employed  a  tuning-fork  as  interrupter,  bat 
used  an  apparatus  aiscussed  in  Addendum  II.,  which  enabled 
me  to  obtain  any  number  of  breaks  per  second  up  to  500. 

To  explain  the  fact,  discovered  by  himself,  that  a  bismuth 
wire  in  a  strong  magnetic  field  has  apparently  a  higher 
resistance  when  measured  with  a  telephone  and  an  alternating 
current  than  with  a  galvanometer  and  constant  current, 
Lenard  frames  the  bold  hypothesis  that  it  is  not  the  frequency 
of  by  far  the  greater  part  of  the  alternating  current  that  has 
to  do  with  i£e  increased  resistance,  but  accidental  (so  to 
speak)  oscillations  with  a  frequency  of  about  10,000. 

With  the  bismuth  spiral  in  a  strong  field  absolute  silence 
is  never  obtained  in  tne  telephone,  but  there  is  a  decided 
minimum  noise  of  a  nondescript  character. 

No  differences  of  resistance  could  be  detected  with  fre- 
quencies between  60  and  500. 

It  is  well  known  that  an  alternating  current  tends  to  travel 
along  the  surface  of  a  conductor,  especially  when  the  con- 
ductor is  magnetic ;  the  result  is  that  the  resistance  for  an 
alternating  current  is  greater  than  for  a  steady  one. 

Let  I  be  the  length  of  a  straight  wire,  R  the  resistance  to 
steady  currents,  pjiir  the  frequency  of  vibration,  ft  the  mag- 
netic permeability  for  circumferential  magnetization,  B'  the 

resistance  to  alternating  currents ;  then  if  ^^—  is  small, 

where  r  =  resistance  per  unit  length.^ 

In  the  case  of  a  copper  wire  1  millira.  in  diameter,  where 
/i=l,  the  increase  of  resistance  with  an  alternating  current 
of  frequency  10,000  equals  about  one  tenth. 

The  formula  becomes  unworkable  when  ^   is  large ; 

but  it  seems  probable  that  if  a  current  of  10,000  exists  side 

by  side  with  one  of  100,  the  use  of  suflScient  iron  wire  of 

sufficient  diameter  would  enable  us  to  diminish  the  strength  of 

♦  Lord  Rayleigh,  Phil.  Mag,  vol.  xxi.  1886,  p.  887. 
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the  former  considerably,  while  diminishing  the  latter  to  a 
mnch  less  de^e. 

I  employed  a  length  of  iron  wire  which  had  a  resistance 
equal  to  1*845  ohms,  i=4675  centim. ;  taking  /as  100^  we 
get  when  jt)=27r  x  10,000  :— 

xii    =  ^50  approx. 

The  wire  was  placed  between  the  secondary  of  the  induction- 
coil  (which  had,  as  arranged,  a  resistance  of  about  24  ohms) 
and  the  Wheatstone  bridge. 

No  very  appreciable  change  was  produced  in  the  intensity 
of  the  sound  of  the  telephone  when  the  iron  wire  was  intro- 
duced, nor  was  any  change  produced  in  the  reading  which 
gave  the  position  of  minimum  sound. 

The  use  of  the  telephone,  as  being  too  comprehensive  in  its 
record,  seemed  to  me  in  some  respects  unsatisfactory;  and  I 
thought  that  possibly  a  method  might  be  useful  which  enabled 
the  telephone  to  be  replaced  by  a  galvanometer,  whilst  still 
retaining  an  alternating  current. 

It  has  already  been  mentioned  that  the  interruptions  were 
produced  by  means  of  a  vibrating  wire,  a  platinum  point 
attached  to  the  wire  dipped  in  and  out  of  mercury  ;  to  the 
same  vibrating  wire  was  attached,  by  means  of  an  insulator, 
some  platinum  wire  in  the  form  of  an  inverted  U,  the  lower 
tips  of  which  just  dipped  in  some  mercury  contained  in 
two  little  vessels.  The  telephone  was  replaced  by  a  galvano- 
meter, and  the  latter  was  so  connected  to  the  bridge  that  the 
galvanometer-branch  was  only  complete  when  the  platinum 
wire  (in  the  form  of  an  inverted  U)  dipped  into  the  mercury 
in  the  two  little  vessels. 

This  an-angement,  as  was  to  be  expected,  gave  correct 
results  when  the  resistance  of  a  german-silver  wire,  for 
example,  was  determined  by  means  of  an  alternating  current; 
but  when  the  attempt  was  made  to  determine  the  resistance 
of  a  bismuth  spiral  in  a  strong  magnetic  field,  the  method 
failed.  Matters  were  sufficiently  stable  to  allow  of  observa- 
tions^ but  the  results  obtained  varied  with  the  frequencies, 
and  even  with  the  same  frequency  were  not  constant  from 
hour  to  hour.  Since  readings  could  be  obtained,  and  since 
j^^  of  a  second  is  no  doubt  small  in  comparison  with  the 
time  the  galvanometer-branch  was  complete,  it  seems  ex- 
tremely probable  that  the  action  of  the  bismuth  spiral 
depends  on  some  action  upon  the  alternating  current  of  the 
frequency  I  was  endeavouring  to  employ  (about  50).  It 
seems  Hkely  also  that  the  action  of  the  bismuth  is  not  a 
simple  one,  t.  e.  there  is  perhaps  not  merely  (if  at  all)  aq 
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increase  in  resistance,  but  also  an  action  depending  on  the 
phase  of  the  current. 

It  was  thought  probable  that,  although  the  i)ismuth  spiral 
had  no  real  self-induction,  jet  it  might  have  something  equi- 
valent. To  test  thisy  two  equal  resistances  were  prepared 
whose  coefficients  of  self-induction  could  be  varied  at  pleasure, 
for  description  of  which  see  Addendum  III. 

By  no  means  could  complete  silence  be  obtained  when  the 
telephone  and  alternating  current  were  employed ;  there  was 
alwavs  a  decided  minimum  noise.  The  minimum  noise  given 
by  the  telephone  was  certainly  diminished  by  the  introduc- 
tion of  suitable  self-induction,  the  amount  reouired  diminish- 
ing with  the  strength  of  the  field  in  which  tne  bismuth  was 
5 laced.  But  here,  again,  on  attempting  to  measure  I  found 
ifficulties;  for  the  amount  required  varied  from  time 
to  time,  depending  certainly  on  tne  state  of  the  telephone 
(proved  by  tampering  with  the  diaphragm),  and  possibly  on 
the  state  of  the  eai-s,  or  on  small  peculiarities  of  the  current. 

Th&  resblance  of  the  bismuth  spiral  was  determined  alone 
and  in  series  with  an  ordinary  resistance,  the  alternating 
current  and  telephone  being  of  course  employed  ;  the  results 
were  the  same  in  each  case  :  if  the  bismuth  had  behaved  as 
if  it  had  self-induction,  the  results  would  have  been  different. 

The  bismuth  spiral  was  replaced  by  an  ordinary  resistance, 
and  self-induction  was  introduced  until  the  apparent  change 
of  resistance,  measured  by  the  telephone,  was  equal  to  that 
produced  by  the  action  of  a  magnetic  field  of  certain  strength 
on  the  bismuth  :  the  minimum  noise  was  very  much  greater 
than  that  observed  when  the  bismuth  was  employed. 

Before  making  more  experiments,  I  thought  it  advisable  to 
make  up  some  theory  as  a  working  hypothesis. 

In  the  first  place,  it  is  very  prooable  that  the  increase  of 
resistance  witn  a  constant  current,  produced  by  a  strong 
magnetic  field;  is  caused  by,  or  accompanied  by,  a  mole- 
cular or  crystalline  rearrangement  of  the  bismuth.  Again, 
it  is  not  unlikely  that  the  passage  of  a  current  along  the 
bismuth  may  cause  or  require  an  additional  rearrangement; 
and  it  is  possible  th&t  an  arrangement  which  has  a  certain 
resistance  for  one  strength  of  current  may  not  have  the  same 
resistance  for  another  strength.  It  is  not  suggested  that 
different  strengths  of  current  may  be  subject  to  different 
resistances,  but  that  the  arrangement  for  one  strength  of 
current  mav  produce — ^the  previous  arrangement  still  obtain- 
ing— a  different  resistance  for  another  strength  of  current. 
The  changes  in  resistance  would  in  tins  case  be  of  a  compli- 
cated character  ;  I  workea  on  the  above  assumption,  assisted 
by  mathematics,  without  obtaining  any  serviceable  results. 
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I  made  another  attempt  at  a  theory^  which^  with  the  help 
of  sufficient  hypotheses^  gives  results  agreeing  to  some  extent 
with  the  facts. 

For  simplicity,  initially,  the  bismath  spiral  will  not  be 
considered  as  forming  part  of  a  Wheatstone  bridge. 

It  is  very  probable  that  when  the  bismuth  wire  is  put  in 
a  magnetic  field  the  ultimate  particles,  crystals  or  molecules, 
will  become  magnetized.  The  stronger  the  field  the  stronger 
will  the  magnetization  be.  If  now  an  alternating  current  be 
sent  alon^  the  wire,  the  magnetized  particles  will  take  up 
forced  oscillations. 

Let  e:=ei  cos pt  represent  the  B.M.F.  acting  at  the  ex- 
tremity of  a  bismuth  wire. 

For  simplicity,  let  us  confine  our  attention  to  one  particle 
of  bismuth.  Let  u  =  any  displacement  of  the  particle  caused 
by  the  alternating  current ;  then,  approximately,  the  oscilla- 
tion of  the  particle  will  be  represented  by 

u  +  ku -\- n^u^'E  cos  pt; (1) 

2'ir 
where  k  depends    on   friction  and  damping,  and  n  =-rjr  > 

T  being  the  time  of  oscillation  of  the  particle.     T  will  depend 
on  the  degree  of  magnetization  of  the  particle,  on  the  strength 
of  the  field,  and  on  the  ultimate  structure  of  the  bismuth. 
A. solution  of  (1)  is 

Bsine       ,  ^      .  ,^. 

^=-^5fc-co8(l><-Oi (2) 

"'""     t».=;A («) 


n*-p«' 


TT 


Let  «  =  -Q-  ■"«  ;  then  from  (8), 

*«°''=^ (4) 

Equation  (2)  may  now  be  written 

Ecos«  .    /  ,  ,    V  ,cv 

«*=-^3fc-8in  (;>«+«) (5) 

The  movement  of  the  particle  will  cause  an  E.M.F.  along 
the  wire ;  if  the  amplitude  of  the  osciUation  be  small,  the 

E.M.F.  produced  will  vary  approximately  as  -tt* 

From  (5), 

du      Ecosa   ^        /   .  .    X 


Digitized  by 


Google 


JExperiments  toith  AUemating  Currents.  237 

The  p's  cancel — ^this  is  an  important  part  of  the  analysis-* 
and  we  get 

du      E  cos  a       ,  ^  ,    V  ,^x 

If  we  assume  that  the  yalne  oi  ph  is  large  in  comparison  with 
that  of  n^'-p'}  a  will  be  small,  and  cos  a  will  approximately 
equal  unity. 

Let  us  suppose  that  n>p,  so  that  a  is  positive. 

Let  e^  =  the  back  E.M.F.^  due  to  the  forced  oscillation  of 
the  particle. 

Let  K  =:  a  multiplier  which  will  increase  with  the  mag* 
netization  of  the  particle^  i .  e.  with  the  strength  of  the  field. 

We  have 

KEcosa       ,  ^  ,    .  ,_. 
y- C09  (pt  +  a) (7) 

Let  %  =  current  along  the  bismuth, 
r  =  true  resistance  of  the  bismuth  ; 

.       f            ^     KEcosa       /  ,  L   xl/ 
I  =s  <  ^1  cospt ^ cos  {pt+a)  >  jr. 

To  obtain  a  rough  result  we  may  put  «=0, 

Let  r^  s=  apparent  resistance, 
KE> 


/.  .  KE\ 
ra=^(l+l^japprox. 


Let  F  =  strength  of  magnetic  field  :  for  the  sake  of  mathe- 
matical simplicity  let  us  suppose  that  the  maraetization  of 
the  bismuth  particle  varies  as  the  square  root  of  F. 

We  have  ^^^^^ 

EcceyW. 

Let  J  =  a  multiplier;  we  obtain 

....  r„=r(l  +  9F).    .    i (8) 

This  deduction  diverges  from  the  observed  facts ;  its  chief 
interest  lies  in  the  result  that^  so  long  as  A;  is  great  compared 

y^jj^  ^  ""P  ^  the  frequency  of  the  alternating  current  h^s 


Digitized  by 


Google 


238  Mr.  Albert  Griffiths :   Some 

little  influence.    The  higher  the  valae  of  k^  the  lower  is  the 
frequency  for  which  (8)  is  still  true. 

in  the  preceding  it  has  been  assumed  that  n>p  ;  it  seems 
impossible  to  obtain  the  actual  value  of  n.  In  general,  rapid 
oscillations  are  characteristic  of  small  dimensions ;  and  if  the 
oscillations  were  due  to  mechanical  causes,  as  an  hypothesis 
I  should  feel  inclined  to  take  n  large.  The  frequency  of  the 
oscillations  of  a  magnetized  particle  could  not  depend  entirely, 
however,  on  mechanical  forces^  for  it  would  certainly  depend 
on  the  strength  of  the  field  and  the  relative  position  of  the 
particle  with  respect  to  the  field. 

It  may  be  noticed  also  that  r^  depends  to  some  extent  on  p; 
and  it  will  be  shown  later  that,  if  the  bismuth  spiral  formed 
one  arm  of  a  Wheatstone  bridge,  the  positions  of  minimum 
noise  would  vary  slightly  with  different  frequencies ;  so  that 
unless  a  perfectly  harmonic  alternating  current  was  employed, 
the  sound  in  the  neighbourhood  of  the  minimum  position 
would  differ  in  constitution  from  the  sound  corresponding  to 
the  original  alternating  current. 

The  preceding  treatment  is  very  incomplete,  a  fuller 
examination  is  given  below. 

The  adjoining  figure  represents 
a  Wheatstone  bridge.  Tne  tele- 
phone is  placed  in  SD,  the  bismuth 
spiral  in  CD.  It  will  be  assumed 
that  the  increase  in  resistance  of 
the  bismuth,  when  measured  with 
a  telephone,  is  altogether  apparent. 

Let  Y  =  true  resistance  of  the  bismuth  spiral. 

Let  X  =  Y,  for  simplicity. 

Let  us  suppose  the  resistance  of  BD  is  so  great  that  an  in- 
appreciable current  goes  through  the  telephone. 
Let  E.M.F.  at  A=0. 

„  „         C=Q  cos  pt. 

Let  t= current  along  CD  A. 
Let  nss  displacement  of  a  bismuth  particle, 

....     5^+*i5r+^^^=*«^ (1) 

Let  B=back  E.M.F.  due  to  motion  of  bismuth  particles; 
since  the  back  E.M.F.  will  increase  with  the  number  of  par- 
ticles, if  we  confine  our  attention  to  the  same  kind  of  wire, 
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we  may  put 

* XTT  TTT •   •    •    K^) 

Sobstituting  in  (1)  and  rearranging, 

Let 

*i+  X+Y~*' (^) 

^"•i: (« 

We  have 

dPu  ,  J  du       ,      ^ 

the  solution  of  which  is 

^=-^cos(p«-€), (5) 

where 

iane^-^. (6) 

Supposing^  as  before,  that  k  is  great  in  comparison  with 

^,  6  will  nearly  equal  3. 

P  ^  .    . 

Di£Ferentiating  (5)^ 

eiu         E  sin  6  .    /  ,      v  ,„. 

di"^ ^— sm(p«-6), (7) 

Substituting  in  (2)^ 

/fi        *  .  ^sYE  sin  6  .    >  ,      . 
6  cospf  +  — — T sm  {pt — e) 

E.M.F.  at  D=tX 

X-     f/n        .^AsYEsinc  .    ,  ,      xl 

=  X+Y  i  ®^^^^+  ^ — k ^^°  (/^^""O  / 

1  f/fi         ^.  faTE  sine  cose  .      ^     AjYEsin^e  > 

=H  6cos^t+  -= T smj>< — - — T co8jt>^  >. 

E.M.F.  at  B-=6(gco8pe. 
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The  ctLrrent  along  BD  varies  as 

,  f,^              ifcsYE  sine  cos  €  .     ^     it.YE  sin'c        ^\     t/c^^^. 
i <  (£cospt+— T sinpt—  -5— jg cos2>t  j-  —b&cospt 

or 

{g      ijYEsin^c     ,^")    ,  ifcsYE  sin  €  cos  €  .     , 

ssBcos  (|><— «)  say  ; 
where 

T,,     re      itjYEsi^     wcl'j.    f^»YE  sine  cose-)' 

^=12 2X — *®/  +  1 — 2A — ; 

To  make  B  a  minimmn, 

^_,   Jfe,YEsio«e 

""*        2i^~- 

From  (4), 

E  _      it, 

sabstittiting 


(£  ~  X+Y' 

*=4 7I—' 


U 


a=i+i^^»i^ 


Apparent  resistance—  -        i  i  - .  X .    .    .  (8) 


l_j^  8in«e 


If  6  is  nearly  eqnal  to  3  the  result  is  very  little  influenced 
by  the  frequency. 
If  e=  ?  we  have,  noticing  from  (3)  that 

*  =  *!  +  J*,*,, 

Apparent  resistance  =  ,  ^        .  X    ...    (9) 

It  has  been  already  mentioned  that  experiments  in  which 
H  galvanpmeter  and  an  iptermittent  ^contact  caused  by  q, 
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yibrating  wire  were  emplojed  gave  results  of  little  utility. 
An  objection  to  the  method  is  that  the  length  of  contact  and 
the  position  of  contact  (so  to  speak)  with  regard  to  the  phase 
of  the  alternating  current  are  unknown. 

A  well-designed  alternator  would  provide  a  method  of  ob- 
taining an  alternating  current  almost  perfectly  harmonic  in 
character,  and  bv  means  of  an  intermittent  contact  arranged 
by  the  agency  oi  the  axis  of  the  rotating  armature  the  efiect 
of  the  bismuth  on  tiie  alternating  current  could  be  studied 
verv  eflSciently. 

I  employed  a  small  alternator  made  from  a  motor,  the 
character  of  whose  alternating  current  I  do  not  know. 

To  make  the  tabulated  results  given  later  more  clear,  it 
may  be  mentioned  that  the  wire  of  the  bridge  is  divided  into 
1000  parts,  and  that  increase  in  the  reading  means  increase 
in  the  resistance  measured. 

The  alternator  rave  a  current  with  a  frequency  of  about 
30  or  40  per  secoim. 

With  constant  current  and  permanent  contact,  the  reading 
was  489. 

The  reading  for  minimum  noise  with  the  telephone  was 
about  501. 

The  readings  obtained  with  an  intermittent  contact  and  a 
galvanometer  are  indicated  in  the  table  given  below.  I  was 
assisted  by  a  friend,  and  they  were  taken  rapidly. 

What  is  called  the  lead  is  the  angle  between  the  point  of 
intermittent  contact  and  the  point  of  zero  current :  m  other 
words,  it  is  the  angular  distance  the  coil  of  the  alternator  has 
advanced  beyond  the  position  in  which  no  current  is  produced 
before  the  galvanometer  branch  is  made  complete. 

Reading  of  Bridge  which  gave 
Lead.  no  Deflexion  of  Needle  of 

o  Galvanometer. 

—5  roughly 405  approx. 

0  „          485  „ 

10  „          487  „ 

30  „          489  „ 

90  „          489  „ 

135  „  ...         .  492  „ 

175  „  ....  ,.  475  „ 

180  „          482  „ 

225  „          489  „ 


270        „  489-3 

315        „  493 

362        „  477 
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It  may  be  of  interest  to  examine,  by  means  of  an  example, 
what  sort  of  results  one  would  expect  from  reasoning  on  the 
principles  explained  above. 

Let  the  B.M.F.  acting  at  the  extremities  of  the  Wheat- 
stone  bridge  be  represented  by  Q  sin  pt^  and  the  back  E.M.F. 
acting  in  tne  bismuth  spiral  by  ^  ®  sin  (pi— 45°). 

The  adjoining  figure  represents  a 
Wheatstone  bridge. 

The  bismuth  spiral  is  supposed  to 
be  in  the  arm  CD. 

CBA  represents  the  bridge-wire 
divided  into  1000  parts,  the  divisions 
counting  from  C  to  A. 

Let  X=Y  ;  this  involves  the  as- 
sumption that  the  change  in  resistance 
of  the  bismuth  is  only  apparent. 


Let 


P+Q 


=r. 


then 


F+Q 


=  1- 


The  theoretical  change  in  resistance  of  the  bismuth  spiral 
as  determined  by  the  telephone  will  first  be  calculated. 
Assuming  that  the  current  m  BD  is  negligible,  the  current 
through  me  telephone  varies  as 


or  as 


Where 


-ainpt—^shiipt-ib^ -(1-r)  ainpt 
= E  sin  {pt  —a)  say. 

to  make  R^  a  minimum  we  have 

Reading  =  511*8  approx. 

Resistance  with  telephone         _  SlI'S 
Resistance  with  steady  current "  488*2 


=  1-048. 
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In  the  case  of  intermittent  contact  no  current  will  go 
through  the  galvanometor  when 

(l-.r)sinp«=2|8in/>e-g^8in^pe-Jj|, 

.11    ^;-2i^     30       8in;>e        j 
Let  pt=  +B0y  when  80  is  infinitesimally  small  r=  —  oo , 

nothing  corresponding  to  these  results  can  be  obtained  in 
practice. 

In  the  above  equation  the  contact  is  supposed  to  be  of 
infinitesimal  duration ;  as  a  matter  of  fact  this  is  not  the  case  : 
let  T= time  of  contact,  then  a  more  correct  equation  would  be 

However,  this  equation,  integrated,  would  also  give  rise  to 
expectations  of  discontinuity  in  r,  when 

<=-^.     ^-^>     29r-|,  &c. 

It  will  be  interesting  to  find  what  would  be  the  theoretical 
readings  for  various  values  of  pt. 

I.  Letjt)e=30°, 

r=-4914 ;  Beading=:491. 

II.  Let  pt=  60°, 

(1— r)='495,      r='505.  Ileading=505  approx. 

III.  Let  pt  =:90°, 

(l-r)=-4882,    r=-5118.         Readmg=512        „ 

IV.  Letp«=120'', 

(l-r)  =  -4814,    r='5186.         Reading=519        „ 

V.  Letp<=150°, 

(l-r)='4678,    r='5322.         Readmg=532        „ 

VI.  LetptslSO", 

r  cnanges  from  +  oo  to  —  » . 
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VII.  Let/>«=210^  Reading=491. 

VIII.  Let^e=240°.  Reading=505. 

IX.  Leipt=270''.  BeadiDg=512. 

X.  Letp<=310^  Reading=519. 

XI.  Let;?e=330^  Ileading=532. 

The  theoretical  results  indicate  a  sadden  change  at  0^, 
involving  an  impossibility  of  reading  for  small  values  of  pt 
(r  must  lie  between  +1  and  0);  later  a  gradual  rise  m 
reading  to  180^,  again  a  sudden  change,  ana  a  repetition  of 
the  preceding. 

Tne  measurements  of  the  angles  of  lead  are  confessedly 
rough  (they  were  made  with  tne  unassisted  eye),  theory 
womd  indicate  an  addition  of  5^  to  each  reading.  I  en- 
deavoured to  make  more  observations,  but  owing  to  difficulties 
decided  to  leave  more  accurate  determinations  to  a  future 
time. 

Theory  indicates  that  difficulties  might  be  expected  at  the 
position  with  which  I  always  started,  viz.,  a  lead  of  about  zero. 

I  may  mention  that  the  telephones  I  employed  were  not 
nearly  so  useful  with  currents  of  low  frequency  as  with 
higher.  In  fact  a  current  from  the  alternator,  whicn  was  none 
too  powerful  for  use  with  the  telephones  and  bridge,  heated 
the  oismuth  spiral  so  as  to  perceptibly  alter  its  resistance.  I 
found  that  in  a  strong  field  the  resistance  of  bismuth^  as 
measured  by  a  telephone,  diminishes  with  increase  of  tempera- 
ture :  the  same  is  true  with  a  constant  current,  as,  I  found 
out  after  making  my  own  experiments  in  May,  was  noticed 
by  Van  Aubel*  a  year  or  more  ago,  and  later  (with  more 
detail)  by  Henderson  f. 

That  the  resistance  of  bismuth  in  a  strong  field  should 
diminish  with  increase  in  temperature  is  what  one  would  expect 
if,  as  surmised,  the  increase  of  resistance  is  due  to  changes  con- 
nected with  the  diamagnetism  of  bismuth.  I  do  not  know 
of  any  researches,  but  it  is  probable  that  the  susceptibility  of 
bismuth  will  diminish  (numerically)  with  increase  of  tempera- 
ture :  assuming  this,  we  should  expect  that  the  efiect  of  an 
increase  in  temperature  will  be  complex  in  character — ^that,  so 
far  as  the  effect  of  the  demagnetization  doe  to  rise  in  tempera- 
ture is  concerned,  the  resistance  will  diminish;  that,  so  fur  as 
the  ordinary  action  of  heat  is  concerned,  the  resistance  vdll 

*  Journal  de  Physique,  September  1893,  p.  108. 
t  Phil.  Mag.  November  1894. 
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increase.  In  general  we  might  expect  a  temperature  to  be 
soon  reached  at  which  the  latter  action  is  greater  than  the 
former. 

I  should  expect  the  curves  which  give  the  relation  between 
temperature  and  resistance,  in  the  case  of  a  steady  current,  to 
be  somewhat  (to  express  myself  looselv)  asymptotic,  the 
asymptote  being  the  line  which  gives  the  relation  between 
the  temperature  and  resistance  when  the  bismuth  is  in  zero 
field. 

In  addition,  taking  my  theory — which  may  be  applied  to 
currents  of  the  frequencies  under  consideration  or  to  those  of 
10,000  per  second  as  imagined,  perhaps  correctly,  by  Lenard — 
as  a  working  hypothesis,  I  have  formed  the  expectation  that 
the  difference  between  the  resistances  as  measured  by  tele- 
phone and  galvanometer  would  diminish  with  increase  of 
temperature ;  this  is  perhaps  worthy  of  investigation. 

There  is  another  action  which  may  exist, — perhaps  also 
worthy  of  research  ;  I  have  not  had  the  advantage  of  study- 
ing the  original  paper,  but  Gkronza  and  Finzi  *  find  that  an 
alternating  current  influences  the  susceptibilitvof  iron,  nickel, 
and  steel ;  possibly  the  susceptibility  of  bismuth  may  be 
influenced  in  like  manner,  and  indirectly  affect  the  resistance. 

I  hope  at  some  future  time  to  carry  on  some  experiments 
with  alternating  currents  perfectly  narmonic  in  character, 
a  telephone  responding  only  to  the  frequency  under  considera- 
tion, and  to  endeavour  to  determine  wnat  is  the  lowest 
frequency  at  which  a  change  in  resistance  is  perceptible ; 
also  to  examine  whether  the  shape  of  the  section  of  the  bismuth 
wire  is  of  any  importance. 

Summary. 

The  paper  contains  a  few  new  experiments  dealing  with 
the  action  of  alternating  currents  when  sent  through  the  coils 
of  a  galvanometer. 

A  convenient  and  satisfactory  arrangement  is  described  for 
diminishing  the  spark  on  breaking  a  galvanic  circuit. 

A  description  is  given  of  experiments,  made  with  the 
bismuth  spiral,  all  of  which  (and  others  of  which  no  descrip- 
tion is  given)  gave  negative  results. 

A  theory  is  elaborated  which  explains,  to  a  limited  extent, 
the  fact  tnat  in  a  strong  field  the  resistance  of  bismuth  is 
greater  when  measured  with  an  alternating  than  with  a 
constant  current. 

♦  BeibiatteTf  vol.  xviii.  No.  8,  p.  376. 
Phil.  Mag.  S.  5.  Vol.  39.  No.  238.  March  1895.        S 
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There  are  some  surmises  with  regard  to  the  actioa  of  a  rise 
of  temperature. 

Addendum  I.  contains  a  thorough  discussion  of  the  be- 
haviour of  the  method  of  differential  winding  for  diminishing 
the  spark  on  breaking  a  galvanic  circuit. 

Addendum  II.  gives  a  theoretical  treatment  of  the  working 
of  the  interrupter  which  may  be  useful  when  it  is  necessary 
to  design  an  interrupter  for  high  frequencies. 

Addendum  III.  describes  the  method  adopted  to  compare 
self-inductions. 

In  conclusion  I  Live  to  express  my  thanks  to  Prof.  A. 
Schuster  for  initiating  my  research  and  for  much  friendly 
criticism  throughout. 

Addendum  I. 

In  the  method  of  differential  winding  two  wires  of  equal 
length  and  diameter  are  wound  into  coils  side  by  side,  and 
their  ends  so  connected  that  the  wires  are  in  parallel  arc  and 
that  the  equal  currents  which  circulate  the  coils,  when  a  steady 
current  is  flowing,  go  in  opposite  directions.  When  a  steady 
current  goes  through  the  arrangement  no  lines  of  force  are 
produced  within  the  combination  coil ;  one  naturally  associates 
the  production  of  a  spark  at  a  break  in  a  coil  with  lines  of 
force,  and  there  is  a  danger  of  erroneously  assuming  that  no 
spark  due  to  induction  will  be  formed  by  causing  a  break  in 
one  of  the  coils.  What  is,  of  course,  necessary,  is  that  the 
rate  of  change  of  the  number  of  lines  of  force  enclosed  within 
the  coil  should  equal  zero. 

Let  us  imagine  that  one  coil  can  be  suddenly  broken  at  any 
point,  and  that  the  current  in  the  other  coil  can  flow  on 
undisturbed  :  if  this  happened  the  lines  of  force  enclosed 
within  the  combination  coil  would  instantaneously  vary  from 
zero  to  a  finite  number,  i,  e.y  the  rate  of  change  oi  the  number 
of  lines  of  force  would  equal  infinity  and  the  E.M.F.  tending 
to  produce  a  spark  across  the  gap  would  also  equal  infinity. 

What  actually  happens  is,  probably,  somewhat  as  follows  : 
since  the  self-induction  of  each  coil  is  equal  to  the  mutual 
induction  of  the  two,  on  breakinff  one  coil  the  current  in  the 
other  is  suddenly  stopped,  it  flien  begins  immediately  to 
increase,  and  whilst  increasing  causes,  by  induction,  a  spark 
across  the  gap  in  the  broken  coil. 

The  spark  produced  by  the  break  is  therefore  analogous  to 
the  "  make  "  spark  of  an  ordinary  induction-coil. 

The  stoppage  of  both  currents  by  the  break  of  only  one 
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coil  is  capable  of  explanation  by  means  of  a  mechanical 
analogy. 

In  the  figure^  A  represents  a  disk  capable  of  rotation  about 
a  vertical  axis  ;  M  a  heavy  body 
which  is  capable  of  rotation  about 
a  vertical  axis  X  Y;  C  a  disk  cap- 
able of  rotation  about  an  axis 
(variable  in  position)  joining  M 
to  XY;  B  a  disk  similar  to  A. 
The  disks  A,  B,  and  C  are  supposed 
to  be  of  inappreciable  mass.  If  A 
and  B  (corresponding  to  currents) 
rotate  with  equal  velocities  in  oppo- 
site directions,  the  disk  C  will  rotate, 
but  M  (corresponding  to  induction) 
will  remain  stationary.  If,  now, 
B  be  suddenly  stopi)ed,  as  M,  owin^  to  its  inertia,  must 
instantaneously  remain  at  rest,  C  will  be  instantaneously 
stopped  also,  and  likewise  A.  If  the  motive  power  of  A  be 
kept  continuously  applied,  it  will  immediately  begin  to  rotate, 
and  gradually  increase  in  velocity  from  zero  to  its  maximum 
speed. 

The  cause  of  the  production  of  the  spark  is  also  capable  of 
mathematical  treatment. 


For  simplicity,  let  it  be  assumed  that  the  E.M.F.  between 
the  ends  of  each  coil  is  kept  constant  and  equal  to  E. 

Let  t\  be  the  current  in  coil  (1). 

fi  »  „  (2).  ,      ., 

L  =  coefficient  of  self-induction  of  each  coil. 
M= coefficient  of  mutual  induction. 


Considering  coil  (1), 


E=Hn+L§-Mf.. 


Considering  coil  (2), 


E-i,r.+L|-M§. 
S2 


(1) 


(2) 
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Since  L=M,  equations  (1)  and  (2)  may  be  written 

E=.>,H.Lf-L| (3) 

E=;„..+L|.-Lf.      ....    (4) 

The  problem  is  to  find  how  ij  varies  if  a  break  is  made  in 
coil  (1),  t.  e,  if  Vi  varies  from  a  finite  to  a  great  or  infinite 
valne. 

Adding  corresponding  sides  of  (3)  and  (4), 

2B=i,ri  +  i2r2 (5) 

Difierentiating, 


From  (5), 


rv      .  art    ,       twi    ,       mm  ,/,v 


From  (4), 


.       2E-i2ra 

ti=  — 

ri 

4i,     V.+Lt-E 


dt  "  L 

Substituting  these  values  in  (6), 

0=L(2E-i^r,)  ^^  +nV,  +  Lrx«^  -r^^E  +  Lnr,^. 

The  last  equation  would  probably,  under  any  assumption, 

S reduce  an  intractable  differential  equation.  However,  the 
ifficulty  can  be  avoided  by  not  troubling  about  r^  for  the 
present,  and  assuming  that  I'l  varies  from  a  finite  value  to 
zero ;  later  it  will  be  proved  that  the  assumption  is  consistent 
with  the  conditions  of  the  problem,  e.  g.  that  the  expression 
deduced  for  i*i  is  quite  a  legitimate  one. 
Let 

then 

and  on  substituting  (4)  becomes 

A  solution  is 

E        itf'oL       ,,     ^  —  !i<  ,.- 
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When  t^Oy  i$^iof  snbstitntiDg  and  manipulating, 

Finally  (7)  becomes 

It  will  now  be  necessary  to  prove  tbat  ri  is  a  possible 
function  of  t.  It  is  needless  to  give  tbe  details,  "but  it  can 
readily  be  sbown  that 

r^-^Ku      to  /cL— r,  ^  ' 

Let  i>  ?,  then  an  examination  of  (9)  shows  that  r.  is 

initially  equal  to  —  and  continually  increases  with  t. 

We  may  now,  with  safety,  study  the  nature  of  the  solution 

,  _ .        igipL     _^       kJqL      z^^ 
*""        ra— #eL  rj— #eL         * 

differentiating, 

dt      r^^icL  L(r2— #eL) 

When«=0, 

dt  ""  r,— #eL     rj— icL' 
the  value  of  this  when  k  is  very  great  is  approximately 

^+  "j"' 

This  result  shows  that  if  k  is  very  great,  ^  initially  diminishes 
very  rapidly. 

It  is  useless  to  give  the  details,  but  it  can  be  shown  tbat 
the  minimum  value  of  if  is 

If  ic=oo ,  the  above  becomes  an  indeterminate  expression 
the  limiting  value  of  which  is  zero,  showing  that  if  the  coil  (1) 
is  completely  and  rapidljr  broken,  the  current  in  coil  (2)  is, 
under  the  given  conditions,  instantaneously  diminishea  to 
?5ero. 
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The  probable  relation  between  tj  and  t  when  k  is  great,  but 
not  infinite,  is  indicated  in  the  figure  below. 


Addendum  II. 

The  apparatus  used  as  an  interrupter  is  diagraramatically 
sketched  below. 


A  C  represents  the  vibrating  wire,  B  the  battery,  D  and  E 
electromagnets,  F  a  vessel  containing  mercury,  I  the  induction- 
coil.  Some  cells,  consisting  of  lead  plates  in  dilute  sulphuric 
acid,  were  used  as  a  shunt  across  the  spark-gap ;  they  are  not 
shown  in  the  figure,  nor  are  they  taken  account  of  in  the 
theoretical  considerations  which  are  given  below. 

It  was  found  experimentally,  as  one  would  expect  from 
telephony,  that  initial  magnetization  by  means  of  subsidiary 
coils  increased  the  amplitude  of  vibration,  at  any  rate  for  low 
frequencies. 

It  was  also  found  that  a  piece  of  iron  placed  below  one  of 
the  electromagnets  increased  the  amplitude  ;  this  is  a  corre- 
sponding device  to  that  used  in  Auer's  telephone.  The 
probable  explanation  is  that  the  iron  produces  a  strong  and 
divergent  field  in  the  neighbourhood  of  the  iron  wire, 
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If  there  is  a  strong  initial  magnetization,  we  may  assume 
that  'the  efficient  pull  on  the  wire  will  vary  as  the  current 
through  the  coils* 

Let  F= efficient  pull, 
i  =  current, 
then  F  oc  t. 

Some  rough  calculations  were  made,  and  the  conclusion 
was  arrived  at  that  the  self-induction  of  the  electromagnets 
was  of  the  dimensions  of  10'  in  C.G.S.  units. 

The  resistance  of  the  primary  circuit  was  about  3  x  10' 
C.G.S.  units. 

Let  T=time  of  vibration, 

n = frequency  =  7=, 

let    t/= maximum  current  in  the  primary  circuit,  i.  e.  the 

current  just  before  the  break. 

Let  it  be  assumed  that  the  platinum  point  is  in  contact  with 

T 
the  mercury  for  the  time  ^• 

E 
Let  1*0=  ^,  where  E  equals  the  E.M.F.  and  R  the  resist- 

ance  of  the  primary  circuit. 

The  equation  which  represents  the  ri«e  in  the  current  after 
contact  is  made  is 


When  t  is  small, 


i=i,il-e^) (1) 

*=^I7 (2) 

Calculations  showed  that  if  T=2,  i>=ioX '94667;  T=^ 

i>=ioX-2541;    T=l    t,=toX'03;    T=  ^J^,   t,=ioX-003;' 

T=j^,  i>=t;)X-00l5;    and  that  if  n>50,  formula   (2) 

may,  with  very  little  error,  be  taken  as  correct.  It  can  be 
shown  that  the  average  current  in  the  primary  circuit  varies 
inversely  as  the  frequency. 

The  energy  given  to  the  vibrating  wire  in  one  complete 
oscillation  will  now  be  considered. 

Since  the  current  is  stronger  whilst  the  wire  is  rising  than 
when  descending,  the  work  done  on  the  string  by  magnetic 
forces  when  rising  must  be  greater  than  the  work  done  by  the 
string  against  magnetic  forces  when  descending ;  the  spark  will 
^Iso  prolong  the  pull  upwards. 
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In  the  following  the  effect  of  the  spark  will  be  entirely 
omitted. 

As  a  matter  of  fact,  the  oscillation  of  the  wire  cannot  be 
perfectly  harmonic;  nevertheless,  let  us  assume  that  the 
motion  of  the  wire  is  represented  by  the  equation 

a^  d  sin  pt  J 

where  d=  maximum  distance  traversed  from  the  middle  point, 
27r 

.r  =  distance  of  platinum  point  below  its  middle  position. 

The  work  done  by  the  electromagnets  on  the  wire  can  be 

put  in  the  form  j^d^,  taken  between  the  proper  limits  where 

F  varies  as  t,  i.  e.  F=kt^  where  k  varies  as  -S^. 

It  is  needless  to  go  into  details,  but  the  result  is  that  the 
resultant  work  done  on  the  string  in  one  oscillation 

InRTct 

vanes  as  -i~ — , 

ETd 
t.  e.        as  • 


which  shows  that  the  energy  given  to  the  wire  in  one  oscil- 
lation varies  inversely  as  the  frequency  if  the  amplitude  is 
unaltered. 

When  the  vibrating  wire  has  settled  down,  the  energy  given 
to  the  wire  in  each  oscillation  by  magnetic  causes  must  equal 
the  energy  lost  through  other  causes. 

I.  Air  resistance,  which  may  be  taken  to  vary  as  the  square 
of  the  velocity  of  the  string. 

II.  Besistance  due  to  induced  currents  or  damping,  which 
may  be  taken  to  vary  as  the  velocity. 

III.  Other  frictional  losses,  which  will  be  neglected. 

Bv  equating  the  energy  given  to  the  energy  lost,  and 
dealing  only  with  the  losses  under  (I.),  I  obtain  the  result  that 

E  varies  as  n'; 

so  that,  as  4  cells  were  used  to  obtain  a  frequency  of  500,  to 
obtain  a  frequency  of  1000  of  the  same  amplitude  32  cells 
would  be  required. 

If  the  chief  losses  come  under  (IL),  then  E  varies  as  n^ 

In  what  follows,  the  losses  under  (I.)  will  alone  be  considered. 

If  n  increases,  the  amplitude  diminishes,  the  relation  being 
that  d  varies  as  n~s. 

The  wire  ceases  to  vibrate  if  Iq  is  not  sufficiently  great ;  it 
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is  hard  to  say  what  decides  the  cessation  of  vibration ;  if  the 
platinum  point  acted  perfectly,  u  e.  if  the  least  rise  broke 
the  circuit  completeljr^  and  tne  least  depression  made  the 
circuit,  there  would,  I  think,  be  no  limit  to  the  frequency 
obtainable. 

If  we  assume  that  it  is  necessary  for  the  platinum  point  to 
move  a  certain  minimum  distance  before  a  break  is  made  in 
the  circuit,  then,  for  the  wire  to  continue  vibrating, 

E  must  vary  as  n*. 

Theory  indicates  that  the  frequency  obtainable  by  the  appa- 
ratus discussed  could  be  raised  by  increasing  E  and  at  the 
same  time  adding  resistance  free  from  induction. 

The  preceding  discussion  applies  to  the  apparatus  under 
consideration  ;  but  the  subject  can  be  treated  more  generally. 

Let  it  still  be  assumed  that  F  varies  as  i ;  so  that  we  may 
putF=Kt. 

Let  x^aAnpty 
where  «= distance  of  platinum  point  below  its  middle  position, 
a=:maximum  deflexion  of  vibrating  wire. 
29r 

and     T = time  of  vibration. 
Let  <()=  g-,  then 

i = io(l — ^  ^^  )dx. 

The  work  done  by  the  wire  against  magnetic  forces  whilst 
going  downwards  equals  ^Fdx  or  ^Kidx^  taken  between  the 
proper  limits  ;  the  work  done  on  the  wire  whilst  ascending 
also  equals  ^Kidx,  taken,  of  course,  between  other  limits. 

I  omit  the  details,  which  are  tedious,  and  give  the  final 
result,  which  is  that  if  W  equals  the  resultant  work  done  on 
the  wire  in  one  vibration,  then 


jxr_KifpaBL{l+e 
R«-fLV 


-RT 


If  T  is  small,  it  can  be  shown  that  this  expression  agrees  with 
the  previously  obtained  result. 

In  order  to  obtain  the  greatest  amplitude  for  a  particular 
frequency,  W  must  be  a  maximum  ;  its  maximum  value 
cannot  easily  be  found — at  any  rate,  by  the  ordinary  treat- 
ment ;  without  finding  the  particular  value,  however,  it  can 
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he  indicated  that  there  is  a  certain  yalne  of  L  which  produces 
the  most  efficient  result. 

If  L=0,  W  equals  0;  if  L=oo ,  W  equals  zero ;  so  that 
there  is  some  value  of  L  between  0  and  oo  which  it  is  best 
to  employ. 

The  actual  problem,  which  I  have  not  gone  into,  is  more 
complicated  still ;  for  both  K  and  L  depend  on  the  winding : 
for  precise  treatment,  a  certain  type  of  winding  might  be 
adopted,  and  K  and  L  made  to  aepend  on  some  variable 
depending  on  the  character  of  the  winding ;  perhaps  expe- 
riments would  give  results  more  readily  than  mathematics. 

Addendum  III. 

Each  resistance  of  variable  self-induction  was  made  of  two 
bobbins,  one  of  which  rotated  within  the  other,  after  the 
manner  of  those  described  by  Lord  Rayleigh  in  Phil.  Mag. 
1886,  xxii.  p.  473. 

To  compare  and  graduate  the  self-inductions  I  used  a  method 
which  was  very  convenient  and  sensitive,  a  modification  of 
that  described  m  Clerk-Maxwell,  vol.  ii.  art.  757. 

The  adjoining  figure  represents  a 
Wheatstone's  bridge;  the  letters  have 
their  .  usual  significance.  Let  self-in- 
duction of  AD=L,  of  CD=L'. 

P,  Q,  R,  S  were  arranged  so  that 
with  a  steady  current  and  ^vanometer 
no  current  went  through  the  galvano- 
meter. 

The  galvanometer  was  then  replaced 
by  a  telephone,  the  steady  by  an  alter- 
nating current,  and  the  rotating  bobbin  of  one  of  the  resist- 
ances was  rotated  until  no  noise  was  heard  in  the  telephone. 
In  this  case 

L  _R_P 

XXIV.  On  Electromagnetic  Stress.  By  E.  Taylor  Jones, 
B,Sc,,  Science  Scholar  of  Royal  Commission  for  Exldbition 
{/1851,  nominated  by  the  University  College  of  N.  Wales*. 

THE  problem  of  finding  experimentally  the  true  relation 
between  electromagnetic  stress,  or  "  lifting-power  '*  per 
unit  area  of  magnets,  and  magnetization  has  been  attacked 
by  many  experimenters  during  the  last  sixty  years;  but  no  one 

•  Coxnpiuiiicated  by  Lord  Playfair,  F.R.S, 
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has  succeeded  in  determining  accurately  what  function  of 
the  intensi^  of  magnetization  or  of  the  induction  the  stress 
really  is.  In  order  to  show  how  the  methods  of  experiment- 
ing nave  developed,  and  how  they  have  led  to  those  of  the 
present  investigation,  I  will  describe  shortly  the  chief  experi- 
ments that  have  so  far  been  made*. 

As  long  ago  as  1833  Fechnerf  made  a  series  of  measure- 
ments of  the  weight  necessary  to  separate  a  horseshoe  magnet 
and  its  keeper,  measuring  the  current  by  swinging  a  mag- 
netic needle  within  a  coil  through  which  tne  current  passed. 
He  found  a  rough  proportionality  between  the  limiting  weight 
and  the  current. 

Somewhat  more  accurate  experiments  made  in  1839  by 
Lenz  and  Jacobi  t  showed  that  this  proportionality  did  not 
exist.  In  the  same  year  Joule  §,  measuring  the  magnetizing 
current  with  an  ingenious  '*  current-weigher,"  found  that  for 
small  currents  the  lifting-power  of  an  iron  electromagnet 
was  proportional  to  the  square  of  the  magnetizing  current, 
but  that  for  stronger  currents  the  lifting-power  increased 
more  slowly  and  ultimately  reached  a  maximum  value  of 
140  lb.  per  square  inch  ;  twelve  years  later  ||,  however,  using 
a  more  powerful  electroma^et,  he  found  the  maximum  value 
to  be  175  lb.  per  square  inci3. 

In  1852  DublT  found  that  the  lifting-power  was  propor- 
tional neither  to  the  current  nor  to  the  square  of  the  current, 
but  to  some  intermediate  function,  and  for  strong  currents 
reached  a  maximum. 

Much  more  accurate  experiments  were  made  in  1870  bv 
V.  Waltenhofen**.  Two  smiilar  bars  of  iron  with  plane  ends 
were  bent  approximately  to  semicircles  and  wire  wound  evenly 
on  both.  One  bar  was  fixed  rigidly  in  a  frame  and  the  other 
one  pulled  up  from  it,  the  necessary  force  being  measured  by 
a  spring-balance.  A  third  bar  and  coil^  similar  to  the  other 
two  but  straight,  was  set  up  with  a  compensating-coil  in  the 
East  and  West  line  through  a  magnetometer-needle.  All 
these  coils  were  in  circuit  with  a  galvanometer  for  indicating 
the  current. 

The  stress  between  the  bent  electromagnets  could  thus  be 
compared  with  the  magnetic  moment  of  the  straight  one,  and 

«  qf,  also  Wiedemann,  Elek,  iii.  Bd.  3,  pp.  632-654;  du  Boia,  Moff- 
netisehe  Eretse,  sect.  105-110  (1894). 
t  Schweigg.  Joum.  box.  (1833). 
Pogg.  Ann,  xlvii.  p.  416  (1830). 
PhQ.  Mag.  Dec.  1651.  ||  Ibid.  Jan.  1852. 


H  Pogg.  Ann,  Ixxxvi.  p.  653  (1852). 
♦♦  Wten,  Ber.  Ixi.  p.  7fe  (1870). 
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with  the  magnetizing  current  With  small  currents  the  lifting- 
power  increased  more  rapidly  than  the  magnetometer-deflex- 
ion^ but  with  stronger  currents  more  slowly,  the  corresponding 
curve  ultimately  approaching  a  horizontal  asymptote.  Also 
the  lifting-power  was  proportional  neither  to  the  current  nor 
to  its  square,  but  was  represented  approximately  by  a  function 
of  the  form  b  tan~*  {ac),  where  c  is  the  current,  and  a,  b 
constants. 

The  mametizing  forces,  however,  used  in  these  experi- 
ments could  have  been  but  small,  since  the  straight  magnet 
was  never  more  than  half  saturated,  and  its  magnetization 
was  always  nearly  proportional  to  the  current. 

The  next  experiments  were  made  in  1881  by  Werner 
V.  Siemens*.  The  electromagnets  were  made  by  cutting  an 
iron  tube  in  a  plane  through  the  axis,  and  winding  both 
halves  with  wire.  The  interfaces  were  carefully  ground 
together.  A  ballistic  galvanometer  and  secondary  coil  were 
used  to  measure  the  induction.  From  the  total  induction- 
"  throw  '^  was  subtracted  the  throw  caused  by  breaking  the 
current  in  the  coil  after  the  iron  was  removed.  The  resulting 
differences  are  therefore  proportional  to  the  intensity  of 
magnetization,  not  to  the  induction. 

Ihe  result  showed  that  the  lifting-power  was  approximately 
proportional  to  the  magnetic  moment  per  unit  volume,  but 
that  the  ratio  somewhat  increased  as  the  current  was  increased. 
Similar  results  were  obtained  with  electromagnets  formed  by 
cutting  a  circular  iron  tube  in  the  plane  through  the  greatest 
section. 

Siemens  believed  the  above  law  to  be  established,  and 
attributed  the  deviations  to  residual  magnetism,  and  to  im- 
perfect contact  of  magnet  and  keeper  aue  to  bending,  the 
imperfect  state  of  the  surfaces,  and  other  mechanical  causes. 
These  were  the  probable  causes  of  much  greater  errors  than 
those  believed  to  exist. 

In  1882  Wassmutht  experimented  with  magnets  similar 
to  those  used  by  v.  Waltenhofen.  The  induction  was  measured 
ballistically,  and  the  ends  of  the  magnets  were  ground  plane 
and  polished.  The  magnetic  moment  per  unit  volume  was 
calculated  from  the  induction-current  and  the  results  com- 
pared with  a  theory  given  by  Stefan  J,  according  to  which 
the  stress  is  proportional  to  the  square  of  the  magnetic 
moment  per  unit  volume  at  the  surface  of  contact.    Wassmuth 

♦  Wied.  Ann.  xiv.  p.  640  (1881). 
t  Wien.  Ba\  Ixxxv.  p.  327  (1882). 
\  Ibid,  Ixxxi.  ii.  p.  89  (1880). 
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found,  however,  that  the  stress  agreed  better  with  an  ex- 
pression of  the  form 

where  I  is  the  magnetic  moment  per  unit  volume.  Wass- 
mnth^s  experiments  are  subject  to  the  same  objections  as 
Siemens',  viz.,  imperfect  contact  of  magnet  and  keeper  due  to 
bending  &c.,  and,  in  addition,  to  the  difficulty  of  ensuring  that 
the  magnets  separate  at  the  two  places  of  contact  exactly 
simultaneously.  If  separation  takes  place  at  one  place  first, 
there  will  be  an  immediate  diminution  of  the  induction,  and 
the  limiting  weights  will  generally  be  too  small. 

Wassmuth  further  deduced  from  Siemens'  numbers  an 
expression  for  the  lifting-power  of  the  form  a  +  bV  +  cVy 
which  represented  the  latter^s  results  fairly  well. 

Neither  Siemens  nor  Wassmuth  appears  to  have  thought 
of  comparing  his  results  with  the  theory  given  in  sections 
641-644  of  Maxwell's  *  Electricity  and  Magnetism,*^  which 
had  been  published  several  years  before.  Maxwell  there 
arrives  at  the  expression  B'A/Stt  for  the  electromagnetic 
traction  in  air  between  two  opposing^  plane,  infinitely  near, 
and  uniformly  and  normally  magnetized  pole-faces  each  of 
area  A  ;  where  B  is  the  induction. 

In  1886  Bosanquet*  experimented  with  two  straight  iron 
electromagnets  wnose  ends  were  ground  together.  One 
electromagnet  was  fixed  vertically,  and  the  otner  supported 
beneath  it  on  the  beam  of  a  balance  by  which  its  weight  was 
compensated,  this  allowing  measurements  with  very  small 
currents  to  be  made.  Weights  were  placed  in  a  scale-pan 
suspended  from  the  lower  electromagnet,  and  the  induction 
was  measured  by  a  small  secondary  coil  near  the  surface  of 
contact. 

For  low  and  medium  currents  the  weights  supported  were 
much  greater  than  those  given  by  Maxwell's  theory,  the 
values  being  better  represented  by  an  expression  of  the  form 
aB  +  6B*;  while  with  high  currents  the  results  appear  to  be 
very  uncertain^  most  of  the  readings  widely  differing  from 
the  theoretical  values.  The  mean  results,  nowever,  agree 
to  within  about  5  per  cent. 

In  the  same  year  Bid  well  f  made  a  series  of  measurements 
of  the  tractive  force  between  two  bar-magnets,  and  of  the 
magnetizing  current,  but  not  of  the  induction,  his  object 

♦  Phil.  Mag.  xxii.  p.  535  (1880). 
t  Proc.  Roy.  Soc.  xl.  p.  486  (1886). 
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bein^  to  measure  the  induction  from  the  values  of  the 
tractive  force,  using  Maxwell's  expression. 

Quite  recently  an  important  paper  has  been  published  by 
Threlfall*.  giving  an  account  of  experiments  maoe  with  appa- 
ratus essentially  similar  to  Bosanquet's ;  but  the  interfaces  of 
the  electromagnets  were  carefully  ground  and  polished,  and 
the  tractive  force  was  measured  by  a  spring-balance. 

The  results  for  high  inductions  do  not  show  better  agree- 
ment than  Bosanquet's  with  Maxwell's  theory  ;  but  the 
author  explains  an  important  source  of  error  which  exists 
especially  in  working  at  low  inductions,  viz. — that  the  inter- 
faces of  the  magnets  do  not  generally  remain  in  contact  until 
the  stress  is  completely  overcome,  but  separate  at  one  side 
first,  thus  enclosing  a  "  wedge-shaped  gap."  The  numbers 
given,  however,  only  extend  over  a  range  of  inductions  from 
11,000  to  16,000  C.G.S.  units.  Most  of  the  paper  deals  with 
the  case  when  the  bars  are  separated  by  layers  of  non- 
magnetic substance. 

It  was  clear,  therefore,  that  more  accurate  experiments  were 
necessary  to  determine  whether  MaxwelPs  expression  repre- 
sents exactly  the  tractive  force,  and  if  so,  how  apparatus  is  to 
be  arranged  so  as  to  allow  of  the  accurate  measurement  of 
induction  by  tractive  experiments. 

Present  Experiments.    Apparatus. 

The  following  experiments  were  begun  in  October  1893. 
The  apparatus  was  devised  with  a  view  to  reaUzing  as  closely 
as  possible  the  conditions  under  which  the  results  could  best 
be  compared  with  Maxwell's  theory,  and  was  prepared  and 
arranged  as  follows : — 

A  cnosen  bar  of  soft  German  iron  was  turned  accurately  to 
an  ellipsoid  of  revolution  of  length  22*57  centim.  and  least 
diameter  1*5  centim.  Its  shape  was  tested  by  measuring  its 
volume  by  weighing  in  air  and  water,  and  by  calculating  the 
volume  from  the  above  values  of  the  axes.  The  two  values 
agreed  to  within  a  tenth  per  cent.  The  ellipsoid  was  after- 
wards cut  through  in  the  equatorial  plane,  the  diminution  of 
length  being  measured  by  observing  the  distance  between  two 
marks  on  its  surface. 

Two  exactly  similar  magnetizing-coils  were  made,  each 
20  centim.  long.,  and  having  12  layers  of  70  turns  each 
of  2  millim.  aluminium  wiref. 

♦  Phil.  Mag.  July  1804. 

t  Aluminium  wire  was  used  that  the  coils  might  be  as  light  as  po8> 
sible,  it  beiiig  thought  desirable  not  to  use  the  compensating  airan^^ent 
adopted  by  Bosanquet,  as  this  probably  introduced  errors  due  to  friction. 
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The  two  halves  of  the  ellipsoid  were  soldered  into  tubes 
which  could  be  fitted  tightly,  axially,  into  the  coils,  the  free 
ends  projecting  by  amounts  regulated  by  nuts,  N  (fig.  1), 

Fig.  1.— Longitudinal  vertical  section  of  Traction  Apparatus. 


running  on  the  tubes.  To  secure  good  alignment  of  the  half- 
ellipsoids,  a  small  brass  ring^  E,  of  1  millim.  width,  was  made 
to  fit  tightly  on  one  half  and  loosely  on  the  other  at  the 
plane  of  contact.  This  ring  was  afterwards  found  to  be  an 
important  part  of  the  apparatus,  results  obtained  without  it 
being  very  uncertain. 

To  the  absence  of  such  a  guide  in  Bosanquet's  experiments 
mav  probably  be  attributed,  to  some  extent,  the  uncertainty 
of  nis  results,  especially  at  high  inductions. 

One  coil  was  suspended  from  a  tripod  stand  by  two  rods 
provided  with  nuts  and  screws,  by  which  and  two  other  screws 
(not  shown  in  the  diagram)  the  coil  could  be  raised  or  lowered, 
levelled,  and  rigidly  fixed.     Below  this  was  a  platform,  P,  with 


Digitized  by 


Google 


260  •  Mr.  E.  Taylor  Jones  on 

an  opening  through  which  passed  the  lower  projecting  end  of 
the  tube  in  the  other  coil^  and  to  this  was  attached  a  hook  and 
scale-pan. 

The  current,  obtained  from  a  battery  of  accumulators,  was 
measured  by  a  Siemens  and  Halske's  torsion-gnlvanometer, 
standardized  by  electrolysis. 

The  magnetization  was  measured  in  independent  experiments 
by  the  magnetometer  method. 

The  ellipsoid  and  coils  were  placed  in  the  magnetic  east  and 
west  line  east  of  a  delicate  magnetometer  read  by  telescope 
and  scale. 

The  intensity  of  the  earth's  horizontal  field  was  measured 
by  the  method  of  Gauss  and  by  the  tangent-galvanometer 
method,  a  Kohlrausch's  local-variometer  being  found  useful 
for  measuring  its  variations. 

The  magnetization-curve  was  first  obtained^  showing  the 
relation  between  I  and  H,  allowance  being  made,  as  usual,  for 
the  demagnetiziug-force  of  the  ellinsoid  calculated  from  the 
expression  given  in  Maxwell's  ^  Electricity  and  Magnetism  * 
(Sect.  438).  The  intensity  of  magnetization  I  was  calculated 
in  absolute  units  from  the  formula* 

Atantf=^|l+^-,+^-,  +  3-,  +  ....|, 

where  /t= earth's  horizontal  field,  tf=  deflexion  of  needle, 
tj= volume  and  ^= eccentricity  of  ellipsoid,  d=  distance  of 
needle  from  centre  of  ellipsoid  {the  former  being  in  the  pro- 
longation of  the  axis  of  the  latter),  and  n=  -,  c  being  the 
semiaxis  of  the  ellipsoid.  ^ 

This  curve  being  determined  once  for  all,  the  induction  B 
corresponding  to  any  current  could  be  calculated,  since 
B=H  +  47rlT.  AH  precautions  were  taken  to  determine  the 
curve  as  accurately  as  possible,  the  torsion  of  the  magneto- 
meter-fibre, the  exact  position  of  the  needle  with  respect  to 
the  axis  of  the  ellipsoid,  the  length  of  a  division  on  the  scale, 
the  effect  of  the  compensating-coil  at  all  parts  of  the  scale  (by 
deflecting  with  permanent  magnets),  and  the  temperature  of 
the  room  during  the  local-variometer  experiments  all  being 
carefully  examined.  The  residual  magnetism  was  very  small, 
being  less  than  a  sixtieth  of  the  total  magnetization  when 
the  ellipsoid  was  strongly  magnetized.    Each  current  was 

•  This  was  obtained  from  Thomson  and  Tait's  expression  for  the 
potential  at  an  external  point  due  to  an  ellipsoid  of  attracting  matter  by 
diiBrerentiating  twice  with  respect  to  the  distance  of  the  point.  {C/» 
Koessler,  Dissertation^  Zurich,  1892). 

t  Where  Hs=  Field  due  to  coils— demagnetizing  force  of  ellipsoid. 
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reversed,  and  half  the  double  deflexion  of  the  needle  taken  as 
the  deflexion  corresponding  to  the  mean  of  the  two  currents, 
which  were  generally  the  same*. 

The  "  lifting  "  experiments  were  then  proceeded  with  : — 

The  upper  coil  was  first  suspended  vertically  and  symme- 
trically above  the  opening  H,  in  the  platform  P  (fig.  1),  the 
lower  bar  and  coil  being  thus  supported  (when  the  current 
was  made^  so  that  its  tube  T  passed  freely  through  the 
opening  H. 

Enough  weights  were  placed  in  the  scale-pan  to  nearly 
overcome  the  stress,  the  remainder  being  slowly  poured  in  in 
the  form  of  fine  shot  until  the  lower  coil  fell.  The  current 
was  then  read  off  and  the  shot  weighed. 

This  was  repeated  for  a  number  of  currents  ranging  from 
1  to  10  amperes  (the  corresponding  inductions  ranging  from 
6000  to  20,000  C.G.S.);  the  adjustment  of  the  upper  coil 
being  made  before  every  reading,  and  the  surfaces  carefully 
cleaned  with  a  soft  dry  brush. 

The  "  reversed  "  readings  were  also  taken,  as  in  the  mag- 
netometer experiments. 

The  inductions  corresponding  to  the  currents  used  were 
calculated  from  the  magnetization-curve.  The  inductions  and 
the  square  roots  of  the  observed  weights  were  plotted  in  a 
diagram  along  with  the  straight  line  representing  Maxwell's 
law. 

First  Experiments. 

The  first  experiments  were  made  with  the  contact-surfaces 
of  the  ellipsoid  turned  truly  plane  but  not  polished. 

The  curve  representing  tne  observed  results  was  at  low 
inductions  considerably  above  the  straight  line  (the  observed 
weights  being  greater  than  those  given  by  Maxwell's  law), 
soon  crossing  it  and  remaining  below  it  for  high  inductions, 
the  diflerence  increasing  with  the  induction. 

The  correction  due  to  the  excess  of  area  of  the  coils  over 
that  of  the  core  was  found  by  removing  the  cores  and  sup- 
porting the  lower  coil  in  the  same  position  on  a  balance. 

♦  (1)  It  may  be  objected  that  the  magnetization  in  the  ** lifting" 
experiments  was  not  the  same  as  in  the  magnetometric  experiments,  on 
account  of  the  longitudinal  pull  existing  in  the  former ;  but  a  small  cal- 
culation shows  that,  with  the  weights  used,  this  effect  was  in  general 
yery  small,  and  could,  except  pemaps  at  the  highest  inductions,  be 
neglected. 

(2)  The  magnetization-curve  was  determined  both  before  and  after 
the  ellipsoid  was  cut,  and  the  demagnetizing-force  (which  was  a£fected 
by  the  shortening  of  the  ellipsoid  after  the  cutting)  calculated  in  both 
cases.  The  curve  for  the  cut  eDipeoid  was  lower  tJian  the  other;  but 
the  difference  was  very  slight,  especially  at  high  fields. 
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The  current  was  made,  and  weights  added  until  the  coil 
retamed  to  its  original  position.  These  added  weights  mea- 
sured the  total  attraction  of  the  coils.  From  this  must  be 
subtracted  the  part  corresponding  to  the  area  occupied  by  the 
core,  since  this  is  already  included  in  B. 

The  correction  was  found  to  be  negligible,  never  being  more 
than  a  sixth  per  cent,  of  the  attraction  of  the  electromagnets, 
and  for  small  currents  less  than  a  twentieth  per  cent. 

Another  correction  is  due  to  the  effect  of  the  surface- 
distribution  of  magnetism  on  the  ellipsoid  in  so  far  as  the 
corresponding  tubes  of  force  pass  through  the  air.  This 
correction,  which  vanishes  with  ring-magnets  and  infinitely 
lonir  cylinders,  was  found  on  calculation  to  amount  to  less 
than  -j^  per  cent. 

The  interfaces  of  the  ellipsoid  were  then  polished  by  the 
firm  Hartmann  and  Braun  of  Frankfurt.  In  this  process 
the  surfaces  were  surrounded  with  wide  "  guard-rings  '*  to 
keep  the  edges  as  sharp  as  possible.  The  mirrors  snowed 
a  so-called  "  olack  polish,^'  and  gave  a  perfectly  clear  image 
with  a  32-magnifying-power  telescope  and  scale  at  a  distance 
of  5  metres.  It  would  be  hardly  possible  to  obtain  on  metal 
a  nearer  approach  to  an  absolutely  geometrical  plane. 

Also  in  order  better  to  guide  the  lower  coil,  tne  opening  in 
the  platform  P  (fig.  1)  was  made  smaller,  just  large  enough, 
in  fact,  to  allow  the  tube  to  pass  freely  through  it.  A  senes 
of  readings  was  taken,  as  before,  and  these  agreed  consider- 
ably better  with  Max>^ell's  theory  both  for  low  and  for  high, 
but  especially  for  low  inductions. 

This  I  attributed  chiefly  to  the  improved  guiding  of  the 
lower  coil ;  and  it  was  found  that  at  low  inductions,  by  very 
slightly  altering  the  position  of  the  upper  coil,  a  position  could 
be  found  in  which  tne  tractive  force  was  a  minimum,  and 
that  if  the  applied  weights  were  rather  less  than  this  minimum 
value  the  upper  coil  (never  being  absolutely  rigidly  fixed),  on 
being  slowly  moved  towards  the  "minimum"  position, 
suddenly  jumped  across  it,  thus  showing,  so  to  speak,  a  pre- 
ference for  positions  in  which  it  could  support  heavier  weights 
or  the  actual  weight  more  easily. 

The  measurements  were  therefore  made  as  follows : — The 
current  being  kept  constant^  shot  was  poured  into  the  scale- 
pan  in  small  instalments,  the  upper  coil  after  each  addition 
oeing  carefully  moved  by  hand  until  the  "  minimum  "  position 
(easily  observed  by  the  jerk)  was  found.  This  was  repeated 
until  the  coil  fell  in  this  position. 

The  explanation  of  this  is  given  in  Threlfall's  paper  (Z.  c), 
in  which  it  is  shown  that  at  small  inductions  the  tractive  force 
is  less  when  the  two  pole-faces  are  everywhere  in  contact 
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than  when  they  are  separated  at  one  side,  thus  enclosing  a 
wedge-shaped  gap. 

This  was  the  case  in  the  present  experiments  up  to  induc- 
tions of  about  14,000  CG.S. 

For  higher  inductions  the  tractive  force  is  greatest  when 
the  surfaces  are  everywhere  in  contact,  the  upper  core  and 
coil  therefore  assuming  naturally  the  proper  position,  pro- 
vided, of  course,  the  screw-adjustment  is  first  sufficiently  good. 
For  inductions  up  to  about  14,000  C.G.S.,  therefore,  the 
lower  bar  was  in  unstable  equilibrium  when  in  good  contact 
with  the  upper,  for  higher  ind  notions  in  stable  equilibrium  ; 
at  about  14,000  the  equilibrium  was  indifferent,  and  the 
nature  of  the  contact  was  found  within  wide  limits  to  have 
no  influence  on  the  Tractive  Force. 

As  regards  the  results  showing  better  agreement  with  the 
theory  than  before  at  higher  inductions,  I  attribute  this  to  a 
better  method  of  testing  the  screw-adjustment  of  the  upper 
coil,  and  partly,  perhaps,  to  the  improved  state  of  the  contact- 
surfaces  after  polishing. 

At  this  stage  the  weights  were  all  smaller  than  those 
calculated  from  Maxwell's  expression,  but  their  square  roots 
were  approximately  proportional  to  the  induction  for  inductions 
up  to  about  14,000  units,  being  still  smaller  at  higher  in- 
ductions, the  deviation  from  the  theoretical  values  increasing 
to  about  3  per  cent,  at  B  =  20,000. 

The  uniformity  of  these  results  led  me  to  believe  that  the 
errors,  if  any  existed,  were  not  accidental  but  due  to  some 
cause  which  acted  always  in  the  same  way.  Accordingly,  I 
tried  the  effect  of  increasing  the  distance  between  the  coils, 
thus  leaving  a  greater  part  of  the  core  near  the  plane  of 
contact  nnsurrounded  with  coil-windings.  I  found  that  the 
effect  of  increasing  this  distance  b}'  about  2  millim.  was  very 
slight  for  inductions  up  to  about  14,000  C.G.S.,  and  for 
higher  inductions  was  a  diminution  of  Tractive  Force  of  a 
few  hundred  grammes,  varying  with  the  induction — differences 
of  the  same  order  as  the  differences  between  the  above  observed 
and  calculated  values.  I  could  also  increase  the  Tractive 
Force  by  an  amount  of  the  same  order  by  putting  between  the 
coils  a  few  extra  turns  of  wire.  As  the  actual  distance  between 
the  windings  of  the  two  coils  (including  the  end-plates  and 
the  space  occupied  by  the  small  guiding  ring)  in  the  above 
experiments  was  about  5  millim.,  it  was  clear  that  the 
observed  weights  were  on  this  account  smaller  than  the 
theoretical  values  ;  in  other  words,  that  the  induction,  as 
calculated  from  the  magnetization-curve,  was  greater  than  the 
actual  induction  across  the  surface  of  contact. 

This  result  can  be  easilv  explained  ;  for  when  the  induction 
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is  low  the  permeability  of  iron  ij*  great,  and  the  tubes  of 
induction  pass  more  readily  through  the  iron;  but  when  the 
induction  is  high  and  the  permeability  small  the  absence  of 
coil- windings  near  the  surface  of  contact  causes  a  greater  pro- 
portion of  tubes  to  pass  out  into  the  air  ;  in  other  words, 
causes  a  greater  spreading  of  the  tubes.  The  effect  of  the 
absence  of  a  given  number  of  turnings  near  the  plane  of 
section  might  be  calculated  [see  Neumann  :  "  Ueber  die  Mag- 
netisirnng  eines  Drehungsellipsoids,"  CrelU^  Bd.  xxxvii. 
(1848)],  but  it  was  deem^  better  first  to  diminish  the  gap 
between  the  coils  as  much  as  possible.  With  this  object  the 
coils  were  somewhat  altered,  tne  end-plates  being  altogether 
removed  and  the  small  guiding  ring  being  let  into  one  of  the 
coils.  The  gap-width  could  then  be  reduced  to  zero,  but  a 
width  of  about  1*5  millim.  was  necessary  in  order  to  examine 
the  contact  of  the  pole-faces.  The  effect  of  this  was  to 
increase  the  Tractive  Force  by  several  hundred  grammes  at  all 
inductions,  the  increase  being  greatest  at  high  inductions. 
The  magnetization-curve  was  carefully  re-determined  and  the 
results  calculated  out  as  before.  The  attraction  of  the  coils 
alone  was  also  remeasured,  but  found  not  to  have  been 
appreciably  increased  by  the  shortening  of  the  gap. 

Final  Results. 

The  results  now  agreed  with  MaxwelPs  theory  to  one-half 
percent,  for  inductions  up  to  19,000  units,  but  between  19,000 
and  20,000  units  the  square  roots  of  the  observed  weights  are 
rather  more  than  1  per  cent,  below  the  calculated  values. 

This  difference  at  high  induclions  might  well  be  due  to  the 
fact  that  there  was  still  a  gap  of  1'5  millim.  between  the  coils, 
which  would  have  a  spreading  effect  at  high  inductions  ;  to 
the  effect  of  the  stress  on  the  magnetization  ;  or  to  tempera- 
ture effects,  the  coils  being  considerably  heated  by  a  current 
of  10  amperes.  A  better  agreement  with  the  theory  was 
therefore  nardly  to  be  expected. 

No  readings  could  be  t^iken  at  inductions  below  6000,  since 
the  weight  of  the  lower  coil  and  half-core  was  sufficient  to 
overcome  the  stress  at  this  induction.  The  following  table 
gives  the  values  of  the  intensity  of  magnetization,  induction, 
and  the  square  roots  of  the  theoretical  and  observed  Tractive 
Forces  measured  in  grammes  weight;  and  the  diagram  (fig.  2) 
shows  the  values  of  the  Induction  and  the  square  root  of  the 
observed  Tractive  Force,  the  theoretical  values  being  repre- 
sented by  the  straight  line  whose  inclination  is  determmed  by 
the  factor 
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Intensity  of 

Magnetisation. 

L  CO.S. 


4d3 

551 

646 

853 

996 

1163 

1291 

1346 

1400 

1463 

1550 

1585 


Induction. 

Square  root  of 

Calculated  Talue 

B.    C.G.S. 

number  of  grams. 

of  square  root  of 

supported. 

Tractive  Force. 

6198 

5210 

5206 

6929 

59-05 

58-40 

8122 

68-61 

68-55 

10726 

90-86 

90^59 

12517 

10500 

105^ 

14635 

122-30 

123  50 

16261 

136-80 

137  30 

16975 

14260 

14320 

17690 

148-7 

149-30 

18545 

155-8 

156-50 

19729 

1642 

166-60 

20284 

168-4 

17080 

Fig.  2. — Soft  iron  Ellip>oid  of  Revolution  cut  in  equatorial  plane  and  interface 
polished.     Area  of  surface  of  contact =1  -767  fKjuare  centini. 
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Fig.  3  represents  the  magnetization -curve  and  the  de- 
magnetizing force  of  the  ellipsoid. 

Each  observation  was  repeated  several  times,  and  the  mean 
valne  taken  as  the  true  value.  The  weights,  nowever,  never 
differed  by  more  than  1  or  2  per  cent,  for  the  same  magne- 
tizing current. 

It  appears  therefore  that  the  present  method  of  measure- 
ment nas  great  advantages  over  the  ballistic  method  used 
by  Bosanquet  and  Threlfall,  for  Bosanquet  obtained  some- 
times  for  the  same  induction  weights  differing  by  nearly  20 
per  cent. 

The  apparatus  as  above  described  (or  any  apparatus  of  the 
S.  P.  Thompson's  ''  permeameter"*  type)  may  therefore  be 
used  for  the  accurate  measurement  of  magnetic  induction  in 
uniformly  magnetized  bars,  the  essential  conditions  being  that 
the  contact  surfaces  are  plane,  that  the  upper  bar  can  be 
finely  adjusted  in  position  and  very  rigidly  fixed,  and  that 
the  contact  surfaces  are  as  nearly  as  possible  flush  with 
the  ends  of  the  magnetizing-coils,  space  being  left  for 
the  small  guiding-ring  on  one  of  the  bars.  The  lower  bar 
must  also  be  guided,  and  for  this  it  is  sufficient  that  its 
lower  end  pass  freely  through  a  ring  properly  adjusted  in 
position. 

A  few  experiments  were  made  with  the  half-cores  separated 
by  very  thin  sheets  of  silver.  Two  sheets  were  used,  ot  thick- 
nesses 1*5  and  8  hundredths  millim.  respectivel}',  and  it  was 
found  that  the  introduction  of  a  sheet  always  caused  a  diminu- 
tion of  both  magnetization  and  tractive  force,  greater  with  the 
thicker  sheet.  No  increase  similar  to  that  found  by  Wassmuthf 
at  low  inductions  was  observed. 

In  conclusion^  I  wish  to  express  my  obligations  to  the 
late  Prof.  Kundt  and  Drs.  du  Bois  and  Rubens  for  the 
interest  they  took  in  my  work,  and  the  help  they  gave  me 
in  various  ways. 

Berlin  Phys.  Inst.  d.  Univ., 
Jan.  1895. 

♦  Journ.  Soc.  Arta,  Sept.  12, 1890. 
t  X.  c.  p.  336. 
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XXV.  On  the  Ir^uence  of  the  Dimensiom  of  a  Body  on  the 
Thermal  Emission  from  its  Surface.  By  Alfred  W. 
PoRTBR,  B.Sc,  Demonstrator  of  Physics,  University 
College  J  London^. 

IN  discnssing  ihe  rate  at  which  heat  passes  outwards  from  a 
conducting  body  into  the  medium  in  which  it  is  immersed, 
it  is  usually  assumed  that  (for  small  excesses  of  temperature  of 
the  body  above  its  surroundings)  it  may  be  taken  as  propor- 
tional to  the  excess  of  temperature.  Tnis  law  is  followea,  as 
far  as  is  known,  if  the  body  is  in  a  vacuum  and  loses  heat 
simply  by  radiation  between  its  own  and  surrounding  surfaces. 
If,  nowever,  it  is  immersed  in  a  medium,  such  as  air,  which 
carries  away  heat  by  conduction  and  convection  as  well  as  by 
radiation,  the  problem  becomes  more  complicated,  and  to 
assume  that  the  whole  effect  may  be  treated  as  radiation  only 
does  not  give  results  which  are  even  an  approximation  to  those 
obtained  experimentally.  For  example,  on  this  assumption 
the  amount  passing  outwards  from  unit  area  of  the  surface  per 
second  per  unit  excess  of  temperature  (i.  «.  the  ^'  emissivity  ") 
should  be  independent  of  the  size  of  the  body.  Results  ob- 
tained by  P^clet  from  experiments  on  cylinders  and  spheres 
of  different  sizes  show  that  this  constant  depends  materially 
upon  the  sizes  of  the  bodies  ejcperimented  upon.  P^clets 
formulse  connecting  the  rate  of  emission  (exclusive  of  the 
radiation  effect)  with  the  radius  (r)  for  0°  C.  excess  are  :— 

For  a  horizontal  infinitely  long  1    0«Q58     '^^^^ 
cylinder  of  brass     ....  J  r 

'13 
For  a  sphere l'774  +  — 

in  which  kilogrammes,  metres,  hours  are  the  units  employed. 
Other  formulae  are  given  by  him  which  it  is  unnecessary  to 
quote  here. 

These  results  do  not  seem  to  have  attracted  much  notice,  as 
they  are  not  given  in  any  of  the  text-books  of  Physics.  They 
do,'however,  appear  in  a  book  compiled  for  practical  men  by 
Box  t,  from  which  the  formula  for  the  sphere  is  quoted,  on 

♦  Communicated  by  the  Physical  Society:  read  January  11, 1896. 

t  *A  Practical  Treatise  on  Heat  for  the  use  of  Engineers  and 
Architects/  by  Thomas  Box.  (London,  E.  and  F.  N.  Spon,  2nd  edition, 
1876.)  This  book  does  not  appear  to  be  generally  known  to  physicists ; 
and,  judging  from  recent  r^erences  to  it,  I  gather  that  still  less  is  it 
realized  Uiat  the  author*s  data  are  to  a  great  extent  obtained  from  P^clet, 
although  he  states  the  source  to  which  he  is  indebted  in  bis  preface. 
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Professor  Ayrton's  authority,  in  Everett's  '  Illustrations  of  the 
C.G.S.  System  of  Units '  (1891  edition,  p.  133)  *. 

Experiment  on  thin  wires  by  Messrs.  Ayrton  and  Eilgour 
have  confirmed  the  fact  that  the  emissivity  can  be  expressed 
empirically  through  a  considerable  range  of  radius  in  the  form 
given  by  reclet ;  and  experiments  on  rods  which  have  been 
in  progress  in  this  Laboratory  since  1891,  an  account  of  which 
was  read  by  Mr.  Eumorfopoulos  before  the  Physical  Society 
on  the  same  day  as  this  paper,  lead  to  the  same  conclusion. 

It  was  these  that  first  called  my  attention  to  the  subject  ; 
and  in  order  to  account  approximatelv  for  them  and  the 
results  elsewhere  obtained,  I  propose  here  to  examine  the 
results  of  supposing  the  loss  to  only  in  part  follow  the  law  of 
radiation,  the  remainder  being  assumed  to  follow  the  law  of 
conduction. 

The  rate  of  loss  due  to  radiation  will  be  proportional  to  the 
excess  of  the  temperature  of  the  body  above  that  of  its 
enclosure,  and  if  we  reckon  temperatures  from  that  of  the 
enclosure,  we  may  write  the  rate  due  to  this  cause 

he,, 

^  A  mistake  occurs  in  Everett  as  well  as  in  a  paper  on  the  same 
subject  published  later  by  Professor  Ayrton  and  Mr.  Kilgour  in  the  Phil. 
Trans,  for  1892,  in  which  Everett's  statement  is  quoted.  The  formulse 
are  given  in  Box  as 

421+—^  for  the  cylinder 

and  1  •fU7« 

•8634-hi--ii^  for  the  sphere, 

in  which  the  units  are  the  pound,  foot,  and  hour,  the  radius  being 
huwever  in  inches. 

Translated  into  C.G.S.  units,  they  become 

Cylinder:   r6724-i^l X 10"*, 

Sphere:       O0004928-f  '^^^., 

In  Everett,  and  in  Ayrton  and  Kilgour 's  paper,  the  latter  appears  as 

.QQQ^^gQ^'00Q3609 

r 

Further,  it  is  not  clear  from  Everett  whether  the  formula  he  pives  refers 
to  air-effect  plus  radiation  or  to  one  of  these  alone.  The  speaiication  of 
'*  blackened  sphere  "would  lead  one  to  suppose  that  either  the  total  efiect 
or  else  the  raoiation  only  is  meant,  since  the  air-effect  has  been  shown  to 
be  independent  of  the  nature  of  the  surface.  On  reference  to  P^let,  the 
formula  is  seen  to  represent  the  air-effect  alone. 
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where  A  is  the  radiation-coDstant  and  0^  is  the  temperatare  at 
the  surface  of  the  body. 

The  remainder,  which  is  to  include  both  true  conductive 
and  also  convective  loss,  will  be  proportional  to  the  tem- 
perature-gradient in  the  medium  close  to  the  surface  of  the 
body.     It  may  on  this  assumption  be  represented  by 

M 

where  -r-J    is  the   temperature- gradient  in  the  medium   at 

the  bounding  surface  of  the  body,  and  c  is  a  positive  constant 
which  will  be  referred  to  as  the  convection-conductivity. 
The  total  rate  of  loss  is  hence 

which  may  he  written 

del 


['-'#]'. 


The  expression  inside  the  brackets  is  the  quantity  called  the 
"  emissivity  "  in  the  usual  treatment  of  the  problem.  On  the 
above  assumption,  far  from  being  a  constant^  it  is  seen  to  be  a 
thing  whose  value  will  vary  with  every  modification  of  the 
experiment  by  which  it  is  sought  to  be  determined. 

To  fix  ideas,  take  the  case  of  a  cylindrical  rod  or  wire  of 
radius  "  a  "  heated  uniformly  at  all  points  and  maintained  at 
constant  temperature  by  mechanism  the  nature  of  which  is  of 
no  consequence.  Let  it  be  surrounded  by  a  coaxal  cylindrical 
sheath  of  radius  R  maintained  at  a  constant  temperature,  which 
will  be  taken  as  the  zero  of  temperature,  the  intervening  space 
being  filled  with  conducting  or  pseudo-conducting  material. 
The  difiPerential  equation  to  be  satisfied  by  the  temperature  in 
the  medium  is 

dr^  '^  r  dr"  "' 

since  with  the  above  conditions  everything  is  symmetrical  with 
regard  to,  and  uniform  parallel  to,  the  axis  of  the  cylinder  ; 
and  the  solution  of  this  which  satisfies  the  boundary  con- 
ditions is 

fl^D  log  R- log  r 

^  ""  ''-logR-loga  • 
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whence  the  emissivitj  (e)  becomes 

1  .  g 

'*"*'a(logR-loga)' 

or  for  convenience  of  calculation^ 

b 


h  + 


a(logioR— logioa)' 


This,  tlien,  is  presumably  an  approximation  to  a  theoretic 
formula  for  the  case  of  experiments  like  those  of  Messrs. 
Ayrton  and  Kilgour  referred  to  before ;  and  the  accompanying 
Table  I .  and  curves  (fig.  1)  (pp.  272  &  273)  show  how  closely,  by 
a  suitable  choice  of  constants,  it  can  represent  the  experimental 
values.  The  constants  I  determined  by  the  method  of  least 
squares  ;  this  I  considered  it  advisable  to  do,  because  the 
experimental  values  are  not  sufficiently  precise  to  enable  one 
to  draw  a  smooth  curve  through  them  with  anything  like  cer- 
tainty. In  particular  I  may  mention  that  their  own  empirical 
fommlsB  fail  to  fit  in  with  the  experimental  values  vielded  by 
the  wire  of  radius  "0037 ;  and  these  values  are  similarly  shunned 
by  the  formulae  which  I  give. 

The  first  term  in  each  of  my  formulae  should  represent  the 
radiation-constant.  It  must  be  noted,  however,  that  for  such 
very  thin  wires  radiation  forms  only  a  small  poi'tion  of  the 
whole  emission  ;  and  therefore,  without  having  results  of 
greater  accuracy  from  which  to  deduce  the  formulae,  it  is  not 
possible  to  assign  the  value  of  this  term  with  definiteness.  Ail 
the  values  for  it  are,  however,  higher  than  those  obtained  by 
observers  who  have  exf)erimented  on  the  emission  from 
surfaces  in  vacuo,  as  the  following  data  show  : — 

Radiation  Values. 

IBottoinley :  Sooted  globe  in  Sprengel  \  000125  for  exoess  of  83^*6. 
Tacuum    1-000095      „        .,      82°  7. 
Bottomley:  Silvered  and  highly  po- \  0000354    „        „     7291. 
Uehed  globe J -0000296    „        „      4307. 

""^""^   !  Niohol  (publiahed  byTait):  Pressure!  .^nnART  a  no 

K     of  air  =10  mm.  of  mercury j -000057      „        „      42°. 

As  regards  the  other  constant  "  b  "  (  =  '4343  c),  we  have 

At  300°  .  .  6=•0696xlO-^  c  =  -16   x  10-^ 

200°  .  .  6=•0620xlO-^  c='143xl0-^ 

150°  .  .  i=-0605  X  10-',  6  =  '139  x  J0-^ 

100°  .  .  6=•0549xlO-^  r=-126xl0-». 
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Fig.  1. 
Thermjil  Emissivities  of  Wires  at  DiflFerent  Temperatures. 

Ordinate  represent  EmissiTities. 
AbsoisMB  represent  Radii  of  Wires. 


Messrs.  Ajrton  and  Kilgour's  Experimental  Values  indicated  tlius : 

Points  on  their  Empirical  Curres  indicated  thus : 

Curves  represented  bj  formulae  giyen  in  this  paper  indicated  thus : 


'020  cm.  nuliaa. 
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P^clei's  results  were  derived  from  experiments  on  five 
cylinders  :  only  two  of  them  are  available  for  my  purpose, 
smce  the  others  were  either  of  different  material  or  diflFerent 
surface.  They  were  short  cylinders  of  unpolished  brass, 
terminated  by  hemispherical  ends,  allowance  for  which  was 
made  from  the  experiments  on  spheres.  P^let,  therefore, 
considered  his  results  to  apply  to  infinitely  long  cylinders. 
Their  radii  were  5*1  and  6*9  cm.  respectively,  and  measure- 
ments were  made  on  them  in  a  cylindrical  enclosure  40  cm. 
radius  and  100  cm.  long.     His  results  are  : — 

Experimental 
Radius.  results. 

5-1        -0000867 
6-9       -0000803 

and  the  formula  which  I  derive  from  these  is 

•00022 


«  = -0000383  + 


a(Iogio40-logioa)* 


In  large  cylinders  like  these  radiation  plays  a  more  con- 
spicuous parf,  and  the  value  of  the  first  term  in  my  formula 
which  represents  it  is  in  very  good  accordance  with  values 
obtained  oy  direct  methods.  The  value  of  "  6"  is,  however, 
very  different  from  that  obtained  from  AjTton  and  Kilgonr's 
experiments  ;  and  the  conclusion  is  forced  upon  one  that 
although  to  consider  "  6 "  a  constant  may  serve  as  long  as 
the  enclosure  remains  the  same,  it  will  by  no  means  suflSce 
to  take  it  the  same  constant  under  sucn  widely  different 
conditions  as  obtain  in  these  two  sets  of  experiments.  The 
character  of  the  convective  flow  is  evidently  totally  different 
in  the  two  cases. 

The  same  conclusion  is  arrived  at  by  an  examination  of 
results  obtained  from  experiments  on  spheres.  The  formula 
for  a  sphere,  found  by  means  of  the  same  assumption  as 
before,  is 

a(R— a) 

P^clet  experimented  on  three  spheres  in  the  same  enclosure; 
and  assuming  the  enclosure  to  behave  like  a  spherical  one  of 
45  centim.  radius,  the  formula  becomes 

«=-00003845+-^-5««li<^ 
a  (45— a)    * 

The  experimental  and  calculated  values  are  here  given: — 


Digitized  by 


Google 


Dimensions  of  a  Body  on  its  Thermal  Emission,       275 


Radius  in 
oentim. 

1 

Bxperiroental 

Talue  of  e  for 

0°  excess. 

Calculated 

Talue  from 

aboTe  formula. 

Calculated  by 

P^let's  own 

formula  for 

air-effect  and 

adding  radiation. 

7-465 
10-68 

1588 

1 

•0001051 
•0(X)0898 
•0000801 

•0001054 
699 
796 

•0001048 
906 
800 

It  will  be  observed  that  the  radiation-constant  is  practically 
the  same  as  that  derived  from  his  cylinder  results *>  while  the 
value  of  c  is  rather  less. 

Experiments  on  spheres  (both  of  2  centim.  radius)  have 
also  been  made  by  MacFarlanef  and  extended  by  BottomleyJ, 
both  using  the  same  enclosure,  which  was  of  ^' large  dimen- 
sions "  (Bottomley). 

Extrapolation  from  Peclet's  results  for  a  sphere  of  2  centim. 
radius  in  his  enclosure  gives  : — 


Using  his  formula. 
'000237. 


Using  fonnula  given  above. 
'000256 


MacFarlane's  results  for  a  blackened  sphere  (Ptelet's  were  dull) 
give  '000238  for  0°  excess.  Bottomley's  results  give  about 
'000260  for  0°  excess,  showing  that  the  formula  derived  from 
Peclet's  results  is  roughly  applicable  here. 

Bottomley  also  experimented  on  the  same  sphere  in  a 
spherical  enclosure  of  5  centim.  radius.  If  the  formulae 
hitherto  given  in  this  paper  were  applicable  to  this  case,  the 
emissivity  ought  to  increase  with  decrease  of  radius  of  en- 
closure. Bottomley's  results  show  a  marked  decrease.  The 
value  at  17®  for  0^  excess  is  not  more  than  '00011  after 
correcting  approximately  for  temperature. 

Since  the  true  radiation  was  determined  separately  it  is 
possible  to  find  the  value  of  *'<?'*  for  these  experiments, 

*  P^et  endeavoured  to  estimate  the  radiation  independently  by  meant 
of  a  thermopile,  and  deducted  it  from  the  total  emission  to  obtain  the  air- 
efiect  The  value  he  obtained  was  only  '0000072  for  0^  excess,  a  value 
so  much  smaller  than  received  values  that  I  have  ignored  it  entirely,  and 
dealt  only  with  the  total  effect. 

t  D.  MacFarlane,  Proc.  Roy.  Soc.  1892. 

X  J.  T.  Bottomley  '<  On  Tliermal  Radiation  in  Absolute  Measure/' 
Trans.  Roy.  Soc.  1802. 
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although   only    one   sphere    was    employed.      I   subjoin    a 
table : — 

From  c. 

P6clet*t  retulU  from  spheres  '000417. 

MncFarlane's  and  Bottomlej's  results 
in  large  enclosure,  assuming 
BottomTey*s Talue  for  radiation  ... 

BottomleVs  results  for  sooted  sphere 
in  small  enclosure   

BottonJey's  results  for  silvered  and 
highlj  polished  sphere  in  small 
enclosure  

Place  against  these  the  values  obtained  from  cylinders : — 

From  c. 

P^let's  results  in  large  enclosure  ...      '000508  for  0^  excess. 


about  iXm. 

•000192  for  excess  of  8r»<'  C. 
181  .,  „  65°  C. 
168  „  ,.  45**  C. 
160     ..        „        36°  C. 

•000168  for  excess  of  65*^  0. 


Ajrton  and  Kilgour's,  in  enclosure 
of  2*54  oentim.  radius 


•000160  with  wire  at  300^  0. 
143  ,.  ..  200°  0. 
139  „  „  150°  C. 
126    „        „        100°  0. 


In  order  to  throw  light  on  this  question,  I  have  started 
experiments,  in  conjunction  with  Mr.  Eumorfopoulos,  on 
cylindrical  rods  in  cylindrical  enclosures  of  different  radii. 
Experiments  made  so  far  are  as  follows  : — 

A  brass  rod  '483  centim.  radius  has  soldered  on  it  ttco 
thermoelectric  junctions  of  iron  and  german-silver  at  a  dis- 
tance apart  of  10  centim.,  each  of  which  is  part  of  a  couple 
whose  other  junction  is  kept  cold  in  a  water-pot.  The  rod  is 
heated  at  one  end  by  steam  until  the  steady  state  of  tempera- 
ture is  attained,  and  the  ratio  of  the  temperatures  (reckoning 
from  enclosure  temperature  as  zero)  of  the  two  junctions  is 
measured  successively  with  different  water-jackets  embracing 
the  rod. 

The  general  arrangement  is  shown  in  fig.  2  (p.  277). 
Tap-water  is  passed  through  the  water-jacket  at  sucn  a  rate 
that  its  temperature  as  it  enters  is  sensibly  the  same  as  when 
it  leaves  the  jacket.  This  temperature  is  read  by  a  ther- 
mometer, as  also  are  the  temperatures  of  the  cold  junctions. 
Then  either  the  junction  at  A  and  its  corresponding  cold  junc- 
tion, or  the  junction  at  B  and  its  corresponding  cold  junction, 
can  be  connected  to  a  potentiometer,  and  the  thermoelectric 
E.M.F.  in  each  case  determined. 

The  potentiometer  was  standardized  from  time  to  time  bv  a 
Clark^s  cell  which  is  so  connected  (switches  not  shown)  that 
the  same  galvanometer  does  for  all  three  operations. 
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The  ratio  of  the  thermoelectric  E.M.F/s  is  approximately 
the  same  as  the  ratio  of  the  excess  temperatures  of  the  points 

Fig.  2. 


WATER  OUTLET 


STEAM   INLET 


WATER      JACKET 


BRASS    ROD 


SECONDARY    CELL 


A  and  B  after  it  has  been  corrected  for  slight  differences  of 
temperature  between  the  two  water-baths  and  the  water- 
jacket.  Two  jackets  have  been  employed  so  far,  and  com* 
pared  with  eadi  other  and  with  the  bar  unjacketed.  In  this 
fast  case  the  bar  is  merely  shielded  from  the  ruder  form  of 
draught  by  brown-paper  screens. 

The  results  are  given  in  the  subjoined  table : — 


Inner  radius 
in  centim. 

BxoeM 

tempera- 
ture of  A. 
9,. 

ExoeM 
tempera- 
ture of  B. 

Arerage 
ezcete. 

EmiMiTity 
at  stated 
mean  ex- 
cess tem- 
perature. 

Emissiyity 
approximately 
corrected  to 
one  tempera- 
ture. 

Indefinitelj 
great. 

615 
16 

640 
570 
611 

30-6 
33-3 
3(V6 

42-2 
45-3 
48-8 

•0001882 
•0001610 
•0001614 

•000191 
•000162 

•000151       ; 

I 

The  values  of  emissivity  here  given  have  been  calculated 
from  the  formula     _  ^  rlogg^-logg,-| 

*~  2  L    •4343x«    J' 
PhU.  Mag.  S  5.  Vol.  39.  No.  238.  March  1805.       U 
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in  which  j?=10  centim.,  and  the  valne  of  k  taken  is  that 
determined  hy  Mr.  Eumorfopoulos  for  the  same  rod  hy 
Angstrom's  method,  viz.  -2386.  The  emissivity  is  there- 
fore in  each  case  an  average  valne  for  the  range  of  temperature 
between  the  two  points.  The  actual  temperatures  were 
ascertained  by  standardizing  the  thermoelectric  couples  in 
water-baths  oi  known  temperatures. 

The  above  results  are  also  shown  plotted  in  fig.  3.     An 

Fig.  8. 

Variation  of  Emissivity  of  Cylindrical  Braes  Rod  with  the  Radius  of  its 
Cylindri(^  Enclosure. 


Radius  of  rod  =  *483  centim. 


•00Q2 


i 


•0001 


0  5  10  15 

Radius  of  enclosure  in  centim. 

elastic  curve  (bent  steel  lath)  has  been  made  to  pass  through 
the  two  results  for  definite  dimensions  and  extended  pro- 
visionally by  a  dotted  line  so  as  to  rise  asymptotically  to  the 
highest  value.  It  is  unsafe  to  rest  too  much  upon  these  few 
results  :  more  will  need  to  be  obtained  before  the  law  of 
variation  can  be  stated  with  certainty :  the  following  paragraph 
must  be  considered  therefore  as  merely  provisional.  Take  the 
two  definite  values  and  also  (by  tW^polation)  the  value  for 
an  enclosure  of  2*54  centim.  radius  (that  employed  by  Messrs. 
Ayrton  and  Kilgour)  and  find  the  values  of  "  A.  They 
are :— 


Radius  of 

enclosure. 

R. 

Radius  of  rod. 
a. 

b. 

1-6 

264 

516 

•483 
•483 
•483 

•029x10"' 
•0418     .. 
•0643     .. 

The  value  derived   from   A.  and   K.'s  results  at  60^  is 
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•047  X  10~*.  As  their  thin  wires  blocked  up  the  enclosure 
less  than  the  thick  rod  here  employed,  it  is  natural  that  the 
value  obtained  from  them  shoula  be  greater  than  that  given 
above. 

The  formula  which  I  have  given  for  a  cylinder  appears  to  hold 
through  a  far  wider  range  than  that  given  by  Messrs.  Ayrton 
and  Kilgoor.  Take  for  example  their  formula  for  a  wire 
at  100*^.  The  emissivity  for  it  can  never  (for  any  radius)  fall 
lower  than 

'00107. 
Calculating  from  my  formula  we  get 

•00036 
for  a  rod  of  -483  centim.  radius  at  100®.     On  reduction  to 
60°  it  becomes  about 

•00025, 

which  is  much  more  within  sight  of  the  value  '000154  which 
is  obtained  from  fig.  3.  Considering  the  violent  nature  of  the 
extrapolation  here  made,  the  agreement  is  probably  as  close  as 
could  treasonably  be  expected. 

Conclusions. 

i.  That  the  theoretic  assumption  made  in  this  paper  gives 
results  which  are  accordant  through  a  wide  range  of  radius  of 
rod  with  experimental  results  obtained  under  similar  con- 
ditions as  regards  enclosure:  and  in  this  respect  is  far 
superior  to  the  usual  assumption  which  gives  no  account 
whatever  of  variation  of  the  value  of  emissivity  with  radius. 

ii.  That  if  the  freedom  permitted  to  convection  effects  be 
varied,  as  it  will  be  if  the  enclosure  be  changed,  it  is  necessarv 
to  consider  the  convecto-conduction  constant  as  varying  witn 
the  changed  conditions  according  to  a  law  which  can  only  be 
found  by  a  complete  series  of  experiments  made  with  en* 
closures  of  different  dimensions. 

iii.  I  conclude  that  the  enclosing  boundary  is  as  important 
a  factor  in  determining  the  value  of  the  emissivity  as  the  size 
of  the  body  itself :  and  that  therefore  in  any  collection  of 
data  (such  as  Everett's)  it  is  very  necessary  to  specify  the 
exact  nature  of  the  enclosure  in  which  the  experiments 
were  conducted;  and,  further,  that  all  determinations  that 
have  been  made  of  this  constant  and  published  with  imperfect 
description  of  all  the  botmdaries  are  of  little  scientific  value. 

Finally,  I  must  express  my  thanks  to  Prof.  G.  C.  Foster 
for  kindly  advice  and  suggestions  given  from  time  to  time  in 
connexion  with  this  matter.       * 

University  College,  London, 
January  l«t,  1895. 
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XXVI.  On  the  DeUrminatian  of  Thermal  Conductivity  and 
Emii$ivity.  By  N.  Eumorfopoulob,  B.Sc.^  Demonstrator 
in  Physicif  University  College ^  London*. 

IF  a  long  metallic  bar  of  uniform  cross-section  be  heated  at 
one  end,  and  be  left  long  enough  to  acquire  a  steady 
state,  the  distribution  of  temperature  along  it  is  usually 
expressed  by  y~ 

where  Ug  is  the  excess  of  temperature  over  surroundings  of  a 
point  on  the  bar  at  a  distance  x  from  the  point 
whose  excess  of  temperature  is  Vq^  x  being  mea- 
sured positively  along  the  direction  of  decreasing 
temperatures  ; 
h  and  k  are  the  emissivity  and  conductivity  re- 
spectively ; 
j>  is  the  penphery  of  the  bar,  and  t  the  cross-section. 

If  the  bar  be  of  circular  cross^section  and  r  its  radius,  the 
above  expression  reduces  to 

u^m,  u^e    ^  ^  \ 

that  is,  if  two  bars  have  at  one  point  of  each  the  same 
temperature  Wo,  they  will  also  have  the  same  temperature  m, 
at  distances  ^i  and  x^  respectively,  measured  from  these 
points,  and  such  that 


'■\/S=V^ 


If  ihe  bars  are  of  difiPerent  radii,  but  of  the  same  material| 
and  we  accordingly  write  h^^h^  and  kx^^k^  we  get 


x^       V  r. 


Some  time  ago  Prof.  G.  C.  Foster  suggested  to  me,  as  a 
laboratory  exercise^  to  undertake  the  veriBcation  of  this 
relation. 

The  method  adopted  was  to  heat  the  ends  of  two  such  rods 
in  steam  until  they  had  acquired  the  steady  state,  and  then 
by  means  of  two  thermoelectric  joints  (one  on  each  rod)  to 
find  a  series  of  isothermal  points. 

With  two  hrai%  rods  of  radii  ri=:3'4  and  r,=r2'6  mm. 
respectively,  the  distances  at  which  equal  temperatures  were 

*  Communicated  by  the  Physical  Society  :  read  January  11, 1895. 
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were  as  follows :— 

\/^°-«'- 

'i 

J-,.                            X, 

20  mm.         13  mm. 

•65 

40                29 

•72 

60                42 

•70 

85                64 

•75 

110                78 

•71 

281 


Mean  = -71 
Similar  experiments  with  copper  rods  gave : — 

ri=3'35  mm,,     r,=2*45  mm.     a/~=0-86. 


X,. 

X,. 

ta 

20  mm. 

18  mm. 

•90 

40 

25 

•62 

60 

34 

•57 

80 

47 

■59 

100 

61 

•61 

In  the  first  value  of  —  some  error  has,  no  doubt,  crept  in. 

Mean  of  last  four =•  60. 
Another  set  of  experiments  vdth  the  same  rods  gave  : — 


X,. 

X,. 

'-3. 
X, 

20  mm. 

10  mm. 

•50 

40 

22 

•55 

20 

11 

•55 

40 

22 

•55 

20 

12 

•60 

Mean=s*55 

To  ascertain  whether  the  copper  rods  really  consisted  of 
the  same  metal,  their  specific  electrical  resistances  were  com- 
pared.    The  result  was 

^  =  •80. 
Ps 

Assaming  that  the  ratio  of  thermal  conductiTities  was  the 
same  as  thai  of  electrical  condoctivities,  this  gives 


J?,       V   *,r, 
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as  the  calculated  ratio  of  the  distances  at  which  eqnal  tem- 
peratures should  be  found,  instead  of  *60  and  '55,  the  mean 
ratios  actually  found  in  the  two  sets  of  experiments  abeadj 
mentioned. 

In  order  to  test  the  trustworthiness  of  the  method  employed, 
one  of  the  above  rods  was  heated  in  the  middle  unaer  the 
same  conditions  as  before,  and  isothermal  points  found  on 
each  side  of  the  heated  portion.  The  results  were  satisfactory, 
as  the  following  numbers  show  : — 


X. 

•»•.• 

20  inni. 

19  mm. 

40 

40 

60 

61 

80 

81 

At  this  point  the  experiments  were  abandoned  for  a  time. 
They  were  subsequently  resumed,  when  a  Bunsen  burner  was 
used  as  the  source  of  heat,  in  order  to  have  a  greater  range  of 
temperature.  In  the  experiments  mentioned  before,  and 
also  in  these,  no  screens  were  employed,  a  sheltered  part  of 
the  laboratory  being  used.  The  following  are  some  of  the 
results  obtained  : — 

German  Silver  Rods, 

ri=3*0  mm.,     r,s=2-5  mm.,     i/— =-91. 

Making  arj^^lO'S  cm.,  ^i=  11*95  cm.  as  a  mean  of  five 
determinations,  or 

^=•86. 

As  a   mean    of   a  large   number  of   experiments,  making 
r2=10*0  cm.,  Xi  was  found  to  be  11*68  cm.,  or 

^'=•86. 

The  arrangements  were  then  slightly  changed,  so  as  to 
experiment  on  a  hotter  part  of  the  rod,  with  tne  following 
result  as  a  mean  of  a  series  of  experiments  : — 

J?, =10*0  cm.,  a:i=  11*86  cm.  ;  or 

^*=*84. 
^1 

The  ratio  of  specific  electrical  resistances  for  theee  rods  was 


Digitized  by 


Google 


of  Tlwnnal  Conductivitj/  and  EmiBsiviLy.  283 

found  to  be  *95 ;  assuming  this  as  the  ratio  of  k^  to  ^i, 
we  get  

«i        V    kiv^ 

the  mean  result  found  by  experiment  being  0*85. 

It  is  to  be  noted  that  there  is  not  so  much  difference 
between  the  radii  of  the  two  rods  as  there  was  in  the  other 
cases. 

Brass  Rods,  being  the  rods  previously  experimented  on. 

jri=65  mm. ; 

*j  =  47*3  mm.  (mean  of  three  determinations). 


^«=.73,    .  A»  = 


87. 


Copper  Rods,  previously  used. 

4rj=()0  mm. ; 

.^9=33  mm.  (mean  of  three  determinations). 


!?>=.55,     a/-^=-86. 


Brass  Rods,  These  are  two  new  rods,  which  were  used  in 
experiments  to  be  described  later. 

rx  =  3-21  mm.,     r,=  l-69  mm.,     ^/^  =   73. 

As  a  mean  result  of  a  series  of  experiments,  for  x^^b  cm., 
«i  was  found  to  be  7*96  cm.  ;  or 

-*='63. 

Xi 

It  must  be  pointed  out,  however,  that  with  the  Bunsen 
burner  the  parts  of  the  rod  nearest  the  flame  become  visibly 
oxidized,  this  being  especially  noticeable  in  the  case  of  the 
thicker  rod — so  much  so  that  the  increased  emissivity  so 
obtained  can  apparently  overcome  the  greater  transmission  of 
heat  of  the  thicker  rod.  Thus,  with  the  above  brass  rods, 
5  cm.  on  the  thinner  rod  were  found  equivalent  in  this  region 
to  5*2  cm.  on  the  thicker ;  and  after  the  heating  had  con- 
tinued for  some  time  3*7  cm.  on  the  thicker  rod  balanced 
5  cm.  on  the  thinner  one.  The  ratio  given  above,  '63,  is  for 
parts  of  the  rods  that  were  not  oxidized,  and  did  not  become 
so  after  several  days'  heating. 
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The  general  results  obtained  so  far  are  : — 


Rod«. 

r,- 

rr 

^/v 

Brass     .     .     .     . 

3-4 

2-6 

•87 

•72 

Brass    .     .     .     . 

3-2 

1-7 

•73 

•63 

Copper .     .     .     . 

3-35 

2-45 

•86 

•67 

Q«rman  silver     . 

80 

2-5 

•91 

•85 

It  will  be  seen  that  in  every  case  the  rate  of  fall  of 
temperature  along  the  thinner  of  the  various  pairs  of  rods 
compared  is  more  rapid  than  would  be  inferred  according  to 
the  usual  formula  from  the  distribution  of  temperature 
observed  along  the  thicker  rod.  Consequently  this  formula 
cannot  be  legitimately  used  for  the  comparison  of  con- 
ductivities, unless  the  radii  of  the  rods  compared  are  equal 
and  their  surfaces  in  the  same  condition. 

The  only  way  of  escaping  from  this  conclusion  is  by 
supposing  that  the  thermal  conductivity  of  the  smaller  of 
each  pair  of  rods  was  less  than  that  of  the  thicker  one. 
Although  it  seemed  very  unlikely  that  this  should  be  so 
in  the  case  of  every  pair,  it  could  not  be  regarded  as  im- 
possible. To  settle  tne  matter,  it  was  decided  to  determine 
the  absolute  conductivity  of  at  least  one  pair  of  rods. 

For  this  purpose  Angstrom's  method  was  adopted,  in  which 
one  end  of  the  rod  is  alternately  heated  and  cooled,  and 
the  alternations  of  temperature  observed  at  two  points 
along  the  rod.  Fi^.  1  is  a  diagram  of  the  apparatus  used. 
C  D  IS  the  rod,  passing  into  a  glass  tube  E,  through  which 
cold  water  or  steam  can  be  passed  as  desired.  £  is  held 
up  by  a  clamp,  and  F  is  a  clamp  supporting  the  rod  at  the 
other  end,  no  other  clamps  being  used  for  the  rod.  Si,  8|,  Sj, 
S4  are  brown-paper  screens,  about  2  ft.  high,  resting  on  the 
table  and  open  at  the  top  ;  St  is  about  1^  ft.  wide.  A  and  B 
are  the  two  points  whose  temperatures  have  to  be  measured. 
This  was  done  by  fine  iron  wires  passing  over  the  rod  at  the 
required  point,  and  held  down  by  suitable  weights.  The  wires 
pass  to  a  Key  E,  through  the  galvanometer  G,  to  a  vessel  H 
containing  cold  water.  H  contains  the  other  junction,  and  a 
thermometer  T.  A  brass  wire  connects  D  to  H.  T^  is  a 
thermometer  reading  the  temperature  of  the  air.  Both  ther- 
mometers were  divided  into  nflhs  and  read  by  a  telescope. 

As  it  was  not  possible  to  keep  the  temperature  of  the  air 
constant,  allowance  had  to  be  made  for  the  change.     As  the 
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temperature  required  is  the  excess  of  temperature  of  the  rod 
over  the  air,  this  was  done  by  merely  subtraoting  the  tem- 
perature of  the  air  at  the  given  moment  from  that  of  the  rod 
at  the  same  moment. 

Fig  1. 


Experiment  showed  that  it  was  possible  to  move  the  iron 
wire  on  the  rod,  and  replace  it,  and  obtain  the  same  reading 
as  previously  ;  thus  showing  that  the  resistance  of  the  joint 
did  not  appreciably  alter.  As  the  galvanometer  was  made 
somewhat  sensitive,  its  sensitiveness  was  tested  during  the 
experiments  by  a  Daniell  cell  passing^ through  a  large  resist- 
ance (about  13,000  ohms),  the  E.M.F.  of  the  Daniell  being 
compared  with  that  of  a  Clark  cell.  Zero  reading  were  also 
taken  between  each  deflexion.  The  readings  of  the  galvano- 
meter were  afterwards  standardized,  a  known  difference  of 
temperature  being  produced  between  the  two  junctions,  and 
the  deflexions  observed.  The  foUowing  table  gives  an  example 
of  a  standardization  : — 


Point  A. 

Point  B. 

DiftofTemp. 

Galv.  Defl. 

Diff.  of  Temp. 

GalT.  Defl 

4-56 

3-10 

4-62 

318 

11-12 

7-45 

11-19 

7-60 

13-99 

9-36 

13-89 

9-43 

20-29 

13-37 

20  34 

13-67 

24-50 

1608 

23-99 

16-06 

29-32 

18-99 

29-54 

19-48 

See  fig.  2,  which  is  plotted  for  these  values. 
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Fig.  2. 


SO 
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26 
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£    13 

s 

I.  a 
a 
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DeBexioD  iu  centimetroB  of  eoale. 
When  the  temperature  of  the  rod  has  settled  down  to  its 
regukr  cyclic  state,  the  excess  of  temperature  u  of  any  par- 
ticular point  at  any  instant  t  may  be  expressed  by 

u::=^a-^hi  sin  ^27r  .j  +  A)  +  i2  sin U-^-?^  +a) 

-fft3sin^67r||-|-/3W.  ..  , 
where  T  is  the  time-period  of  the  alternations. 
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The  constants  a,  bi^  /9i,  &c.  are  determined  by  the  method 
of  least  squares  from  the  observations  made. 

If  a,  J„  fii,  Ac.  and  a',  6/,  /9/,  &c.  are  the  constants  for  the 
two  points  A  and  B  respectively,  and  a  the  distance  between 
them,  then 

J  =  6V    and    fi-fi'^qx 

(see  Ann.  Chim.  Pht/s.  Ixvii.,  1863). 
Hence  g  and  q  can  be  determined,  and 

ffq=^-^     and     h  =  (^^q*)^, 

where  n=l,  2,  3,  &c.,  according  as  you  use  the  constants  of 
the  1st,  2nd,  3rd,  &c.  sine  term  ; 

c= specific  heat  of  l^e  rod  ; 

8= density  of  the  rod. 
Hence  k  and  n  can  be  determined  from  each  sine  term.  In 
the  experiments  as  carried  out  only  the  first,  and  perhaps  the 
third,  sine  terms  are  available  for  these  determinations,  as  the 
others  are  very  small,  the  even  terms  being  especiaUy  so. 
Besides  these,  tnere  is  the  *'  a  "  term  of  the  above  formula  (the 
constant  term  of  the  Fourier  series),  which  is  large,  and  repre- 
sents the  mean  excess  of  temperature  of  the  rod.  From  this 
term  we  get 

of      ^ 

If  we  use  the  previously  determined  value  of  i,  we  can  get 
from  this  equation  a  secon  1  value  of  A.  This  will  be  referred 
to  later  on. 

The  rods  experimented  upon  were  three  brass  rods  (com- 
mercial specimens)  of  roughly  ^,  ^,  and  ^  in.  diameter  ;  their 
lengths  were  about  3,  5,  ana  6  ft.  respectively.  They  were 
cleaned,  but  not  polished.  The  time-period  of  the  alternations, 
and  the  positions  of  A  and  B,  were  chosen  so  that  the  cycle  of 
changes  gone  through  should  be  as  nearly  as  possible  the  same 
in  the  three  cases. 

The  specific  heat  was  determined  by  heating  a  portion  of 
each  roa  to  100^  in  a  Regnault*s  apparatus  in  the  usual  way. 
The  following  are  the  results  obtained  : — 


Diam.  of  Rod i  in. 

iin. 

tin. 

•0937 

•0943 

•0945 

•0948 

•0952 

•0938 

•0953 

•0942 

pprox.  rise  of  temp.  \  « - 
of  calorimeter   .     .J 

1-2 

1-8  degr.  Cent, 
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The  mean  result  *0945  was  assumed  for  all  the  rods.  No 
correction  was  made  for  change  of  specific  heat  with  tem- 
perature. 

The  following  readings  are  given  to  show  how  far  they 
agree  for  di£Ferent  cycles  on  the  same  day  : 


Point  A. 

Point  B. 

I. 

II. 

III. 

I. 

U. 

ni. 

Time: 

Mean. 

Time: 

Mean. 

1>»0-. 

3^0^. 

4>»0'». 

1>»30-. 

3J»30«. 

4>»30». 

20*15 

19-85 

19-85 

19-96 

883 

8-86 

8-85 

8-85 

1716 

16-93 

16-91 

17-00 

8-88 

900 

8-99 

8-96 

18-87 

18-69 

13-74 

13-77 

8-75 

8-78 

8-82 

8-78 

11-25 

11-05 

10-97 

11-09 

8-26 

8-31 

8-27 

8-28 

"s-ie 

3-65 

'3^ 

'8-09 

3-86 

*3-ii 

3-88 

3*89 

270 

2-59 

2-56 

2^ 

344 

3-45 

3-47 

845 

2-29 

223 

216 

2-23 

3-03 

313 

309 

3-08 

197 

1 

1-88 

1-83 

1-89 

2-66 

278 

2-75 

273 

The  above  readings  are  deflexions  in  centimetres  :  1  cm.  of 
scale  corresponds  to  a  rotation  of  the  magnet  through  11',  or 
1  cm.  corresponds  to  a  difference  of  temperature  between  the 
twojunctions  of  IJ  degrees  Cent. 

The  following  expressions  show  the  series  required  to  fit 
the  temperatures  obtained ;  they  are  the  expressions  for  Set  I. 
of  Bod  il.,  but  the  constants  are  of  approximately  the  same 
magnitude  with  all  the  rods : — 

Temp.  A  =  13-95-f  12-67  sin  (2^^ +21412) +-42  sin  (49r^+3-91) 

+  2-188in(69r^ +1-13) -h-18 sin  (8^1 +3-33) 

+  '80flin  (IOtt^  +-56)  +  .  .  .  +  '31  sin  {liwi  +-28). 

Temp.  B=  6-16 +  3-92  sin  (27r^  + 1-3806) +  -10  sin  (47r^ -f  2-41) 
+  -38sin  {Stt^  -.•40)  +  -04gm  (8w-,j  -f  1-14) 

-h-07  8in{l(hr^-l-70)+.  .  .  +  '03 sin (14^^-2-68). 
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As  an  example  of  the  carve  of  temperatures  obtained,  see 
fig.  3.  At  the  abscissa  marked  0  min.  cold  water  was  turned 
on,  and  at  15  min.  steam.  The  points  marked  are  experi- 
mental points.  There  are  no  points  marked  at  0  and  15  min. 
as  I  hacf  to  be  in  another  part  of  the  room  at  those  instants. 
It  will  be  noticed  that  the  cold  water  or  the  steam  (as  the  case 
may  be)  has  done  nearly  all  it  can  do,  before  the  other  is 
turned  on,  especially  in  the  case  of  A.  This  can  also  be  seen 
from  the  numbers  given  below. 

The  following  are  the  details  for  each  rod: — 

Rod  I.  (i  inch).— Diam.  = -3377  cm.  Density =8-49. 
Specific  electrical  resistance  =  7*24  x  10"*  ohms. 
7  cms.  between  junctions.  Time-period  10  min. 
Determination  of  temperature  every  half-minute. 


SirrL* 

1 

SrIL            I 

Set  III. 

(Meanof3cjole8.) 

(Mean  of  8  cjcles.)   , 
Ezoeee  Temperature 

(Meanof4cjclea.) 

SxceM  Temperature 

Exoeas  Temperature 

in  degrees, 

in  def^rees.          1 

! 

in  degrees. 

Time  in 

A. 

B. 

1              ! 
A.              B. 

A. 

B. 

mint. 
0 

i 

22^ 

9^3 

22-27 

9-26 

19-82 

8-67 

16-91 

8-88 

15-96 

8-98 

1405 

8-86 

H 

10-95 

7-81 

11-01 

7-88 

979 

7-24 

2 

7-90 

6-58 

7-87 

6-60 

672 

6O0 

^ 

607 

5-29 

5-68 

5-29 

4-83 

4-71 

8 

4-86 

4-36 

4-27 

4-29 

3-42 

3-79 

H 

882 

862 

8-30 

8-49 

2^61 

3-06 

4 

2-04 

2-98 

2-55 

2-88 

1-97 

2-62 

4i 

5 

5» 

2-06 

2-86 

2-02 

2-31 

1-66 

201 

ilo 

1-78 

143 

1-60 

110 

W8 

6 

911 

1-65 

8-68 

1-66 

7-46 

142 

H 

16-47 

2-58 

14-96 

2-62 

1397 

2-36 

r 

19-16 

4-06 

)8-95 

397 

1759 

8-81 

7i 

20^91 

5-42 

,     20-77 

540 

19-42 

510 

8* 

22-21 

6-53 

i     22-31 

668 

20-75 

616 

Si 

23-08 

7-41 

23-31 

7-42 

21-66 

6-99 

9 

28-69 

7-95 

23-96 

816 

22-49 

7-65 

9i 

24-14 

8-47 

2484 

8-62 

22-58 

8-05 

Mean 
Temp. 

}27^ 

19i° 

27*'           19i° 

27i°          21° 

Mean 
Temp.  A 

ir}           ' 

4« 

1               H*' 

1 

16'' 

The  results,  in  C.G.S.  units,  calculated  from  these  numbers 
are: — 

•  At  the  end  of  this  set  the  joint  B  was  found  displaced  through  about 
2  mm.  away  from  A.  This  introduces  a  poswble  error  of  about  2J  p.  c.  in 
the  distance,  or  5  p.  c.  in  the  conductivity,  while  leaving  the  emiseivitj 
practicfdly  unaffected. 
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Set  I. 


Set  II. 


Setni. 


Condtietivity 
(from  Ist  sine  term). 

[•2407] 

•2507 

•2541 

Emitnvity: — 
From  "a"  term. 

•000321 

•000331 

•000319 

„     Ist  sine  term. 

•000397 

•000403 

•000405 

Set  II.  is  probably  the  best  of  the  three. 

Rod  II.  (i  inch).— Diam.= -6426  cm.      Den8ity=8-47. 

Specific    electrical    resistance  =  7*56  x  10~*   ohms. 

10   cms.  between  junctions.      Time-period   20  min. 

Determination  of  temperature  every  minute. 


SrtI. 

(Mean  of  4  cycles.) 

Bzcees  Temperature 

indegreet. 

SnII. 

(Meanofdcyolee.) 

l2.xceee  Temperature 

in  degrees. 

Time  in 
minai 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

A. 

2ri2 

17^ 
12-66 
9^ 
688 
6-23 
401 
318 
2-48 

^6 
9-40 
15-23 
1904 
21-48 
23-26 
2449 
25-26 
25-76 

B. 

10^ 
10O7 
9-15 
7-80 
6-54 
5-40 
4-52 
876 
3-13 

217 
2-02 
2-95 
4-33 
5-70 
6-94 
7-88 
8-66 
9-34 

A. 

^7 
17-33 
12-62 
9-34 
6-95 
5-46 
4-27 
3-38 
2-60 

2-54 
9-27 
14-87 
18-68 
21-13 
22-78 
23-89 
24-64 
2516 

B. 

10-13 
1002 
909 
7-91 
6-69 
5-60 
4-68 
391 
330 

2-34 
226 
307 
4-39 
5-78 
6-88 
7-90 
8-70 
9-36 

MeuTemp 26i<>               18i'> 

28°                   20*0 
1440 

Whence  by  calcalation : — 


Conductivity 
(from  Ist  sine  term). 

Set  I. 
•2351 

Setn. 
•2338 

Emittivity : — 
From  "a"  term. 

•000253 

•000236 

„     Ist  sine  term. 

•000301 

•000286 

Set  II.  is  the  better  of  the  two 
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Rod  III.  (I  inch).— Diain.=:-9654  cm.  Densitv=8-49. 
Specific  electrical  resistance  =5  7*71  x  lO"  ohms. 
12  cms.  between  junctions.  Time-period  30  min. 
Determination  of  temperature  every  minute. 


SbtI. 

1 

SitIL 

Sn  ni.        1 

(Mean  of  3  cjoIm.) 

(Mean  of  2  cycles.) 

(Mean  of 

Scydea.) 

Bxoeis  Temperature 

Ezoett  Temperature 

Bxce«  Temperature 

in  degrees. 

1; 
.1 

in  degraes. 

in  degrees. 

Time  in  1        . 

B.       i 

A. 

B. 

A. 

B. 

mint.    , 

0  1       - 

1  1     30-86 

1 

1315 

30-83 

13-21 

3015 

13-02 

2      1     25-96 

13-32    1 

26-20 

1338 

25  59 

1318 

3           20-86 

1305 

21-16 

13-14 

20-57 

12-92 

4           16-76 

12-35 

17-09 

12-45 

16-54 

1219 

6 

1362 

11-36    1 

13^1 

11-47 

13-41 

11-19 

6 

1119 

10-31     1 
927    i 

11-51 

1041 

1104 

10-16 

7 

9^ 

955 

9-34 

9-11 

9-15 

8 

7-80 

8-27    1 

7-96 

8^34 

7-62 

8-15 

9 

6-57 

7-32    ; 

674 

745 

6-37 

7-26 

10 

5-63 

651 

5-66 

6-63 

6-36 

6-51 

11 

4-80 

5-77 

4-81 

5-85 

4-50 

572 

12 

410 

5-17 

4-11 

5-17 

3-81 

5-06 

13 

3-60 

4-64 

355 

4-60 

3-26 

4-49 

14 
15 
16 

3-11 

4^2 

3^ 

4-12 

275 

397 

2-65 

3-34 

244 

3-28 

216 

3^19 

17 

667 

307 

6-59 

308 

6-29 

2-92 

18 

1219 

321 

12-28 

316 

11-91 

3-03 

19 

1676 

3-87 

16-85 

381 

16-44 

3-67 

20 

20^ 

4-93 

20-26 

4-88 

1     19-79 

471 

21 

22-83 

610 

22-81 

6-03 

'     22-40 

5-85 

22 

24-87 

7-24 

24-85 

717 

1     24-39 

7-08 

23 

26-45 

8-28 

26-43 

8-25 

26-97 

8-07 

24 

27-70 

9-21 

27-56 

9-17 

!     2713 

9-08 

25 

28-68 

1003 

28-44 

10-04 

,     2790 

9-89 

26 

29-55 

10-82 

29*22 

10-76 

28-69 

10-62 

27 

30-10 

11-87 

30-04 

1130 

29-25 

11*24 

28 

3056 

11-91 

30-31 

11-84 

29-80 

1175 

29 

30-97 

12-37 

30-77 

12-35 

30-17 

12-19 

Trp.  )^ 

210 

1      31°             2-29 

1 

31i* 

23° 

Mean     1            j. 
Temp.  Air.  j 

^c 

14° 

1 

1 

50 

From  which  by  calculation  we  get : 
Conductivity/  Set  I. 

(from  Ist  sine  term).  -2374 

EnUseivity : — 


From 


term. 
Ist  sine  term. 


•000208 
•000251 


Set  II. 
•2386 

•000208 
•000237 


Setm. 
•2399 

•000205 
•000237 


Set  I.  is  the  best  of  the  three. 
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The  third  sine  term  is,  in  the  case  of  B,  too  small  to  give 
reliable  results,  but  they  have  been  calculated  in  some  cases, 
and  curiously  enough  the  conductivity  always  comes  out 
lower  than  that  given  by  the  first  term.  The  following  have 
l»een  calculated  : — 


Bool. 

RodII. 

Boo  ITT. 

SErn. 

SBrra. 

SbtI. 

SXTI. 

SetU. 

SbtIII. 

Conductivity— \ei  sine  term. 

•251 

•254 

•235 

•237 

•239 

•240 

3i^    .,      „ 

•229 

•242 

•233 

•222 

•229 

•227 

Emissivity  —  Ist  sine  term. 

•00040 

•00040 

•00030 

•00025 

•00024 

•00024 

3rd    „      „ 

•00038 

•00025 

•00027 

•00024 

•00026 

•00031 

Taking  the  mean  of  the  chief  results  obtained,  we  get  the 
following  table : — 

Rod  I.  Rod  11.  Rod  in. 

•2524  -2344  -2386 


Conductivity  ,  .  . 

Emissivity : — 
From  "  a  *'  term. 

Ist  sine  term. 


•000324 
•000402 


•000244 
•000293 


•000207 
•000242 


It  hence  appears  that  the  emissivity  of  a  body  depends  to  a 
large  extent  on  the  form  and  dimensions  of  that  body,  and 
that  the  formula  for  conduction  of  heat  along  a  rod,  as  usually 
given  in  text-books,  can  only  be  used  in  a  very  restricted 


sense. 


It  will  be  noticed  that  the  two  emissivities  (deduced  from  the 
"  a  "  term  and  the  sine  term)  are  to  one  another  approximately 
as  1  to  1^2.  The  ratio  appears  to  be  too  uniform  to  be  due  to 
accidental  error  of  experiment,  but  the  meaning  of  the  two 
values  is  not  quite  clear.  In  order  to  obtain  further  informa- 
tion, the  I  inch  rod  was  heated  at  one  end  by  steam  under 
approximately  the  same  conditions  as  before,  and  the  E.M.F. 
of  a  german-silver-iron  couple  at  different  points  on  the  rod 
determined  by  the  compensation  method  in  tne  ordinary  way. 
A  preliminary  set  was  taken,  which  gave  about  the  same 
results  as  the  following  more  accurate  set  (readings  were 
taken  going  down  the  rod  and  then  going  up): — 
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Position  on  rod 

Bridge-Reading  in  cm. 

in  cm. 

Down. 

Up.              Mean. 

0 

73-8 

73-7           73-75 

5 

531 

52-6          52-85 

10 

380 

38-0          380 

15 

27-6 

27-5           27-55 

20 

19-8 

20-0           19-9 

25 

U-4 

14-7           14-55 

30 

10«> 

10-8          10-7 

35 

7-8 

7-8            7-8 

Temperature  of  air  about  10^°. 

1  cm.  of  bridge-wire  corresponds  to  rather  less  than  one 
degree. 

Dividing  the  above  into  two  lots,  and  taking  *=*2386,  we 
get  (this  method  is  suflBciently  accurate  for  this  purpose) : — 


Mean  temp. 

k. 

54° 

•000247 

42° 

•000240 

33° 

•000231 

27° 

•000229 

The  mean  temperature  of  the  rod  in  the  experiments  by 
Angstrom's  method  was  about  27°,  and  the  two  emissivities 
found  were  '000207  and  -000242,  so  that  the  steady-state 
emissivity  comes  just  about  halfway  between  the  two.  The 
rod,  however,  had  become  somewhat  tarnished  during  the 
summer,  and  had  to  be  cleaned  again,  which  may  or  may  not 
have  made  some  difFerene>e.  Further  experiments  will  be 
needed  to  settle  the  point  conclusively. 

When  the  last  part  of  the  experiments  was  in  progress, 
Mr.  A.  W.  Porter,  B.Sc,  drew  my  attention  to  Messrs,  Ayrton 
and  Kilgour's  paper  before  the  Koyal  Society  on  the  variation 
of  emissivity  with  the  diameter  of  the  wires  experimented 
upon.  The  results  obtained  corroborate  one  another,  and  also 
corroborate  results  that  had  been  obtained  some  time  ago  by 
P^elet,  and  which  are  recorded  in  his  Trait6  de  la  Chateur» 
Pdclet  appears  to  have  carried  out  a  large  number  of  experi- 
ments on  emissivity,  the  best  account  of  which  is  found  in  the 
3rd  edition  (not  the  4th)  in  vol.  i.  and  a  long  note  at  the  end 
of  vol.  iii.  (published  in  1860-61). 

In  conclusion  I  must  express  my  obligations  to  Prof. 
Foster  and  Mr.  Porter  for  much  help  given  in  the  course  of 
these  experiments. 

University  CoUepe,  Tendon, 
Dec.  29, 1894. 
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XXVII.   Tlie  Clark  Cell  when  Producing  a  Current. 

To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

IN  the  Philosophical  Magazine  for  September  1894  is  a 
paper  by  Mr.  S.  Skinner  on  "  The  Clark  Cell  when  Pro- 
ducing a  Current.'^  This  paper  appears  to  call  for  one  or  two 
remarks  from  me.  Mr.  Skinner  says  (p.  272) : — "  Let  a  cell  of 
electromotive  force  E  and  internal  resistance  R  have  its  poles 
joined  by  a  wire  of  resistance  r  ;  then,  providing  R  and  r  are 
constant,  and  there  is  no  polarization,  the  potential-difference 

rE 
between  the  poles  will  be  -n .     If,  however,  there  is  po- 

^'^'^                               re 
larization,  then  this  potential-difference  will  be  p ,  where 

e  is  the  value  of  the  electromotive  force  required  to  produce 
the  observed  current." 

The  value  of  —  (E— ^)  is  the  "  electromotive  force  of  polari- 
zation." This  quantity  is  studied  by  Mr.  Skinner,  and  its 
evaluation  of  course  involves  measurements  of  R  and  r. 
With  regard  to  r,  which  appears  to  have  been  taken  from  a 
box  for  values  down  to  200  legal  ohms,  and  for  147  legal  ohms 
from  a  german-silver  coil  in  a  bath  of  paraffin  oil,  we  are  not 
given  very  much  information.  I  would  ask,  however,  whether 
in  the  light  of  Mr.  Griffiths*  experience  (Phil.  Trans.  A. 
1893,  p.  401),  it  is  safe  to  assume  tnat  the  resistance  of  a  coil 
mounted  as  described,  and  carrying  a  current,  can  be  suffi- 
ciently ascertained  by  tests  made  with  only  a  testing-current. 
No  one  ought  to  be  more  alive  to  this  than  Mr.  Skinner,  so 
that  I  will  assume  his  value  of  r  to  have  been  sufficiently 
known.  With  regard  to  "  R,"  however,  the  case  is  different. 
Its  value  was  measured  by  Professor  Macgregor's  method 
(Trans.  Roy.  Soc.  Canada,  iii.  1882,  p.  22,  referred  to  as 
*'  by  means  of  the  commutator  used  by  Mr.  T.  C.  Fitz- 
patrick  "),  in  which  alternating  intermittent  currents  are  fed 
into  a  Wheatstone  bridge,  and  commutated  for  the  benefit 
of  a  galvanometer.  The  measurements  were  not  made  while 
the  cell  under  examination  was  yielding  a  current  for  polari- 
zation observations :  consequently  the  value  assigned  to 
—  (E— ^)  rests  on  the  assumption  that  the  resistance  of  the 
cell,  while  yielding  a  consiaerable  current  ('Ol  ampere)  for 
polarization  experiments,  was  the  same  as  the  resistance  it 
exhibited  while  under  test  by  alternating  and  intermittent 
currents.  This  assumption  I  consider  to  be  wholly  illegiti- 
mate, and  to  vitiate  every  result  given  by  Mr.  Skinner  for 

X2 
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the  value  of  — (E— ^).  In  the  present  state  of  our  informa- 
tion we  are  not  entitled  to  make  any  assumption  whatever  on 
this  question. 

On  page  277  Mr.  Skinner  gives  a  curve  showing  the 
hehaviour  of  a  Clark  cell  when  continuously  short-circuited 
so  as  to  yield  about  '01  ampere.  The  drop  of  P.D.  is  shown 
in  this  curve  to  increase  continuously.  From  this  it  appears 
to  be  inferred  (conclusion  "6".  page  278)  that  "the  electro- 
motive force  of  polarization  slowly  increases  when  the  current 
is  maintained;"  and  further  on  (pa^e  279)  Mr.  Skinner  says: — 
"  In  the  experiments  of  Threlfall  the  sign  of  the  terra  de- 
pending on  time  was  found  to  be  negative.  In  some  of  my 
earlier  experiments  it  appeared  to  be  negative,  but  this  was 
traced  to  irregularity  in  the  working  of  the  compensator;  and 
the  effect  has  always  been  positive  since  the  Clark  cells  have 
been  used  in  the  place  of  the  Leclanch^.'' 

Now  Mr.  Pollock  and  I  specially  guarded  ourselves  in  the 
paper  referred  to  from  any  statement  whatever  as  to  the 
"electromotive  force  of  polarization,"  having  the  fear  of 
Lord  Bayleigh  and  Professor  Ayrton  very  properly  before 
our  eyes.  Secondly,  we  fortunately  have  all  our  notes  intact, 
and  find  that  we  kept  a  much  better  watch  on  the  compen- 
sator than  Mr.  Skinner  appears  to  have  done  ;  and  there  is 
no  doubt  whatever  that,  in  the  case  we  examined,  the  P.D. 
drop  diminished  with  time,  and  this  was  to  be  explained 
neither  by  change  of  compensator  nor  by  heating  of  short- 
circuiting  resistance.  We  cannot  ask  the  Editors  to  afford 
space  for  the  voluminous  numerical  evidence  to  exhibit  this 
rather  unimportant  fact ;  but  we  satisfied  ourselves  on  this 
point  in  1888,  and  since  Mr.  Skinner's  paper  appeared  have 
gone  into  the  matter  again  and  find  it  to  be  as  we  stated  in 
our  paper.  As  a  matter  of  fact  our  cells  were  not  made  up 
quite  in  the  same  way  as  Mr.  Skinner^s,  and  the  zincs  were 
wrapped  in  parchment-paper,  the  resistance  of  which  may, 
not  improbably,  have  varied  considerably.  In  instituting  his 
comparison  Mr.  Skinner  apparently  overlooked  this  point, 
and  this  leads  me  to  think  that  he  did  not  refer  to  our  ptiper 
very  carefully,  though  probably  as  carefully  as  it  deserved. 
We  are  the  more  inclined  to  this  view  from  the  statement 
appearing  in  §8,  "Conclusion,"  page  278,  that  "From  the 
magnitudes  of  the  quantities  found  in  these  experiments,  it 
follows  that  small  currents  of  approximately  known  value 
can  be  obtained  by  the  use  of  large  Clark  cells  of  small 
internal  resistance,  which  may  be  neglected  in  comparison 
with  the  large  external  resistance."  Seeing  that  the  primary 
object  of  our  work  was  to  discover  whether  such  a  proposition 
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is  true  or  not,  that  the  greater  port  of  our  paper  is  taken  up 
by  a  discussion  as  to  the  limits  within  which  this  proposition 
is  true,  that  our  results  (much  more  numerous  than  Mr. 
Skinner's)  are  illustrated  by  two  sheets  of  curves  (plates  xii* 
&  xiii.),  and,  finally,  that  a  method  of  determining  high 
specific  resistances  based  on  this  property  of  Clark  cells  has 
biBen  in  use  almost  daily  in  our  laboratory  since  the  paper 
was  written  in  1888,  and  was  described  by  us  (Phil.  Mag. 
1889,  vol.  xxviii.  p.  470) — considering  all  this,  I  say  that 
Mr.  Skinner's  unconditioned  statement  of  his  conclusion 
appears  to  me  to  be  somewhat  inadequate. 

There  is  yet  another  point.  On  page  273,  and  referring 
to  the  measurement  of  the  resistance  of  his  cells,  Mr.  Skinner 
says  : — "  However,  following  Mr.  Fitzpatrick's  method,  tests 
were  specially  made  for  polarization  by  varying  the  ratio  of 
the  arms  and  by  varying  the  speed  of  the  commutator."  So 
far  as  varying  the  speed  of  the  commutator  goes,  this  method 
was  described  to  all  intents  and  purposes  by  Kohlrausch  in 
Pogg.  Ann,y  Jubelbarul,  p.  290,  in  Wiedemann's  Electricitdt, 
vol.  i.  p.  476,  and,  I  think,  in  Professor  Chrystal's  article  in 
the  Encyclopcedia  Britannica,  It  is  therefore  a  mistake  to 
ascribe  it  to  Mr.  Fitzpatrick. 

R.  Threlfall. 

Sydney,  December  30,  1894. 


XXVIII.    Value  of  the  Magnetic  Permeability  for  Rapid 
Electrical  Oscillations, 

To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

THERE  have  been  various  estimations  of  the  above  quan- 
tity, but  the  results  resting  upon  experimental  data  are 
few.  A  late  paper  by  Ignaz  Klemencic  in  Wied.  Ann,  der 
Physik  und  Chemie,  No.  12,  1894,  contains  the  following 
values  of  the  permeability  in  case  of  oscillations  of  1,000,000 
per  second: — 

Soft  iron     .     .     .     •     fi=118, 

Steel      .     .     .     .     .    /ii=:106  to  115. 

In  a  paper  in  the  Philosophical  Magazine  for  November 
1894,  on  "  WavcrLengths  of  Electricity  on  Iron  Wires,"  I 
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obtained  as  a  bye-result  the  average  approximate  value 

/i=385. 

A  recalculation  of  this  value,  however,  shows  an  arithmetical 
error,  which  multiplies  the  value  by  4,  so  that  the  true  ap- 
proximate value  yielded  by  the  data  is  /a= 96,  ranging  between 
the  values  107  and  83*5,  the  extremes  of  the  three  values. 
These  are  lower  than  the  results  given  by  Klemen^ic,  but  in 
my  experiments  the  rate  of  oscillation  was  much  higher. 

In  this  connexion  it  is  interesting  to  note  that  Mr.  Oliver 
Heaviside,  in  his  *  Electrical  Papers,'  vol.  i.  p.  361,  '*  Waves 
of  Magnetic  Force,''  remarks  that  /n  is  eminently  variable, 
but  that  a  fair  average  value  is  fi^lOO.  This  assumption 
seems  confirmed  both  from  Klemen6i6'8  results  and  my  own. 
I  am,  Gentlemen, 

Yours  respectfully, 

Charles  E.  St.  John. 

Berlin,  Jan.  10,  ISOo. 


XXIX.  On  the  Liquefaction  of  Gases, 
By  Prof.  J.  Dewar*. 

IN  the  Philosophical  Magazine  for  last  motth  Professor 
Olszewski  has  made  serious  allegations  regarding  my 
relations  to  his  alleged  discoveries.  It  is  usually  assumed 
that  if  a  scientific  man  has  a  grievance  on  some  question  of 
priority,  he  speaks  out  boldly  at  or  about  the  time  when 
nis  discovery  is  being  appropriated.  It  seems,  however,  that 
Professor  Olszewski  prefers  to  nurse  his  complaints  for  four 
years  and  then  to  bring  them  out  simultaneously  in  two 
English  scientific  journals.  The  result,  I  am  afraid,  wiU  be 
grievously  disappointing.  Personally  I  am  delighted  to  see 
an  English  edition  of  Professor  Olszewski's  papers.  There 
is,  however,  one  serious  omission  which  I  trust  the  Editors 
of  the  Philosophical  Magazine  may  remove  before  long.  We 
want  in  this  country  a  reprint  of  the  splendid  papers  of 
the  late  Professor  Wroblewski.  Until  this  is  done  it  wiU  be 
impossible  for  the  scientific  public  to  decide  on  many  of 
Professor  Olszewski's  claims  for  priority.  Now  let  me  turn 
to  the  Professor's  treatment  of  myself.  The  following  are 
the  deliberate  statements  made  by  him  in  his  paper  ^  On  the 
Liquefaction  of  Gases,"  Philosophical  Magazine,  February 
1895  :— 

•  Communicated  bv  the  Author. 
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**  But  in  his  last  experiments  and  lectures  respecting  the 
liquefaction  of  considerable  quantities  of  oxygen  and  air  and 
their  employment  as  cooling  agents,  Professor  Dewar  has 
thought  fit  not  to  make  any  mention  of  my  labours  in  the 
same  field,  which  had  been  published  several  years  before 
Professor  Dewar  went  over  them  again.  In  the  number  for 
June  1890  of  the  Bulletin  International  de  VAcad^mie  de 
Cracovie^  I  have  described  an  apparatus  serving  to  liquefy  a 
greater  quantity  of  oxygen  or  air  in  a  steel  cylinder,  from 
which  it  can  be  poured  out  into  an  open  glass  vessel,  and  used 
as  a  frigorific  agent.  It  is  entitled  ^  K.  Olszewski.  Transvase- 
ment  de  Poxyg^ne  liquide  •/  and  a  brief  report  on  the  subject 
is  contained  in  the  Beibldtter  of  Wiedemann,  vol  xv.  p.  29, 
under  the  title  'K.  Olszewski.  Ueber  das  Giessen  des 
fiiissigen  Sauerstoffs.'  That  my  labours  should  have  thus 
been  passed  over  in  silence  is  all  the  more  astonishing, 
because  as  soon  as  the  above-mentioned  Bulletin  was  printed 
I  sent  a  proof  of  it  to  Professor  Dewar ;  I  also  forwarded 
him  proofs  of  my  other  researches,  knowing  that  they  interest 
him.".  .  .  . 

"  From  this  summary  of  researches,  as  well  as  of  dates,  it 
follows  that  the  first  apparatus  serving  to  produce  large 
quantities  of  the  liquefied  so-called  permanent  gases,  with 
the  solitary  exception  of  hydrogen,  was  constructed  by  me. 
This  apparatus  can  be  enlarged  at  will  by  increasing  its  parts, 
but  without  changing  anything  in  its  construction,  so  tnat  it 
might  be  used  to  obtain  liquefied  gases  in  factories  should 
they  at  any  time  prove  of  practical  utility.  By  means  of  this 
apparatus  I  obtained  as  large  quantities  of  liquid  gases  as 
I  wanted ;  and  they  were  used  for  the  first  time  on  a  large 
scale  as  cooling  agents  (for  instance,  in  my  attempts  to  liquefy 
hydrogen),  or  as  an  object  of  scientific  researches  (the  absorp- 
tion spectrum  of  liquefied  oxygen,  its  coefficient  of  refraction, 
&c.). 

"The  experiments  of  Professor  Dewar  are  merely  the 
repetition  and  confirmation  of  these  researches,  most  of  which 
were  published  several  years  before  his  corresponding  investi- 
gations. His  work  is  really  original  only  as  to  the  magnetic 
properties  of  liquid  oxygen  :  that  which  is  not  borrowed  from 
my  researches  is  a  development  of  ideas  struck  out  by  another 
— ^as,  for  instance,  the  experiments  on  electrical  resistance  at 
low  temperatures,  which  were  begun  by  Clausius,  continued 
by  Caiiletet  and  Bouty,  and  brought  ten  years  ago  by  my 
former  fellow-worker,  the  late  Professor  Wroblewski,  to  the 
temperature  of  the  freezing-point  of  nitrogen,  then  several 
degrees  below  the  temperature  attained  in  the  experiments  of 
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Messrs.  Dewar  and  Fleming,  who,  it  is  true,  extended  their 
examination  to  various  metab,  alloys,  and  non-metals.  But 
the  execution  of  these  labours  meets  with  no  difficulty  ;  for 
the  method  of  getting  large  quantities  of  liquefied  gases  is 
now  generally  known.'' 

Let  us  see  what  Professor  Olszewski  said  in  that  paper 
entitled  "  Transvasement  de  Toxygine  liquide,"  June  1890. 

"  A  flask  of  wrought  iron,  5  litres  in  capacity  (such  as  is 
used  to  hold  liquid  carbon  dioxide),  containing  oxygen  under 
a  pressure  of  80  atm.,  is  joined  by  a  narrow  coppei;  tube  to 
the  upper  end  of  a  steel  cylinder  tested  at  a  pressure  of 
200  atm.  This  cylinder,  having  a  capacity  of  3()--100  cubic 
centim.,  according  to  the  quantiir  of  oxygen  which  we  wish 
to  liquefy  at  a  time,  is  immersed  in  liquid  ethylene,  of  which 
the  temperature  mav  easily  be  lowered  to  —140°  C.  by  means 
of  an  air-pump.  The  lower  end  of  the  cylinder  is  joined  by 
a  narrow  copper  tube  to  a  little  stopcock,  through  which  the 
oxygen,  liquefied  in  the  cylinder,  can  be  poured  down  into 
an  open  glass  vessel  kept  cool  by  the  surrounding  air." 

In  other  words,  replace  the  glass  tube  in  my  apparatus  of 
1884  by  a  small  steel  cylinder  and  attach  to  its  lower  end  a 
narrow  copper  tube  with  a  stopcock,  and  the  Olszewski  appa- 
ratus of  1890  would  result.  As  a  matter  of  fact  Pictet  had  used 
the  same  principle  in  the  year  1878,  and  to  take  credit  for 
originality  in  repeating  his  device  seems  a  little  absurd.  Now 
on  the  11th  of  June,  1886, 1  delivered  a  lecture  on  "^Recent 
B.esearches  on  Meteorites,"  and  the  report  in  the  ^  Proceedings 
of  the  Royal  Institution '  contains  a  sectional  drawing  of  an 
apparatus  (reproduced  on  the  other  page)  solely  constructed 
of  copper,  together  with  a  valve  for  drawing  off  uqnid  oxygen, 
entirely  different  in  type  from  the  plan  Olszewski  adopted  in 
1890.  I  may  mention  that  the  plan  of  the  apparatus  was  repro- 
duced immediately  after  the  delivery  of  the  lecture  both  in 
England  and  America.  The  section  is  confined  to  the  refrige- 
rator, all  the  accessories  of  liquefied  and  compressed  gas-bottks, 
compression  and  exhaust  gauges,  &c.  having  been  omitted. 
From  this  pl^n  of  the  refrigerator,  any  person  so  desiring 
could  increase  its  capacity  so  as  to  work  on  a  larger  scale.  The 
drawing  shows  the  apparatus  arranged  for  the  special  ex- 
periment of  ejecting  liquid  oxygen  into  a  vacuum-chamber, 
out  it  is  clear  the  apparatus  discharged  more  easily  into  an 
ordinary  open  vessel.  It  is  the  form  of  ajparatus  that  is 
in  dispute  J  not  tite  result  of  ant/  particular  experiment.  The 
special  object  for  which  it  was  in  use  in  this  lecture  was 
to  cool  a  piece  of  Meteorite  before  insertion  into  an  Electric 
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Furnace.  The  following  extract  from  the  lecture  will  explain 
how  the  subject  was  introduced  : — 

"  Meteorites,  no  doubt,  have  an  exceedingly  low  tempera- 
ture before  they  enter  the  earth's  atmosphere,  and  the  ques- 
tion had  been  raised  as  to  what  chemical  reactions  could  take 
?lace  under  such  conditions.  It  resulted  from  Professor 
)ewar's    investigations    that    at    a    tempei*ature   of   about 

—  130°  C.  liquid  oxygen  had  no  chemical  action  upon 
hydrogen,  potassium,  sodium,  phosphorus,  hydriodic  acid, 
or  sulphydric  acid.  It  would  appear,  therefore,  that  as  the 
absolute  zero  is  approached  even  the  strongest  chemical 
aflSnities  are  inactive. 

"  The  lecturer  exhibited  at  work  the  apparatus  by  which  he 
had  recently  succeeded  in  solidifying  oxygen*.  The  apparatus 
is  illustrated  in  the  accompanying  diagram  [p.  301],  where  a 
copper  tube  is  seen  passing  through  a  vessel  kept  coust;mtIy 
full  of  ether  and  solid  carbonic  acid  ;  ethylene  is  sent  through 
this  tube,  and  is  liquefied  by  the  intense  cold  ;  it  is  then  con- 
veyed by  the  tube,  through  an  india rubber  stopper,  into  the 
lower  vessel  ;  the  outer  one  is  filled  with  ether  and  solid 
carbonic  acid.  A  continuous  copper  tube  about  45  feet  long, 
conveying  oxygen,  passes  through  the  outer  vessel,  and  then 
through  that  containing  the  liquid  ethylene ;  the  latter 
evaporates  through  the  space  between  the  two  vessels,  and 
thus  intense  cold  is  produced,  whereby  oxygen  is  liquefied  in 
the  tube  to  the  extent  occasionally  of  22  cubic  centimetres  at 
one  time.     The  temperature  at  which  this  is  effected  is  about 

—  130°G.,  at  a  pressure  of  75  atmospheres,  but  less  pressure 
will  sufiice.  When  the  oxygen  is  known  to  be  liquid,  by 
means  of  a  gauge  near  the  oxygen  inlet,  the  valve  A  is 
opened,  and  tne  liquid  oxygen  rushes  into  a  vacuum  in  the 
central  glass  tube  below  ;  some  liquid  ethylene  at  the  bottom 
of  the  next  tube,  outwards,  is  also  caused  to  evaporate  into  a 
vacuum  at  the  same  moment,  and  instantly  some  of  the  liquid 
oxygen  in  the  central  tube  becomes  solid,  owing  to  the  intense 
cold  of  the  double  evaporation.  The  outer  glass  vessel  serves 
to  keep  moisture  from  settling  on  the  sides  of  the  ethylene 
tube.  By  means  of  the  electric  lantern  and  a  lens,  an  image 
of  this  part  of  the  apparatus  was  projected  upon  the  screen, 
this  being  the  first  time  that  the  experiment  had  been  shown 
on  a  large  scale  in  public. 

"  Performing  this  experiment  the  temperature  reached  was 
a  little  below  200°  C,  that  is  only  50°   or   70°  above  the 

*  The  white  material  taken  for  solid  oxygen  in  1836  was  due  to  gaseous 
impurity. 
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absolute  zero  of  temperature,  and  in  the  experiment  about 
5  lbs.  of  solid  ethylene  were  employed/' 

This  I  declare  to  be  the  first  apparatus  (Pictet's  excluded) 
made  wholly  of  metal,  being  an  arrangement  of  copper  coils  in 
which  liquid  oxygen  was  made  and  decanted  or  transferred 
from  the  vessel  in  which  it  was  liquefied  to  another  by  means 
of  a  valve  and  thereby  rendered  of  use  as  a  cooling  agent.  In 
support  of  this  assertion  I  call  as  a  witness  Professor  Charles 
Olszewski  himself,  who  states  in  the  Philosophical  Magazine, 
February  1895,  p.  189 : — *'  In  1883,  and  for  several  years 
following,  I  liquefied  the  gases  in  a  strong  glass  tube."  There 
is  no  suggestion  made  tbat  a  steel  cylinder  and  valve  was 
used  by  Olszewski  till  the  year  1890,  whereas  four  years 
in  advance  I  had  used  a  much  safer  and  better  form  of 
apparatus.  Have  I  ever  suggested  that  Professor  Olszewski 
was  anticipated,  or  attempted  to  raise  any  question  of  priority  ? 

With  regard  to  another  case  of  priority  that  is  claimed,  I 
find  that  MM.  Charles  Olszewski  and  Auguste  Witkowski, 
Membres  Correspondants,  pr^sentent  leur  m^moire  "  Pro- 
pri^tes  optiques  de  I'oxyg^ne  liquide,"  on  the  3rd  of  October 
1892,  and,  on  referring  to  the  paper,  it  is  dated  the  15th 
July  1892,  and  the  following  footnote  is  added : — 

"  Avant  la  publication  de  notre  communication  MM.  Liveing 
et  Dewar  out  fait  connaitre  (Phil.  Mag.  aoftt  1892)  les 
r^sultats  de  leurs  recherches  sur  la  refraction  des  gaz 
liquefies." 

But  Professor  Olszewski  is  not  satisfied  by  a  reference  to 
published  papers,  he  includes  unpublished  ones  as  well,  in 
order  to  include  the  study  of  chemical  action  at  low  tempera- 
tures as  having  been  originated  by  him.  The  following 
extracts  from  a  well-known  Continental  Journal  of  what  I 
had  done  in  1885  may  induce  him  to  produce  his  priority 
claim  in  a  definite  shape.  I  challenge  him  to  produce  any 
reference  to  antecedent  work  in  this  suoject. 

Extract  from  Moniteur  Scientijique,  vol.  xv.  (1885), 
p.  1134  :— 

"  Sur  les  Solutions  d'Ozone  et  Taction  chimique  de  POxygfene 
Uquide.     Par  Professor  Dewar. 

"  Dans  cette  communication,  le  professeur  a  donne  la 
description  de  Tappareil  et  de  la  m^thode  dont  il  s'est  servi 
pour  Uqu^fier  les  gaz  tels  que  Toxygfene,  et  apr6s  avoir  dis- 
cut4  les  conditions  requises  pour  le  succ^s  de  la  conversion 
des  gaz  dits  permanents  en  liquides,  il  a  rendu  compte  de 
plusieurs  experiences  faites  avec  Poxyg^ne  liquide.   A  —130*^ 
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Foxygfene  perd  les  caract^res  actifs  poss^d^s  par  cet  ^l^ment 
dans  Petat  gazeux  ;  il  est  sans  action  snr  le  phosphore,  le 
sodium,  le  potassium,  Thydrogine  sulfur^  solide  et  I'acide 
hydriodique  solide.  D'autres  substances  paraissent  eprouver 
des  changements  semblables  aux  tr^  basses  temp6ratares. 
Ainsi  r^thyline  liquide  et  le  brome  solide  peuvent  6tre  mis 
en  contact  sans  produire  aucune  action,  tandis  que  I'^thylene 
gazeux  et  le  brome  liquide  s'unissent  directement  aux  tem- 
peratures ordinaires. 

"  Hautefeuille  et  Chapuis,  en  soumettant  un  melange 
d'an hydride  carbonique  et  d'ozone  k  une  grande  pression, 
ont  obtenu  un  liquide  bleu  dont  la  couleur  est  dUe  k  Fozone. 
Si  Fair  ozonis^  passe  dansdu  disulphide  de  carbone  k  —100^, 
le  liquide  prend  une  couleur  bleue  qui  disparait  quand  on  laisse 
Clever  la  temperature,  et,  k  un  certain  degre,  une  decom- 
position d'oi  r^sulte  une  production  de  soufre.  Le  meilleur 
dissolvant  de  Pozone  est  un  melange  de  t^trafluoride  de 
si  Ileum  et  de  p^trole  de  Hussie.  Ces  solutions  d'ozone  sent 
sans  action  sur  le  mercure  ou  I'argent  ra^talliques/' 

Prof.  Olszewski  says  : — "  The  experiments  of  Prof.  Dewar 
are  merely  the  repetition  and  confirmation  of  these  researches.'' 
Reviewing  the  work  I  have  been  engaged  upon  during 
the  last  few  years,  either  by  myself  or  in  consort  with 
Profs.  Liveing  or  Fleming,  the  following  subjects  have  been 
taken  in  hand  and  so  far  developed  with  regard  to  the  pro- 
perties of  matter  at  low  temperatures  : — 

Construction  of  Apparatus  for  the  production  of  Liquid 
Air  and  other  Gases  in  quantity — High  Vacua — Vacuum 
Vessels  for  Storage  and  Manipulation  of  Liquid  Grases — 
Cooling  by  Sponge  of  Liquid  Air— Solid  Air — Badiation  at 
Low  Temperatures — ^Thermal  Transparency — Refractive  In- 
dices— Spectroscopy — Electric  Conductivity — Thermo-Elec- 
tric  Properties — Latent  and  Specific  Heats — Capillarity — 
Chemical  Action — Magnetic  Properties — Breaking-Stress  of 
Metals — Solid  Matter  and  Argon  in  Liquid  Air — -Phosphor- 
escence and  Photographic  Action — Liquefaction  of  Hydrogen, 
&c.  With  the  exception  of  the  determination  of  the  refrac- 
tive indices  of  liquid  oxygen  my  work  has  had  nothing  in 
common  with  that  of  Pro^  Olszewski. 

Now  Prof.  Olszewski  says  he  has  anticipated  all  this 
pioneering  work.  On  referring  to  his  list  of  papers  given  in 
the  Philosophical  Magazine  for  last  month,  1  find  that  since 
the  year  1890  he  hcis  confined  his  attention  to  the  refractive 
indices  of  liquid  oxygen  and  an  attempt  to  corroborate 
Wroblewski's   determination   of    the    critical    constants    of 
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hydrogen.  No  one  knows  better  than  myself  that  the  fringe 
01  the  subject  only  is  touched.  When  the  investigator  has 
the  means  of  examining  the  general  properties  of  matter 
under  new  conditions,  surely  in  our  time  he  does  not  claim 
originality  for  the  selection  of  the  order  in  which  he  attacks 
the  many  problems  ready  to  hand  ?  The  fact  is  the  claims 
set  forwara  by  Prof.  Olszewski  are  fantastic  and  unfounded. 

Professor  Olszewski  has  done  good  work  in  the  deter- 
mination of  the  pressure  and  temperature  relations  of  the 
liquid  gases,  but  in  future  it  is  to  be  hoped  he  will  modify 
his  claim  for  general  priority  in  everything  relating  to  Low 
Temperature  Besearch. 

Royal  Institution,  14th  Feb.  1895. 


XXX.  Notices  respecting  Neio  Books. 

Select  Methods  in  Chemical  Analysis  {chiefly  Inorganic).  By 
William  Cbookes,  F,R.8,  Sfc.  3rd  edition,  rewritten  ana 
enlarged.    (London  :  Longmans,  Green,  &  Co.,  1894.) 

THE  subject  of  chemical  analysis  is  capable  of  being  regarded 
from  two  points  of  view — first  as  a  means  of  training  students 
in  exactness  of  work,  neatness,  cleanliness,  carefulness,  and  so  forth, 
and  in  the  next  place  as  a  practical  branch  of  science  which  the 
working  chemist  is  constantly  obliged  to  resort  to  in  order  to 
ascertain  the  composition  of  some  kind  of  matter.  This  book  by 
Mr.  Crookes,  which  has  now  reached  its  third  edition,  appeals  to 
the  latter  rather  than  to  the  former  class  of  readers.  It  has  in 
fact  from  the  time  of  its  appearance  occupied  a  unique  position 
among  kindred  works,  and  the  new  edition  will  be  welcomed  by 
working  chemists  with  the  same  gratitude  that  its  predecessors 
were  received  with  when  the  author  first  enriched  our  chemical 
literature  with  a  compilation  of  such  real  practical  value.  In 
speaking  of  the  work  as  a  compilation,  we  have  no  desire  to  detract 
from  its  merits.  To  expect  the  author  of  a  book  on  chemical 
analysis  to  originate  all  the  processes  described  would  be  simply 
absurd,  but,  although  confessedly  a  compilation,  there  is  one 
feature  that  lifts  the  present  work  qmte  above  the  level  of 
such  productions.  A  quotation  from  the  preface  will  explain  our 
statement : — 

"  The  author  has  merely  given  such  methods  as  have  been  proved 
in  his  own  laboratory.  Others — possibly  no  less  efficient-— have 
been  passed  over  because  he  cannot  vouch  personally  for  their 
value.  A  main  object  has  been  to  bring  into  notice  a  number  of 
little-known  expedients  and  precautions  which  prevent  mistakes, 
insure  accuracy,  or  economise  time." 

The  user  of  this  book  therefore  may  rest  assured  that  all  the 
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processes  described  have  received  the  approval  of  one  of  the  mast 
skilful  masters  of  chemical  analysis  in  this  country. 

Taking  it  for  granted  that  the  work  has,  by  virtue  of  its  merits, 
established  for  itself  such  a  position  that  any  further  commendation 
on  the  part  of  a  reviewer  would  be  superfluous,  we  have  only  to 
point  out  now  wherein  the  present  edition  differs  from  the  former 
one  which  was  published  eight  years  ago.  In  order  to  justify  the 
title  of  the  work  and  to  keep  to  its  spirit,  many  of  the  older  and 
now  well-known  methods  or  estimation  have  been  omitted.  In 
fact,  these  methods  have  passed  from  the  "select"  stage,  and, 
having  undergone  the  test  of  experience,  are  now  embodied  in  all 
works  on  analysis,  so  that  the  working  chemist  may  be  assumed  to 
know  all  about  them  or  (what  comes  to  the  same  thing)  where  to 
find  them  when  wanted.  Other  processes  have,  we  are  told,  been 
left  out  for  the  opposite  reason — because  they  have  not  stood  the 
ordeal  of  experience,  but  have  been  supplanted  by  better  ones. 
The  ordinary  volumetric  processes  have  also  been  omitted  be- 
cause there  are  special  works,  such  as  that  by  Sutton,  dealing 
with  this  subject.  Only  in  certain  cases  are  titration  methods 
described,  and  then  because  of  their  selectness.  For  a  similar 
reason  the  ordinary  pyrological  methods  of  analysis  no  longer  find 
place  in  the  volume,  but  the  reader  is  referred  to  special  treatises 
on  assaying,  of  which  there  are  several  well-known  ones. 

The  effect  of  all  this  expurgation,  however,  has  not  been  to 
diminish  the  size  of  the  book,  because  a  large  amount  of  new  matter 
has  been  added,  partly  in  the  form  of  new  processes  which  have 
been  discovered  since  the  last  edition,  but  more  particularly  in  the 
form  of  descriptions  of  the  electrolytic  methods  of  estimating 
metals,  which  nave  been  so  thoroughly  worked  out  of  late  by 
Dr.  Classen.  This  part  of  the  work,  which  will  be  found  parti- 
cularly useful  to  English  chemists,  confessedly  owes  its  origin  to 
Classen^s  book,  many  of  the  illustrations  of  apparatus  having  been 
taken  from  this  source.  Altogether  the  volume  extends  with  its 
index  to  718  pages,  and  is  divided  into  sixteen  chapters.  Of  these 
the  first  deals  with  the  alkaline  metals;  the  second  with  the  alkaline 
earths ;  the  third  with  the  rare  earths  (on  which  the  author  is  the 
chief  living  authority);  the  fourth  with  chromium,  vanadium, 
uranium,  tuncsten,  and  molybdenum ;  the  fifth  with  zinc,  aluminium, 
gallium,  and  iron ;  the  sixth  with  manganese,  nickel,  and  cobalt ;  the 
seventh  with  silver,  mercury,  and  copper ;  the  eighth  with  cadmium, 
gallium,  lead,  thallium,  indium,  bismuth ;  the  ninth  with  antimony, 
tin,  arsenic,  selenium,  and  tellurium  ;  the  tenth  with  gold  and  the 
platinum  metals;  the  eleventh  with  sulphur,  phosphorus,  and 
nitrogen ;  the  twelfth  with  the  halogens  and  cyanogen ;  and  the 
thirteenth  with  carbon,  silicon,  and  boron.  In  the  fourteenth  chapter 
the  electrolytic  method  and  certain  special  methods  of  gas-analysis 
are  described.      Chapter  xv.  is  devoted  to  certain  miscellaneous 

Processes  and  what  in  laboratory  terms  would  be  called  "  practical 
edges.'*    The  concluding  chapter  contains  sets  of  useful  tables. 
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Tbe  general  scope  of  the  work  will  be  inferred  from  the  fore- 
going account  of  its  contents.  The  classification  of  the  elements 
may  appear  somewhat  arbitrary,  but  there  are  good  analytical 
reasons  for  adopting  this  arrangement.  The  details  of  description 
have  all  the  lucidity  and  exactness  which  we  are  accustomed  to 
find  in  Mr.  Crookes'  writings.  Although  nearly  a  quarter  of  a 
century  has  elapsed  since  the  appearance  of  the  first  edition,  there 
is  no  falling  off  in  power  of  treatment  anywhere  manifest  in  the 
pages  of  the  present  volume,  the  completion  of  which  is  a  matter 
of  congratulation  both  for  the  veteran  author  and  the  chemical 
world. 

A  Few  Chapters  in  Astronomy.  By  Claudius  Kennedy,  M.A. 
(Crown  8vo,  160  pp.,  40  illustrations.  London :  Taylor  &  Francis, 
1894.) 

The  idea  of  this  book  is  a  very  good  one.  Its  object  is  to  elucidate 
more  fully  certain  points  which  are  merely  touched  on  or  only 
imperfectly  explained  in  works  on  Astronomy  and  Mechanics.  In 
the  first  Chapter  we  have  an  explanation  of  an  optical  illusion  which 
is  frequently  noticed,  even  by  casual  observers,  but  of  which  the 
reason  is  not  generally  understood.  This  is  the  fact  that  a  line 
drawn  at  right  angles  to  a  line  joining  the  horns  of  the  crescent 
Moon  does  not  seem  to  pass  through  the  Sun,  as  of  course  it  really 
does,  but  some  distance  above  it.  A  similar  illusion  is  seen  in  the 
apparent  downward  curvature  of  meteor-tracks,  and  the  apparent 
curvature  (in  some  cases)  of  a  comet's  tail  when  very  long,  as  in 
the  Great  Comet  of  1882.  The  second  Chapter  deals  with  the 
effect  of  the  Earth's  rotation  on  moving  bodies,  such  as  bodies 
falling  from  a  height,  the  flight  of  migrating  birds,  Ac.  The  third 
Chapter  explains  the  effect  of  the  Earth's  rotation  on  projectiles. 
The  subject  is  very  fully  worked  out,  and  in  a  very  interesting 
manner.  In  Chapter  lY.  an  explanation  is  given  of  the  principle 
of  Foucault's  pendulum,  a  subject  which  is  not  sufficiently  explained 
in  ordinary  text-books  on  Astronomy,  especially  with  reference  to 
places  between  the  equator  and  the  poles.  Chapter  V.  contains  an 
investigation  of  the  position  of  high  tide  considered  on  dynamical 
principles — a  subject  which  is  very  imperfectly  dealt  with  in  most 
works  on  Ajstronomy.  In  Chapter  VI.  we  have  a  description  of 
various  forms  of  the  **  Horizontal  Pendulum,"  an  instrument  which 
is  not  generally  known,  and  which  was  devised  for  the  purpose  of 
detecting  by  direct  observation  the  Moon's  differential  tidal  force. 
Although  sound  in  theory,  this  instrument  does  not  seem  to  be 
capable  of  giving  any  definite  results  in  practice  ;  for,  as  Mr.  Ken- 
ncKiy  says,  '*  in  most  cases,  at  least,  a  gentle  breeze  pressing  on  the 
side  of  a  house  would  make  the  whole  Sisement  floor  tilt  to  leeward 
through  an  angle  considerably  greater  than  the  great^t  change  in  the 
vertical  by  the  Moon's  tidal  force." 

Chapters  VII.  and  VIII.  deal  with  the  Moon's  Variation  and 
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Parallactic  Equality,  subjects  which  are  not  sufficiently  developed 
in  Astronomical  treatises.  The  author  clearly  explains  some  points 
in  these  lunar  irregularities  which  the  student  may  find  a  diffi- 
culty in  thoroughly  understanding,  and  clears  up  some  apparent 
paradoxes  with  which  the  subject  is  beset. 

On  the  whole,  this  little  work  will  be  found  of  great  assistance 
to  students  of  mathematical  astronomy,  and  we  can  strongly 
recommend  it  to  their  attention.  J.  E.  Gobe. 


XXXI.  Intelligence  and  Miscellaneous  Articles. 

AN  EXPERIMENT  WITH  SOLID  CARBONIC  ACID. 
BY  PROF.  K.  PRYTZ. 

INCITED  by  the  interesting  account  by  Prof.  Bleekrode  (Phil. 
Mag.  xxxviii.  pp.  81-89, 1894)  of  his  experiments  with  solid 
carbonic  acid,  I  wish  to  describe  an  experiment  which  I  have  made. 
A  quantity  of  solid  carbonic  acid  being  compressed  in  a  wooden 
cylinder,  I  cut  the  block  of  the  substance  in  pieces  small  enough 
to  be  put  into  a  stout  glass  tube  r  1*6  centim.  wide. 
When  the  tube  was  filled  with  the  pieces  of  carbonic 
acid,  it  was  connected  with  a  manometer  M,  the 
cock  h  being  open.  On  closing  the  cock  the  index 
of  the  manometer  rises  slowly  until  the  pressure  is 
as  much  as  5  atm.  The  index  then  stands  completely 
still  for  a  tolerably  long  time ;  at  the  same  time  we 
see  pieces  of  carbonic  acid  sink  down  on  meltine; : 
only  when  the  whole  is  melted,  and  consequently 
fills  the  bottom  of  the  tube,  does  the  index  suddenly 
rise  again,  and  now  much  faster  than  before. 

When  the  index  has  reached  10  atm.  the  cock  is 
opened  a  little:  the  melted  carbonic  acid  then 
evaporates  quickly,  the  pressure  diminishes,  the  index 
goes  back  to  5  atm. :  there  it  suddenly  stops  again, 
and  is  stationary  until  the  carbonic  acid  is  again 
solid,  whereupon  it  slowly  goes  back  to  1  atm. 

The  experiment  is  very  instructive.  It  shows  better  than  any 
other  that  I  know  of  the  fixity  and  the  identity  of  the  melting 
and  solidifying  points:  it  shows  that  solid  carbonic  acid  only 
melts  under  pressure,  and  it  indicates  the  great  difference  between 
the  solid  and  the  liquid  carbonic  acid  in  respect  of  conductivity 
for  heat. 

I  usually  place  the  glass  tube  in  water ;  the  transparent  ice 
crust  then  formed  shows  the  cold  inside  the  tube. 
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XXXII.  On  the  Passage  of  an  Oscillator  Wave^rain  through 
a  Plate  of  Conducting  Dielectric.  By  Oborgb  Udny  Yule, 
Demonstrator  in  Applied  Mathematics,  University  College, 
London. 

I.  Introduction. 

n.  The  Phenomena  at  the  first  Surface  of  the  Plate. 
m.  The  Phenomena  at  the  Second  Surface  of  the  Plate. 
IV.  The  Intensity  of  the  Transmitted  Ray. 
V.  The  Intensibr  of  the  Reflected  Ray. 
VI.  Discussion  of  an  Experimental  Case  and  a  Correction* 
VII.  The  Numerical  Value  of  some  of  the  previous  Results. 
Synopsis  of  Symbols. 

I.  Introduction* 

THE  problem  treated  in  these  pages  was  suggested  by  the 
following  experimenUil  results,  for  a  fuUer  account  of 
which  I  may  refer  to  a  previous  paper  f. 

A  series  of  wave-trains  generated  by  an  oscillator  0  were 
allowed  to  propagate  themselves  alon^  a  double-wire  circuit 
lAJ  about  100  metres  in  length.  At  the  middle  of  the  circuit 
the  wires  were  run  through  a  jar  containing  a  certain  depth 
AB  of  distilled  water,  alcohol,  or  a  very  dilute  electrolyte. 

*  Communicated  by  the  Physical  Society:  read  January  11, 1895. 

t  PhiL  Mag.  vol.  xxxvi.  p.  581,  Dec  1893.  Prelim.  Paper  in  the  Proc 
Roy.  Soc  vol.  liv.  p.  96.  A  sketch  of  an  approximate  theorv  was  giren 
in  the  PhiL  Mag.  paper,  but  several  assumptions  theie  made  were  un» 
justifiable. 

Phil.  Mag.  8.  5.  Vol.  89.  No.  239.  April  1895.        T 
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The  intensity  of  the  ray  transmitted  by  this  slightly  absorbent 
layer  was  determined  by  an  electrometer  E  placed  at  a  quarter 
wave-length  (2*25  metres)  from  the  closed  end  of  the  circuit. 


This  intensity  varied  periodically  with  the  thickness  of  the 
layer,  as  in  me  analogous  case  of  a  ray  of  light  and  a  "  thin 
plate/' 

The  layer  AB  was  what  Boltzmann  has  termed  a  ^^con- 
ducting dielectric,"  i.  e.  both  its  conducting  and  dielectric 
properties  were  of  importance.  The  theory  of  a  non-con- 
ducting plate  is  much  simpler :  aproblem  equivalent  to  it  has 
recently  Ibeen  treated  by  Dr.  E.  H.  Barton  *,  to  whose  work 
I  shall  have  several  occasions  to  refer.     In  the  more  complex 

Sroblem  I  have  assumed,  we  have  simply  a  plane-fronted 
amped  wave-train  travelling  through  an  insulating  medium 
and  falling  at  normal  incidence  on  an  infinite  slab  of  con- 
ducting dielectric.  The  magnetic  permeabilit}-  of  both  the 
plate  and  the  surrounding  medium  are  taken  as  unity. 

The  theoretical  transmission-curve  obtained  on  these  assump- 
tions does  not  agree  well  with  the  experimental  one,  tne 
divergence  being  the  same  in  sign  and  order  of  magnitude 
as  that  noticed  by  Dr.  Barton  in  nis  case.  We  have  in  fact 
idealized  the  experimental  facts  too  far  in  endeavouring  to 
simplify  the  analysis :  the  electrolyte  was  not  at  all  infinite  in 
exten:,  and  at  least  one  important  correction  is  obviously 
necessary  (section  VI.J.  The  experiments  can  only  be  re- 
garded as  a  very  rougn  illustration  of  the  problem,  and  bb 
giving  the  raison  (fStre  of  this  paper. 

The  general  results  obtained  seem  ta  be  of  considerable 
interest.  The  intensities  of  the  reflected  rays,  the  phase- 
changes,  and  so  on,  for  damped  wave-trains  reflected  from 
such  a  plate  differ  from  those  for  steady  rays  in  some  cases 
very  considerably. 

For  convenience  and  brevity,  the  surrounding  medium  is 

*  PreUminary  Paper,  Proc.  Boy.  Soc  -vol.  liv.  p.  85 ;  more  fiilly  in 
Thesis  for  the  D.Sc.  London,  1894,  or  Wied.  Ann.  vol.  liii.  p.  518, 1804. 
Final  paper,  Proc.  Hoy.  Soc.,  read  April  1883  (not  yet  published). 
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hereinafter  generally  referred  to  as  "  the  dielectric/'  and  the 
conducting  slab  as  "  the  plate  "  or  "  electrolyte." 

II.  I'he  Phenomena  at  the  First  Surface  of  the  Plate. 

In  this  section  we  will  deal  with  the  phenomena  occurring 
at  the  first  surface  of  the  "  electrolyte  "  only. 

The  direction  of  propagation  of  the  ray  is  chosen  as  the 
positive  direction  of  the  axis  of  z  and  the  origin  is  taken  in- 
definitely close  to  the  interface. 

The  suffix  1  always  refers  to  the  dielectric  and  the  suflBx  2 
to  the  plate. 

Fig.  2. 


Let  Xx  be  the  electric  force  in  the  dielectric  and  Xj  that  in 
the  plate.  Under  the  limitations  we  have  set  ourselves — 
plane  waves  and  non-conducting  dielectric— Maxwell's  equa- 
tions assume  the  simple  forms 


A 


cPX.      (PXi 


dt* 


X  = 


dz* 


y^-^p^dOur  -  dz* ' 


(1) 

(2) 


where  we  have  abbreviated  Maxwell's  notation  by  putting 

/X)  being  the  magnetic  permeability  of  the  plate,  k^  its  dielectric 
constant,  Cs  its  conductivity;  /x^  ki  are  the  same  constants 
referring  to  the  dielectric^  Ci  being  zero.    Afl  already  stated, 

Y2 
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we  will  only  take  the  case  of  both  media  being  non-magnetic,  or 

As  a  solution  of  equations  (1)  and  (2)  we  select 

Xx=Ai/<'-^*^">+A//<'-^'"0  ,4. 

where  t  must  be  not  less  than  zero,  p  is  either  wholly  imaginary 
or  complex  according  as  the  incident  ray  is  steady  or  dampea: 
9  is  as  yet  undetermmed ;  A|  is  the  amplitude  of  the  incident 
wave-train,  A/  of  the  reflected  wave-lrain,  and  B,  of  the 
transmitted  wave-train. 

Inserting  the  value  of  X^  given  in  (4)  in  equation  (2),  and 
carrying  out  the  differentiation,  we  get 

^=^^'(^+;S)*' (5) 

so  9  is  also  partly  imaginary. 

A '         B 
To  determine  -^  and  -^  we  require  another  pair  of  equa- 

tions.  These  will  be  given  us  by  the  interface  conditions : 
the  conditions  namely,  that  there  must  be  no  discontinuous 
jump  in  the  values  of  either  the  tangential  electric  force  or 
the  tangential  magnetic  force,  at  any  time,  in  passing  from 
the  dielectric  to  the  electrolyte.    That  is,  we  must  have 

X,=X„  ^ 

dXi_dx,  y (6) 

dz  ""  cfe  'J 
where 

z^O,    /=s  anything. 

Inserting  the  values  of  X|  and  Xs  in  (6)  we  get,  putting 

Ai+A/=Ba,  1 

.     •     .pVft(-Ai  +  A/)=-;></B,;/-     '    "    ^'^ 

A '    B 

and  solving  these  two  equations  for  -^ ,  x^, 


y   -1 

A/           VA 

B,  _    2  VA  . 
Ai       V/81+y 
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If  we  write  for  brevity  ^ 


Ai~l+X'     J 


(8) 


X  contains  q^  which  is  partly  imaginary ;  so  we  must  separate 
the  real  and  imaginary  quantities  and  rationalize.  Let  pi  be 
the  real  part  of  p,  and  p^  the  imaginary  part,  so  that 


and  let  us  write 

In  this  notation  then 


P=-/>i+M 

Pi=i7Cosx,"1 
Pi-V  sin  X'S 


p-  -Ve^\ 

period  =s  — , 
Pi 

logarithmic  decrement  =  — — ;      . 


and  using  the  value  of  9  in  (5), 
X 


The  denominator  of  this  expression  is 
80  if  we  put 

pCOstf=l-;;^< 

/9  sin  0z 


a«  r  >        •     •      • 


or 


•1* 


<'=[i-^,'i"2x+(^.»»x)] 

As       •    o 


l-i^^sin2x 


(9) 


(10) 
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i» 


the  denominator  becomes  pe'2.    Writing 
as  a  further  abbreviation  we  have 


r=A/5^— (11) 


\=zre\ 

A' 
We  can  now  proceed  to  rationalize  the  values  of  -^  and 

B,  .  -^1 

V-  given  in  (8).    Inserting  our  value  of  X, 

i$  0  0 
.  I  1— r«J»  1— rcoss— tVsins 
Aj Z 2 

"^"""i,.  ^"""77     ^T^m- 

*  l+re^  l+rcosx+irsms 

Multiplying  numerator  and  denominator  by 

6  0 

1+rcos^— trsing^, 

this  becomes  .      ,    „.    .   ^ 

1— r  — 2irsm^ 

l  +  r'  +  2rcos2 

Q 

and  multiplying  again  by  1— r^+2«Vsin  5, 
A/  l  +  r*-2r»cos5 

^»  (l+V»+2rco8|)(l-»^  h2irsm|) 

If  then 

u.+=!:5 (12) 

we  have  finally 

^\  ^     (l+t^-2r»costf)>^^. 

^  l  +  r«  +  2rcos^ 

that  is^  the  ray  reflected  from  the  first  surface  of  the  plate 
undergoes  a  phase-change  of  (— '^),  the  reduction  factor  or 
ratio  of  the  amplitude  of  the  reflected  to  that  of  the  incident 
ray  being 

^^_(l±j^-2r^ ^j3j 

l  +  r'  +  2rcos  5 
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A  is  a  function  of  the  period  and  damping  of  the  wave- 
train  as  well  as  of  the  properkies  of  the  reflector.  If  the 
wave-train  he  not  damped,  we  have 


'=     V^^'    ■ 


1 

P  ' 


(14) 


so  the  expression  for  b  remains  unaltered  in  form,  h  being 
still  a  function  of  the  period. 

But  if  the  conductivitjr  of  the  electrolyte  or  a^  be  zero,  the 
angle  0  becomes  likewise  zero,  p  is  unity,  and  we  get  the 
ordinary  value  for  6,  namely, 

* ^ (15) 

the  period  and  damping  of  the  incident  ray  having  vanished 
from  the  expression. 

The  phase-change  -^  is  zero  for  either  a  perfect  insulator 
or  a  perfect  conductor ;  6  becoming  indefinitely  small  in  the 
first  case,  and  r  in  the  second. 

The  refracted  wave  is   dealt  with   in   exactly  the  same 

manner.  Taking  the  value  of  -~  from  (8),  and  substituting 
in  it  the  value  of  \  from  (11)  we  have 

Bj_     2X    _     JreT 
l+r^a 


2r^(  1  +  rcos  -^  — nsm  ^1 


Q 

l  +  r'+2rcos  ^ 


If  we  write  .    0 

rsm-s 


tan^= ?-^,       ....    (16) 

1  +  r  cos  X 


then  B,  2r  ^^,/,.^ 


Ai" 


^Y/l  +  r'  +  arcoSg 


Digitized  by 


Google 


316         Mr.  G.  U.  Yule  on  the  Passage  of  Oscillator 

Thus  for  the  transmitted  ray  at  the  dielectric-electrolyte 

surface^  the  change  of  phase  is  ^  -—^^  and  the  ratio  of  its 

amplitude  to  that  of  the  incident  ray  or  c  is 

2r 
<^=     y  ^ (17) 


^-^^ 


l+r*  +  2rcos^ 


(J,  like  6,  is  a  function  of  the  period  and  damping  of  the  in- 
cident  ray  ;  like  b  it  remains  a-  function  of  tne  period  even 
for  an  undamped  ray ;  and  like  b  it  becomes  a  function  of 
the  dielectric  constants  only,  if  the  "  electrolyte  "  be  a  perfect 
insulator,  the  expression  in  (17)  becoming 

' — ^ ("») 

We  have  now  sufficient  data  to  determine  the  speed  of 
propagation  and  wave-length  in  the  electrolyte,  before  going 
on  to  deal  with  the  reflexions  and  refractions  at  the  second 
surface.  Referring  back  to  equation  ^4)  for  X^,  and  substi- 
tuting the  values  we  have  determinea  for  Bj,  p,  and  y,  we 
have 

or  retaining  only  the  real  terms 

+  1--^}.    .    .    .    (18) 

Hence  the  speed  of  the  wave  in  the  electrolyte  is 
©Q  sin  Y 

V,= — zir^, — g\=  -- — ^ — Tv  '    (19) 

and  the  wave-lengtli 

^=      _  ^",     d. '    •  '   •  (20; 
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Bat  for  the  incidoDt  wave-train 

X ^JH- 

therefore 

p  and  ^  bein^  both  functions  of  a^  and  of  the  period,  and  ;^ 
being  a  function  of  the  rate  of  damping  of  the  wave-train^ 

^  is  (like  b  and  c  and  the  phase-changes)  a  function  of 

period,  damping,  and  conductivity,  except  when  the  latter  is 
zero  :  when  we  nave  simply 

^-\/i («•»' 

III.  The  Plienomena  at  the  Second  Surface  of  tlie  Plate. 

We  now  proceed  to  the  inverse  case  where  the  wave  is 
passing  from  the  electrolyte  into  the  dielectric. 

If  X3  represent  as  before  the  electric  force  in  the  elec- 
trolyte, and  Xs  represent  the  electric  force  in  the  second 
dielectric,  we  may  now  write 

X,=Bi/^'-^'>  +  B/^'+^'>,     ....     (22) 

X3=A3/^'-^^">, (23) 

the  wave  in  the  electrolyte  consisting  of  a  direct  and  a  re- 
flected train,  and  that  in  the  dielectric  of  a  direct  train  only. 
Applying  the  interface  conditions  as  in  the  last  section, 
wegetfor;?=0 

Bi  +  B/=A8,       (24) 

dz  -  dz ^^^^ 

Carrying  out  the  difierentiation  of  (25)  and  putting  2r=0, 

-;>V^Aj=pj(-Bi  +  Bi'), 

B^-Ba'=A3-^=A5X.     ,     .    .     (26) 
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B '         A 
Solving;  for  ^  and  ^  from  (24)  and  (26)  we  get 


Bi       l+x( 

Bi'     1-xr 

Bi       1+x) 


(27) 


Using  our  previous  notation  of 


J? 


and  rationalizingi  we  obtain  finally  for  the  transmitted  ray 
A,  2 


^       Y^l  +  r»  +  2rcos| 


-.e'% 


so  that  the  phase-change  for  the  wave  emerging  from  the 
electrolyte  is  — -^  (equation  16),  and  the  reduction  factor 

/=      / ^     — ^ (28) 

/Y/l  +  r'  +  2rco8|- 

B/  A ' 

The  expression  for  •—-  in  (27)  is  the  same  as  that  for  -A 

r>i  Ai 

in  (8)  except  for  the  reversal  of  sign,  so  the  phase-change 

at  the  second  surface  of  the  electrolyte  is  the  same  (— '^)  in 

magnitude  and  sign  as  at  the  first  surface,  and  the  reduction 

factor 

«=-6 (29) 

If  the  electrolyte  be  replaced  by  an  insulator,  /  takes  the 

ordinary  form 

o 

and  the  relation 

c/=l-ft^ 

holds.    In  the  general  case  there  is  no  such  relation. 

IV.  The  Intensity  of  the  Transmitted  Ray. 

We  have  now  all  the  data  necessary  for  treating  the  general 
case  of  a  wave-train  passing  throuch  a  plate  of  finite  thick- 
ness.   We  will  first  take  the  inddent  wave^train  and  follow 


iV| "*" 
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its  history  in  detail  to  obtain  the  expressions  for  the  rays 
emergent  after  0,  2,  4,  .  •  .  &c.  internal  reflexions.  Let 
the  incident  wave-train  be  given  by 

from  the  time  t=0  onwards,  o  being  a  complex  quantity  as 
defined  by  (9).  Passing  tnrough  the  first  surface  and 
reaching  the  second  the  wave  becomes  (d  being  the  thickness 
of  the  electrolyte) 

and  emerges  in  the  form 

A./.-"" /"-'*' V-^ft«>.      .    .    .      (I.) 

If  we  take  the  instant  at  which  the  incident  wave  first 
strikes  the  plate  as  the  origin  of  time,  the  wave-train  (I.) 
begins  to  emerge  at  time 

^      .f.i;.V^.sin(x-ff-)^         ^     ^     (31) 

by  equation  (19). 

The  wave  reflected  from  the  second  surface  at  the  time 
that  (I.)  emerges  is 

which  becomes  on  reflexion  at  the  first  surface 
and  emerges  from  the  second  surface  at  time  St^  as 

This  is  the  second  emergent  ray,  or  the  ray  emerging  after 
two  internal  reflexions.     'He  third  emergent  ray  will  be 

AftV^-^^^'^'/'-^-*^>/'-^^'\  .    .    .     (III.) 

emerging  at  time  bt^ ;  and  so  on  for  the  others.  The 
(n+l)th  emergent  ray,  or  the  ray  emerging  after  2n  in- 
ternal reflexions,  is 
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which  emerges  at  time  (2n  +  l)^.     Remembering  that 
;>= -/>i+ft«=*;(-^cos  x+«  sin  x), 

?=  -^  =  VAip(co8  ^-1  sin  2^ 
this  becomes 

Ac/6*"^<'»+'>*'^-^'«^+-<^+'><^**>^  .     .     •     (32) 
where  we  have  written  for  brevity 

17  V^cos(g+x)  =  /t, 

Finally,  if  we  take  the  initial  form  of  the  wave-train  to  be 
given  by  the  sine  terms,  we  may  write  this  ray  emerging 
after  2n  internal  reflexions,  y^,  as 

y^=A.c/./»2V2*+^>'^tf-'»»'sin  [/?2^+a-2n  +  l(j[>,<,+i^)].  (34) 

However  small  ^  may  be  it  should  evidently  be  retained, 
as  it  may  become  of  importance  owing  to  the  multiple 

reflexions.  

The  wave-train  y^  emerges  at  time  2n  +  It^.  From  in  +  It, 
to  2n  +  3<27  yo  to  y^  inclusive  are  the  only  wave-trains  in 
existence.  The  total  energy  of  any  wave-train  varies  as  the 
time-integral  of  the  square  of  the  "  displacement " 

(y)>  or  (yo+yi+y2+ . . .  +yj. 

We  will  call  this  time-integral  the  intensity  of  the  wave-train 
(or  set  of  wave-trains  forming  the  ray),  though  we  are  not 
using  intensity  in  its  ordinary  sense. 

To  get  the  intensity  of  the  ray  transmitted  through  the 
plate,  we  shall  then  have  to  sum  up  a  series  of  integrals  partly 
of  squares  (yj,  yj, . . .  y*)  and  partly  of  products  (2y^y^  &c.)  : 
that  is  to  say,  if  we  call  the  intensity  of  the  transmitted 
ray  I|, 

I,  ='*?  Qjt  +  2"^S  '  T  C   y,  dt.  .    .    (35) 

n=0  J  m=0   «=1  J^ 

2n+l/2  2ji+l/a 

In  the  experimental  case  the  deflexions  of  the  electrometer  at 
E^  fig.  1,  are  proportional  to  I^. 

We  have  now  to  get  out  the  integrals  in  (35)  and  sum 
them.  We  will  first  multiply  out  the  product  y^y^  from 
the  expression  for  y^  given  in  (34).  This  can  then  be 
integrated^  md  the  integral  of  y^  obtained  by  putting  m^n. 
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Writing,  for  brevity, 

M   +  ^  =  S, (36) 

X sin  (/?,< + a — 2n+lS)  sin  {p^  +  a-2m  +  18) 

X  {cos[2(m-w)S]-cos2[/>,<  +  a— (m+/i+l)8]  }.  (37) 
Integrating, 


j: 


00 

r_^-^< COS  2 (m— n)8  ^  tf-^'  ,  ,    \  ,         o^     .      ii\5i)1 

X\     2ir ^  +  -2^cos{2(/),^+a)+x-2(m  +  n  +  l)8}J. 

The  expression  in  the  square  brackets  vanishes  at  the  upper 
limit ;  so  we  have,  substituting  17  cos  x  for  pi  in  the 
denominator  of  the  first  fraction, 


j: 


y«  y«  •  ^  =  r"  AV/*i*<"'+»>«^"'+»+'>*^ 


a»+i(j 


^        '^"'^  -2(m  +  n+l)^]}.(38) 

If  we  put  m=n,  we  get 


I 


y^dt-  ^  AV/'6*V*»+»**'tf-<*»+3)^'» 


»«+i<a  x{secx— cos  [2a+x— (^^  +  2)^]}.  (39) 

Having  now  got  the  integrals,  we  must  next  perform  the 
summations  indicated  in  (35).  Let  us  take  the  y^  integrals 
first :  we  have  to  sum  the  expression  on  the  right-hand  side 
of  (39)  from  n=0  to  n=oo .  The  two  terms  in  the  bracket 
are  best  taken  separately  :  the  first  forms  a  simple  geometric 
series  whose  sum  is 

The  second  term  requires  difierent  treatment,  as  the  cosine 
is  a  function  of  n.  We  may  take  the  cosine  to  be  the  real 
part  of  
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and  thus  obtain  again  a  geometrical  series,  the  sum  of  which 
is 

This  is  rationalized  by  multiplying  numerator  and  denominator 
by  1--6V(*<'-Pi'a)«4»>  5  and  to  further  abbreviate  the  expression 
we  will  write 

thus  obtaining  for  the  sum  of  the  second  terms  of  (39), 

4i;       J   'V'-''  l-2a>-^|2cos4^+a>*f*' 

Remembering  that 

«  =  2-2Vr'  +  i|r, 

and  writing 

^-4^'+x  =  </>.      ....  (42) 

this  becomes,  retaining  the  real  terms  only, 

1  AV/^   ^    C08<^-a>^f  cos(<^  +  4>fr) 

4i;^  c/   .  ^,  .    i_2a>^Pcos4f +  a>^f*  '      '     ^^"^^ 

Adding  (40)  and  (42)  together,  we  get  for  Ij,  the  portion 
of  the  transmitted  intensity  due  to  the  square  terms, 

^   _  Ki^P'^iJ     secx  C08<^-ft>^g'C0s(<^-f4^fr)'\ 

^'"■^     iflV"    ll-a)2f^        l-2a>2f  cos4Vr  +  a)*f^  J"  ^**^ 

We  have  now  to  sum  the  product  terms.     We  require 
I,  =  2S       S      \y^yjt 

n=l       m=0    J 

—  T  '— T  '' 

say ;  Ij'  being  the  sum  of  the  terms  multiplied  by  sec^j  and 
Ij^  the  sum  of  the  second  terms.  The  integrated  expression 
is  given  in  (38).     Taking  the  sec  x  terms  firsts 

A2    /.^/2  n=«  m=»— 1 

y=     '\i     S  «»•+»«-(*»+»*'«•  sec X    S   a)^cos2(m-n)8; 
cos  2(m— n)8  may  be  treated  as  the  real  part  of  ^*»-»>*,  or 
0)2-  cos  2(m-n)S  =  e-2<i.«(Q)V0~, 
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which  is  a  geometric  series  whose  sum  from  0  to  n— 1  is 

Multiplying  numerator  and  denominator  by  1— ft>*^"^  to 
rationalize,  and  retaining  only  the  real  quantities  in  the 
numerator,  this  becomes 

cos  2^18-0'**- ft)' cos  (2n  +  2)8  +  a)^**-*-^co8  28 
1- 2ft)' cos  28  +  0)* 
Therefore 

V=^^^4r^  ,     o  T^'^T^^    4  T(cos2nS-ft,'» 

*  irilr     1— 2ft)'cos2o  +  ft)*  „=i 

-fi)«  cos  [in  +  2) 8+ ft)"»+« cos  28)ft)2»+«6-<^»+2)/»,«,^ 

The  first  and  third  terms  in  the  bracket  may  be  summed 
together,  as  also  the  second  and  fourth.  Carrying  out  the 
summation  as  before,  we  get 

,_AV/^         secx.a)g  f  g^(cos  28-g«)  ~ft)^P(cos 48 -^ cos  28) 

^*  ■"    2i;6«  l-2ft)«cos2S  +  ft)*l  l-2f«cos2S  +  f* 

-(!-«' cos  28)  j^^-p}. 

Bringing  the  two  fractions  to  a  common  denominator, 
(1— 2ft)*  cos  28  + ft)*)  divides  out,  and 

^ , _.  AV/«secx.cog     g*(cos28-f*) 

^'  "■    2176*    l-ft)«f  l-2f«cos28  +  f**  '     '     ^^^'^ 

Returning  now  to  the  second   half  of  I3,  the  term  not 
containing  sec  %}  ^^  ^^y^ 

y/=  ^.^m .  i  .T  "?"  pft)'"cos{2(/i-m)8-4n^  +  ^}, 

where  we  have  rewritten  the  expressions  (38)  in  terms  of 
the  abbreviated  symbols  defined  by  equations  (36),  (41), 
and  (42).  Carrying  out  the  summation  first  with  regard 
to  mj 

*  ■"    2vb^    l-2ft)«cos28+ft)* 


X   S  r"[cos(2w8— 4n^  +  0)— ft)'*co8(4w^-^) 

-ft)«cos  (2n  +  28-4n^  +  <^)  +  ft)«»+«co8  (4ni|r-^-.28)  |. 
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The  first  and  third  terms  in  the  square  bracket  may  be 
summed  together,  and  also  the  second  and  fourth.  Bringing 
the  two  fractions  thus  obtained  to  a  common  denominator, 
(1— 2ft)' cos  28+ ft)*)  divides  out,  as  in  the  case  of  Ij',  and 
we  obtain  as  our  final  value  of  Ij" 

J  „_  K^.(?P a)| 

*  ~   2i;.6«    l-2ft)«f*cos4>^  +  »*£* 

r|«cos(2S+<^-4i|r)-f*cos^  \ 

^^  l-a)'g*co8(2S-h<»)-fft)Tcos(<^  +  4Vr)/ 

^  l-2{«cos(28-4Vr)  +  r  •  ^^^' 

Combining  (44)  ^45)  and  (46)  we  have  the  total  value  of 
I^,  the  intensity  of  tne  transmitted  ray, 

i,=l,+l,=i,+V-i," 

~    4i;i«       *\(l-2f«co8  2S+f*){l-«»«f«) 

/  (l-f*)[cos<^-a)«f«cos(</.+4f)]  ■)  -J 

t-2f«sin(28-4t)[sin0-ft>«|^8m(^+4^)]J'  l.  (47) 

(l-2««rco8  4Vr+«T)(l-2fcos(2S-4V')  +  f0J 
But  we  want  to  compare  this  with  the  intensity  of  the  ray 
transmitted  when  there  is  no  intervening  layer  of  electrolyte. 
Calling  the  intensity  of  this  ray  I©,  we  have  for  its  valne 

C"  A« 

I5=A«     e-*''8in'/>,<.rf<=y  (sec^— cosx)«   •    (48) 

Dividing  (47)  by  (48), 

\_       c'/'.a)g        /  (l-r)8ecx 

lo  ~i»«(8ecx-cosx)  i  (l-2f«co3  2a+n(l-«*f') 

/  (l-f')[cos  ^-««f«  cos  (^+4f )]  )  ^ 

\  -2g»8in  (2S-4^)[8in«/.-a)«g«8in(<^+4^)]  /  J.  .  (49) 
(l-2w«f«cos4^+«i»*f*Xl-2Jf  cos  (2S-4^)  +f«)  j 

This  formula  is  one  of  considerable  generality,  showing  the 
variation  in  the  intensity  of  the  ray  transmitted  through  a 
thin  absorbent  plate  when  the  incident  ray  is  logarithmically 
damped.     Two  special  cases  are  of  interest:    (1)  when  the 

Slate  is  not  conducting;  (2)  when  the  incident  ray  is  not 
amped.     Taking  the  nrst  case, 


if    «,=0,      ^-^=Q,      S=p,t,^  -J 

0=0,  p=l,    «f=6«,      V    .    .     (50) 

f^ie-M,    (?/'=(l-i«)«,  ) 
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and  the  expression  for  7^  simpUfies  to 

li     l-6'rl--|*+2P8in28cotYn  ..-. 

%""TTPl    l-26^cos2S+f*     J-     •    •   ^^^> 

This  case  was  recently  worked  oat  by  Dr.  Barton^  and  oar 
eqaation  (51)  may  be  reduced  to  his.  Dividing  oat  by  the 
denominator  in  the  sqaare  bracket,  we  get 

I,  _  1-y  r       2P{p-  cos  28-  cotxsin  28)1 
i;""l+6*L  l-.2Pcos2S  +  f  ^J" 

Dr.  Barton's  expression  is* 

To      1+6*L  "^^^^        l-26^«-«^cos/9<,+ft*i?-««*.   J* 

which  is  equivalent  to  ours  ;  his  t^  being  equal  to  twice  our 
/j,  and  his  a//3  equivalent  to  our  pjp^  or  cot^* 

As  a  second  special  case,  suppose  we  are  dealing  with  a 
steady  simple  harmonic  ray  instead  of  a  damped  wave-train. 
X  is  then  ninety  degrees,  and  the  other  symbols  take  the 
special  values 

X=90'^    .    sec x= 00,  1 

;>i=0,     /.  a>=g=6^,  L    .    .    .     .     (52) 

The  long  seoond  term  in  (49)  vanishes  altogether  now^  being 
divided  by  (eecx—  cos^),  and 


h^c'f 


Io~  6»   l-2f  cos28+f»' 

If 

in  this  case  we  again 

pnt«,=0,  we  have 

•Ql 

d  BO  if  the  plate  be  a 

non-condactor, 

— —  SS  - 

<^r 

(53) 


lo      1— 26*cos2p^,+6*' 

•  Proc.  Roy.  Soc  toL  Ut.  p.  92 ;  '  Theaia,'  p.  18, 
PhO.  Hag.  S.  5.  Vol.  89.  No.  239.  April  1895. 


(54) 
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which  is  tho  ordinary  expression   for  the   ray  transmiiied 
through  a  thin  plate. 

The  general  expression  (49)  is  too  complex  to  allow  of  an 
offhand  statement  of  its  form.  One  case  was,  however, 
worked  out  in  fall  arithmetically.  The  values  of  the  chief 
constants  chosen  were 

1  =  70, 

sp.  resistance  of  electrolyte  =  5100  ohm-centim., 
log.  decrement  of  wave-train  =  0*4, 
wave-length =X,=  9  metres. 

These  gave  the  following  values  for  some  of  our  symbols : — 
X=86°  2V  26'', 
tf=  8^  44' 57'', 

/af=-l  (-673402), 
j[>i<,=^  3-3676  — , 

i=-78705,    c/='38167, 
log  f=  r-8960008- ;^  (3-2175 1421), 

-      •    ■    'loga)HT'9920016-^  (3-5099681), 

1 

t=l°3'26",    ^=28' 17", 

^=1-0018. 

The  phase-changes  at  both  surfaces  are  in  this  case  so  small 
that  one  would  not  expect  any  sreat  shifting  of  the  maxinm 
in  the  transmission-curve,  (1)  (ng.  3)  :  the  maxima  appear 
to  occ^ur  ^tber  early,  but  one  can  hardly  say  more.  I  find 
(49)  too  complex  to  get  anything  out  of  it  by  differentiation. 
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V.  The  Intensity  of  the  Reflected  Ray. 

We  will  now  proceed  to  caloolate  the  intensity  of  the 
reflected  ray.     As  before,  let  the  incident  wave  be 

A  portion  of  this  incident  wave  is  at  once  reflected,  namely 
Y=A.6.6^'+^S*)^-N' (55) 

A  second  portion  enters  the  electrolyte  and  reaches  the  second 
surface  in  the  form 

A.c.€^'-^«*(^-*0, 

is  there  reflected,  reaches  the  first  surface  again  and  emerges 
at  time  2^,,  ^ 

yisfe  -  A .  be/.  6->w-^«+^^>  ($*(•/*-«*'-♦). 

The  next  wave  emerges  after  three  internal  reflexions  at 
time  4*3,  ^ 

ys=  -A .  6V-  e'*P9d^i+^¥i')  ^•/«-t*'-»*)^ 

and  so  on  ;  the  expression  for  the  wave  emergent  at  time  2nt^ 
being 

3^^=-A.t»»-»c/.e-«wrfe*<'+^S«)«<(«/«-W^*-i)f.  .    (56) 

l>?=^>/^[tsin(2 +x)-cos(^ +x)j- 

Inserting  this  value  in  (56),  and  using  our  previous  abbre- 
viations, 

/r=i;N/Apcos(|+x),     «=(|-2t'  +  ^),   .  (33) 

S=M+^, (36) 

and  retaining  only  the  sine  terms,  we  have 

j^,=  -Ac/6«^i«*^«-*'i'sin(;)^+a-2nS).    .     (57) 

It  is  to  be  noted  that  the  first  reflected  wave,  Y,  does  not 
fall  into  this  seVies  so  the  general  expression  for  the  reflected 
intensity  will  be 

Ir=  S  1  y|[d<+  2    S       S       y^yndt 

+  \  Va  +  2*8*  (Yyndt.    .    .    (58) 
Multiplying  out  ymVn  'we  get 

y^  y»=  J  A'  cy  6^-+*-»)  ^«+»)««  ^-^i« 

c  OS  2(m  -n)8-  cos  [2(p,«+«)-2(m+n)S]}  ;     (59) 
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and  integrating  from  <s2n^  to  t^^ , 


I 


ymyndt=  l.AV/'6^«»+*-'>^<*+*>«' 


Patting  m=n, 


J 


x{secx-co8(2«+x-4'»^)}.     •    •    (61) 

The  summation  of  (61)  from  n=l  to  n=oo  is  performed 
in  exactly  the  same  way  as  that  of  the  analogous  expression 
for  I|  in  equations  (39)  to  (44).    The  result  is 

us 


f    secx    _  cos  (^-2^)-a>'f  cos  (<^+2ifr)  -| 
^ll-««P  l-2(tt»rco8  4^+a)*f*        /   •    ^^^^ 

The  summation  of  the  product  integrals  in  (60)  is  also 
analogous  to  that  of  the  product  integrds  in  I^  given  in  equa- 
tions (44)  to  (46).  Taking  the  integral  in  two  parts  as  before, 
we  have  for  tne  sum  of  the  terms  containing  sec  x  • — 

AV/»   ,^  f  (cos2S-f)  .^^. 

■2^'*^^'^(l-a>«f»)(l-2f2cos28  +  f*)  ^    '    ^    -^ 

and  for  the  sum  of  the  second  terms,  those  not  containing 


1^  l-2«i«{«  cos  4^+«>*f* 

g«  008(28-6^  +  ^) -yC08(^-2Vr)-M«f«C08(2S~2^+») 

^  1-2^008  28+?* 

Addins  togeiher  (62)  (63)  and  (64),  bringing  the  second 
half  of  (62)  and  (64)  to  a  common  denommator  and  simplifying, 
we  get  the  expression  for  that  portion  of  I,;  which  is  a  fimction 
of  the  uniform  series  of  ^s  only.  Galling  it  I|.,  and  dividing 
oat  hj  lo  ihe  "  intensity  "  of  the  inddeni  ray,  we  get  :— 


W64) 
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r        c«/'.«>y     c         (i-f)Becx  :.. 

%      i«(sec X- 008 x)  I (l-2pco8  26+f*)(l-««f) 

(l-2««{«C08  4-^+»t*) 
-2P8in(28-4Vr){gin(»-2Vr)-«,ygin(»+2Vr)}  -i 
(l-2Pco8(2S-4^)+>)  ^ J  ''^  ^ 

an  expreBsion  veiy  similar  to  Hoi  for  I^/Io  given  in  equation 
(49).  Beverting  now  to  the  terms  containing  Y  in  (58),  let 
us  evalnate 

•>•   C 
•    '     •  2  S    I  Y.yndt. 

BationaUzing  (55)  we  liave 

Y=Ah.e-f>*Bin(p^—^).    .         .    .    (66) 
The  expression  for  y,  is  given  in  (56)  :  mnltiplTing  np 
Yy,--iAV«*'«"*'*[cos  (2nS-«-if«)-cos  (2p,<+«-^-2nS)]. 

Integrating  from  2ntt  to  infinity,  and  writing  for  brevity 

A=«-^+X, (67) 

we  get 

X  [sec x- cos  (2n8— «-'^)-cos  {2n(p^^'^)  +  ^}]. 
Summing  this  from  n=lton=oo,  and  multiplying  by  two, 

2TfY.y.dt=-A«^.P 

rsecx  {008 (28— «—^)  — fi cos  (^  +a)} 
'^L  l-2Pco82«  +  f« 

C08(A  +  28-4Vr)-g*COBA-]  .^. 

l-2f« cos (28-4^) +f«   J-    •   ^'**' 
Calling  this  1^,  and  dividing  throagh  by  I^  we  get 

^r.    -y.f      f8ecx{co8(^+a-28)-g«co6('^+«)t 
]^*  860%— cosxX  1— 2f*oos2S+{* 

__  cos  (A  4- 28-4Vr)^^ 008  A •»  .  „  - 


J 


l-2|«cos(28-4^)+f« 
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The  remaining  portion  of  I^  is 

iy=  r  V  dt  =  f  Wtf-^'sin*  {pit-^)dt 

Jo  Jq 

= -4^  {8^  X- cos  (X-2t) }. 

Dividing  out  by  lo, 
i:^y[8ecx-co8(x-2^)]  ^ 

^  secx-cosx  ^     ^ 

This  last  expression  is  independent  of  the  thickness  of  the  slab 
of  electrolyte. 

The  total  expression  for  f  »  (65)  +  (69)  +(70),  or  rewriting 
these  equations, 

Jo"  4«(secx-co8x)  l(l~2g«cos28+f*)(l-a>*P) 

r(l-r)[cos{^-2^)-a>«Pcos(^  +  2^]  1  ^ 

_  t-2Psin(28-4^)[sin(^-2^)-6)ysin(<^  +  2^)]  f  I 

(l-2G)«g«cos4^+»*f*)(l-2f*cos(2S-4^)  +f^)       j 

g      c/.f«        fsecx[co8(i^+flt- 28)-Pcos(i^+a)] 
secx-cosxl  l-2{«cos28+f* 

_  cos  (A+23-4Vr)  -pcos  A  ^ 
1-2? cos  (28-4^) +f*    J 

y[secx-co3(x-2^)] ^ 

sec  X— cos  X  ^    ^ 

As  a  matter  of  arithmetic  this  expression  is  fairly  quickly 

calculable  if  7^  has  been  already  worked  out ;  a  large  number 

•■•0 
of  the  constants,  &c.,  are  the  same  in  the  two  cases.    The 
curve  (2)  (fig.  3)  has  been  calculated  from  the  same  data  as 

were  given  on  p.  326 ;  the  two  curves  7^  and  ^^  may  be  thus 

compared.  In  the  former  the  maxima  were  slijghtly  shifted 
back,  in  die  latter  the  minima  are  slightly  shitted  forward. 
The  proportion  of  energy  absorbed  by  the  plate  is 

The  curve  thus  deduced  from  -r^Bxid  j^  is  shown  in  fig  4. 
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As  Y^  asymptotes  to  zero,  and  ^  asymptotes  to  JL    (70)^ 

J  1 ^T— ^  f  asymptotes  towards  the  value  1— IJT/Io;  that  is 

to  say,  when  the  layer  of  electrolyte  gets  very  thick  all  is 
absorbed  bnt  the  ray  reflected  from  the  nrst  surface. 

The  expression  for  ^  giv^n  in  (71)  may  be  checked  by 

putting  a^  zero.     Taking  the  three  parts  (65)  (69)  (70)  sepa- 
iratelyi  the  first  becomes  at  once 

where  ^  *^  *^®  expression  given  in  (51)  or  the  following 
equation.    The  second  part  reduces  to 

The  ihird  part  gives  simply  i*.    Adding  np  we  get 


r:)^=''r:+'-''-('+»')r;+»' 


© 


— (c)^- 


The  expression  for  ^    ^^^^  becomes  greatly  simplified  if  we 

"■■0 

take  the  incident  ray  to  he  non-damped.     In  this  case 

8ecx=^3o,     a=:^=zbe^ 
as  before,  and 

lo        6«  l-2|«cos2S+f« 

_2  -  «    co3{'»lr  +  a-2B)-^cos('ir+a) 
^'^  '  l-25«cos2S+f« 

+*'.      •     . (^1«) 

If  we  now  put  «t=0,  we  have  «)=f=6,  and  S=pgtf,  and  so 
pn,  as  given  on  p.  325,  and  the  expression  becomes 
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I^""  l-26«cos2p^+6* 

2^(1-008  2pA) 
l-26«co8  2;>^,+6*'     ....      l^ioj 

which  18  the  ordinary  expression  for  ^Newton's  Bings  by 
Reflexion.' 

VI.  Discussion  of  an  ExperimerUal  Case  and  a  Correction. 

This  section  is  independent  of  the  rest  of  the  paper,  being 
devoted  to  the  discussion  of  a  correction  necessary  in  the 
experimental  case  mentioned  at  the  beginning. 

it  has  been  stated  already  in  the  intriSuction  that  the 
theory,  sections  lY.  k  Y.,  does  not  give  numerical  results  agree- 
ing closely  with  the  experimental  ones.  For  all  the  values  of 
PIIPx  1  tried  the  calculated  points  lay  continually  below  the 
experimental  determinations.  Dr.  Barton  found  exactly  the 
same  peculiarity  in  his  analogous  experiments,  and  suggested 
that  it  might  be  due  to  the  coursing  of  the  wave-trains  back- 
wards and  forwards  along  the  wire  circuit  between  the 
oscillator  and  the  closed  end.  Working  from  this  idea  he 
arrived  at  a  correction  formula*,  whicn,  however,  is  not 
immediately  applicable  to  our  case.  The  following  analysis 
is  equivalent  to  Dr.  Barton's  though  differing  in  method. 

Let  ABC  (fig.  5)  represent  our  circuit,  B  being  the  electro- 
lyte, A  the  osculator,  U  the  closed  end. 

Kg.  6. 


Let  r  and  d  be  the  reflexion  and  transmission  coeffidents 
at  the  electrolyte^  with  regard  to  energy,  so  that 

I,=<Io,    I,=:rIo. 

Let  e  and  x  ^  similar  coeflicients  for  the  two  halves  of  the 

♦  « Thesis,'  p  16,  eectaon  V. 
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wire  dromt — reduction  coeffioients  covering  loss  of  energy 
dne  either  to  damping  by  the  imperfectly  condncting  wires  or 
to  imperfect  reflexion  at  the  ends  of  the  circnit. 
If  then 
T^  is  the  intensity  of  the  n^  train  emerging  from  B 

towards  C^ 
B^  is  the  intensity  of  the  n^  train  reflected  from  3 
towards  A, 
we  have 

»«+,=dxT.  +  i^B.  r  •  •  •  •  ^^> 

The  effect  on  the  electrometer  is  proportional  to 

us  CO 

S(1+X)T., 

80  we  have  to  sain  a  finite>di£Perence  series. 
Let         •  T,  =  Ab"  1 

B,  =  B6»/ (^^ 

Hewriting  (1)  with  these  values  of  T,  and  R^  we  have 

Ab  ss  ed  B  +  rx  A,  "I 
Bb  =  dxA  +  re  B,  J 
whence,  eliminating  A  and  B, 

'  b*-lr{e+x)  + ex(t^-d»)  =  0.    •    •    •  (3) 

This  is  an  equation  to  detennine  6.  Suppose  ij  and  dj  to  be 
the  roots ;  A,  A„  Bi  B,  being  the  correspondinir  values  of  A 
andB.    We  have  then  f         s 

6,+ft,=r(e+x),    ftxi»=(r«-<P)«x-     •    •    •  W 
T,  =  Ai6j  +  A^; 

(5) 


From  this  last  equation, 

To  =  dIo  =  Ai  +  A„  J 

The  total  effect  on  the  electrometer  is  conseqaently  pro- 
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portional  to  E  wbere 

B=(l+x)iT.=  (l+x){j^  +  i^} 

And  from  (6), 

,  _       ffc,Ai+6iA,-r<(A,+A,)-> 
rh-ax  \  bj^^rtihi + 6,) + r««»    /  * 

But  by  the  relations  (4), 

l-(ii+fi»)+i,ft«=l-»-(«+x)+«x  (r«-«i^, 

whence 

— «drIo=iiA,  +  6iA,— r«rfIo, 
or 

6,Ai  +  6,A,=0 (7) 

Thus,  finally, 


and 


(8) 


Si 

pris  an  ordinate  of  the  experimental  carve,  d  and  r  are 
ordinates  of  oar  calcalated  transmission  and  reflexion  corves. 
If  then  we  determine  ]^,  rf,  and  r  for  the  different  thick- 
nesses of  the  electrolTte,  we  shall  have  by  snbstitating  their 
values  in  (8)  a  pair  of  simultaneous  equations  for  the  deter- 
mination of  e  and  v. 

This  process  omy  led  to  impossibilities  for  all  values  of 
fixIPt  and  the  log.  dec.  of  the  wave-train  that  were  tried. 
Either  ex  became  greater  than  unity  or  negative^  or  e+;f 
became  negative. 


It  may  1)0  noted  that  this  correction  did  not  work  very 
successfully  in  Dr.  Bartends  case  either.  His  method  of 
applying  it  was^  however,  different:  having  formed  an  ex- 
perimental estimate  of  the  rate  of  decrease  of  the  total  energy 
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of  a  ifvave-iarain  by  its  passage  along  the  imperfectly  conducting 
wires,  he  assumed  that  there  was  perfect  reflexion  at  both 
ends  of  the  circuit,  and  thence  calculated  the  correction  to  be 
applied  to  the  experimental  curve.  The  corrected  curve  ob- 
tained in  this  way  lay  below  the  calculated  curve.  Taking 
two  points  at  random  on  his  curves,  I  tried  to  calculate  ex  and 
e+x^7  mv  method.    The  results  were  again  impossible. 

It  must  DC  remembered  that  in  both  these  cases  more  than 
one  of  the  constants  of  the  theoretical  curve  were  simple 
guesses,  7  and  fii/0i  in  mv  case  were  both  only  approximately 
known.  In  trying  to  make  things  square  by  the  correction 
of  (8),  we  may  nave  been  attempting  the  impossible  and 
rigntly  got  irrational  rosults.  I  need  not  dwell  at  greater 
length  on  this  point :  possible  causes  of  error  are  numerous. 
The  non-agreement  of  experimental  results  with  the  equations 
does  not  of  course  prove  the  ¥nx)ngness  of  the  latter,  but  only 
the  wrongness  of  their  application  to  the  case. 

I  am  compelled  to  admit  that,  considering  the  positions  of 
the  maxima  in  my  experimental  curves  are  dependent  on  the 
phase-changes  and  on  the  correction  we  have  oeen  discussing 
— possibly  also  on  other  uneliminated  disturbances — ^no  great 
weight  can  be  attached  to  the  accuracv  of  the  values  of  tiie 
dielectric  constants  for  water,  alcohol,  &c.,  deduced  on  the 
assumption  that  such  corrections  were  negligible  *. 

VII.  The  Numerical  Value  0/ some  0/ the  previow  Eesults. 

When  the  expressions  in  sections  II.  and  III.  had  been 
obtained,  the  question  at  once  arose,  how  far  the  values  of  6,  c, 
f,  ^y  -^^  and  so  on  might  be  practically  afiected  by  possible 
variations  in  the  rate  of  damping  of  the  incident  ray.  In 
working  with  ordinary  oscillators  are  changes  likely  to  become 
important  or  to  remain  quite  negligible  ?  In  working  with 
light  are  differences  likely  to  be  appreciable  between  flashes 
and  steady  rays  ? 

As  regards  oscillator  wave-trains,  the  damping  should 
certainly  be  taken  into  account.  The  second  question,  how- 
ever, must,  I  think,  be  answered  in  the  negative,  for  the  simple 
reason  that  one  cannot  get  a  quick  enough  flasnt*  Even  au 
electric  spark  lasts  for  thousands  or  millions  of  the  vibrations 
of  violet  light :  the  rays  from  it  would  be  practically  steady, 
not  damped. 

The  set  of  curves  in  fig.  6  is  drawn  for  a  steady  ray, 

•  Phil.  Hag.  voL  zxxn.  p.  680;  Wled.  Asm.  voL  1.  p.  74a 
t  UnlesB  light  be  itself  an  aggregate  of  damped  wave-trains. 
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wave-length  one  metre.  It  illustrates  the  variation  in  b  (the 
ratio  of  the  transmitted  to  the  incident  amplitude  at  the 
surface  of  an  infinitely  thick  slab)^  when  the  conductivity  and 
dielectric  constant  of  the  slab  vary.     Curve  (1)  is  drawn  for 

Fig.  6. 

Curves  showing  the  variation  in  ''6'*  with  the  dielectric  constant  and  conductivity 

of  the  plate,  for  an  undamped  wave-train.    Wave-length  100  cms. 
1-0 


0-5 


0 
1  20  40  60  80 

Dielectrio  constant  of  plate. 

(1)  For  a  substance  of  sero  conductivity 

(2)  „  „  conductivity  "OOlx  10" 

(3)  „  „  „  -010X10" 


a  non-conducting  slab,  curve  (2)  for  a  slab  of  conductivity 


^-» 


001 X  10"   C.G.S.  units,  and  curve  (3)  for  a  slab  of  con^db- 


%-» 


tivity  '01  X  10     or  ten  times  the  last.     These  conductivities 
are  all  extremely  low,  that  of  a  5  p.  c.  copper  sulphate  or  zinc 

sulphate  solution  being  rotighly  '2  x  10"  .    The  curves  show 

very  well  how  rapidly  the  conductivity  of  the  reflecting  pkuto 

grows  in  importance  relatively  to  the  dielectric  constant  ^en 

for  great  wave-lengths. 

But  if  we  take  the  case  of  a  charge  vibcating  on  an  i89lated 

.  ..  .<  -i?.  •'. 
perfectly  conducting  sphere,  the  amplitude  falls  to  «    vs  co* 

about  ^ff  of  its  original  value  in  the  time  occupied  by  a  con^- 

plete  vibration*:  this  gives  us  ^=54^  44'  8  .     Let  us  use 

this  as  an  exaniple  of  a  damped  wave-train  to  compare  with 

the  steady  ray,  retaining  the  same  wave-length-^l  metre— 

corresponding  to  a  sphere  about  a  foot  in  diameter.   •  ; 

•  J.  J.  Thomson,  *  Bec^t  tleseaiches,'  p.  870. 
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The  curve  (1)  for  h  corresponding  to  a  non-conducting 
plate  would  be  the  same  in  both  cases.     The  curves  (3)  corre* 

spending  to  a  plate  of  conductivity  '01x10      are  shown 
together  in  fig.   7.      h  is  at  first  greatest  for  the  damped 

Fig.  7. 
Comparison  of  the  values  of  "  h "'  for  damped  and  undamped  wave-trains. 


11             -Jl            31  41  61  01  71  81 
undamped.               damped.               x=^^°  44'  8". 


CondncdTitj  of  plates 01  xlO'^    Wave-length  in  either  caseslOO  cms.    0^al. 

wave-train,  but  as  the  dielectric  constant  is  increased  this 
ratio  is  reversed.  Physically  speaking,  this  has  very  littld 
meaning :  any  actual  method  would  measure  the  energy  of 
the  reflected  ray,  and  it  has  been  shown  *  that  the  energy  is 
a  function  of  the  phase-change,  the  phase-change  being  itself 
a  fanction  of  the  rate  of  damping  of  the  wave*train.     Taking 


Fig.  8. 
^  for  damped  and  undamped  wave-trains. 


150 
10° 


I  11  21  ai  41  61  01  71  « 

Conductivity -OlxlO-®.  Q^^\.  Xj=100cms.      .     x=64«  44' 8". 

the  phase-changes,  ^,  first,  I  calculated  them  for  the  steady 
ray,  for  the  damped  rav  with  which  we  are  dealing,  and  i^e 

conductivity  '01 X 10"  .    The  results  are  given  together  in 
fig.  8.    For  the  lower  values  of  the  dielectnc  constant,  ^  for 

•  Equation  (70)% 
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the  damped  wave-train  is  about  half  as  large  again  as  for  the 
steady  ray. 

Utilizing  these  valnes  of  ^  for  calcnlating  the  intensity  of 
the  reflected  ray,  we  get  the  pair  of  curves  in  fig.  9.    The 

Fig.  9. 

Curves  showing  the  difference  between  the  intensities  of  the  portions  of  damped  and 
undamped  wave-trains  reflected  from  an  infinitely  thick  phite  of  conductivilv 
•01xlO-» 

1-0 


0-6 


1  11  21  M  41  51  61  71  81 

Dielectric  constant  of  plate. 
Wave-length»100  ems.^  x-^""  ^'  3"-  /%» ^• 

result  is  striking.  The  energy  of  the  reflected  waves  for  the 
steady  ray  is  from  15-20  p.  c.  of  the  incident  energy  greater 
than  for  the  damped  ray. 

Experimental  evidence  for  these  results  would  be  very 
interesting ;  but,  so  far  as  I  am  aware,  there  is  none  what- 
ever. In  cases  where  x  ^^^  taken  between  80®  and  90®,  the 
alterations  would  be  much  smaller  and  more  difficult  to 
detect  The  curves  I  have  given  only  illustrate,  however, 
a  very  small  section  of  cases,  even  larger  variations  may  be 
possible. 

I  am  glad  to  have  this  opportunity  of  expressing  my 
indebtedness  to  Professor  Karl  Pearson,  to  whom  my  best 
thanks  are  due  for  much  advice  and  assistance. 
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Table  of  the  principal  Symbols  used. 

The  suffix  1  refers  to  the  dielectric ;  the  suffix  2  to  the  plate. 
In  our  case,  where  all  media  are  assumed  to  be  non-magnetic, 
/3= dielectric  constant, 
a = 4?r  X  conductivity. 

6= ratio  of  the  reflected  to  the  incident  amplitude  at  the  first 

surface  of  the  plate. 
«=3the  corresponding  ratio  at  the  second  surface. 
c=  ratio  of  the  refracted  to  the  incident  amplitude  at  the  fir^t 

surface. 
/=the  corresponding  ratio  at  the  second  surface. 
(i= thickness  of  slab. 

•  X^ss wave-length  in  dielectric. 

•  Ajjsss     „  „         electrolyte. 

—xl/  =the  change  of  phase  on  reflexion  at  the  first  surface. 
—  )j(r'=  „  „  refraction  through  the  second  surface. 

pzs  — i>i+*Pa  ^^  defined  by  (4). 
il,  X  are  defined  by  (9). 
X  gi^®8  the  rate  of  damping  of  the  wave-train,  being  90°  for 
a  steady  ray. 
p,  e  are  defined  by  (10). 
ria        „        „  (11). 
K,  a  are      „       „  (33). 
5  is        „       „  (36). 
w,  £  are      „       „  (41). 
^is        „       „  (42). 
A   „       „       „  (67). 


y  .J  _  intensity  of  transmitted  ray 

**        intensity  of  incident  ray 
J  ij  _  intensity  of  reflected  ray 
intensity  of  incident  ray' 


XXXI II.   On  the  Objective  Reality  of  Combination  Tones.    Bq 
A.  W.  RuCKER,  M.A.J  F.R.S.,  and  E.  Edser,  A.R.C.S.* 

THE  question  of  the  objective  existence  of  combination- 
tones  has  been  keenly  disputed.  At  first  they  were 
regarded  as  produced  within  the  ear  itself.  Von  Helmhpltz 
in  part  adopted  this  view,  and  gave  a  theoretical  explanation 
of  the  way  in  which  the  construction  of  the  ear  might  lend 
itself  to  such  a  result.  (*  Sensations  of  Tone/  App.  XII.) 
He  also  believed  that   they   existed  objectively  when   the 

•  Communicated  by  the  Physical  Society :  read  March  22, 1895. 
PhU.  Mag.  S.  5.  Vol.  39.  No.  239.  April  1895.     2  A 
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amplitudes  of  the  vibrations  of  the  notes  which  ^ve  rise  to 
them  are  so  great  that  powers  higher  than  the  first  have  to 
be  considered.  He  supported  this  view  by  mathematical 
demonstrations,  and  stated  (^  Sensations  of  Tone/  transl.  by 
A.  Ellis,  p.  157)  that  he  had  proved  their  objective  existence 
by  making  membranes  and  resonators  to  respond  to  combina- 
tional tones  produced  by  the  siren  and  harmonium.  These 
views  and  statements  have  been  adversely  criticised  by  Eonigi 
Bosanquet,  and  Preyer.  A  very  lucid  account  of  the  con- 
troversy was  given  by  the  late  Mr.  Ellis  in  his  translation  of 
the  Tonempfindungeuy  and  the  net  result  of  the  impression 
produced  in  his  mind  is  shown  by  two  notes  on  pages  156 
and  157.  He  there  states  that  the  result  of  Mr.  Bosanquet's 
and  Prof.  Preyer's  experiments  is  to  show  that  the  combina- 
tional tones  are  produced  in  the  ear  itself,  and  that  it  is 
probable  that  the  apparent  reinforcement  of  the  resonators 
noticed  by  Helmholtz  arose  from  imperfect  blocking  of  both 
ears  when  using  them. 

These  statements  were  unauaUfied,  and  no  condition  was 
made  as  to  the  way  in  which  tne  combination-tones  were  pro- 
duced. Helmholtz,  for  reasons  which  we  need  not  isocount, 
regarded  the  siren  as  the  best  instrument  for  producing 
obiective  combination- tones  ;  and  we  recently  determined  to 
submit  the  question  of  their  existence,  whicn  seemed  to  be 
decided  against  him,  to  another  experimental  test. 

In  this  paper  we  give  the  result  of  our  investigations,  as 
far  as  they  nave  at  present  been  carried  out.  We  do  not 
regard  them  as  complete,  but  they  at  all  events  prove  that 
when  the  conditions  under  which  we  experimented  are  fulfilled, 
there  can  be  no  doubt  that  difierence  and  summation-tones 
are  produced  which  are  capable  of  disturbing  resonating 
bodies. 

The  resonator  employed  in  the  first  instance  was  a  tuning- 
fork.  It  is  well  known  that  this  instrument  is  relatively  dim* 
cult  to  excite  by  resonance,  and  it  was  therefore  necessary  to 
use  an  extremely  delicate  method  of  detecting  whether  it  was 
set  in  motion.  For  this  purpose  a  mirror  attached  to  one  of 
the  prongs  was  made  one  of  a  system  by  which  Michelson's 
interference-bands  were  produced.  A  movement  of  the 
prong  amounting  to  half  a  wave-length  of  light  (say  1/80,000 
of  an  inch)  would  alter  the  length  of  the  path  of  one  of  the 
interfering  rays  by  a  wave-length.  A  periodic  vibration  of 
this  amplitude  would  cause  the  oand  to  disappear. 

It  is  therefore  evident  that  an  extremely  mmute  movement 
could  be  detected.  It  was  at  first  open  to  question  whether 
the  apparatus  would  not  be  so  sensitive  to  accidental  dis- 
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tarbancea  as  to  be  untrustworthy.    This  difficulty  has,  how- 
ever, been  entirely  overcome. 

A  plan  of  the  apparatus  is  shown  in  fig.  1.     The  shank  of 
the  tuning-fork^  F,  is  imbedded  in  a  mass  of  lead.     One  of 


Fig.  1. 


A     A 


3 


the  prongs  carries  a  mirror,  M.  To  the  other  is  attached  a 
square  of  wood,  W,  of  larger  area  but  of  the  same  weight  as 
the  mirror.  A  Lissajous  figure  (an  ellipse)  was  formed  by 
reflexion  from  the  mirror  and  from  a  small  square  of  silvered 
glass  attached  to  one  of  Konig's  large  forks  adjusted  to  give 
the  0  of  64  complete  vibrations  per  second,  and  the  pitch  of  F 
was  adjusted  until  only  one  beat  occurred  in  two  minutes.  The 
pitch  was  thus  very  accurately  known.  A  double  siren,  S, 
was  placed  between  a  large  Konig  resonator  tuned  to  64 
vibrations  and  a  wooden  cone  or  pyramid,  C.  The  end  of* 
the  cone  was  placed  about  half  an  inch  from  W,  which  was 
rather  larger  tnan  the  narrow  end  of  the  cone.  The  sensi- 
tiveness 01  the  apparatus  depended  in  part  upon  the  distance 
between  W  and  C.  If  the  distance  was  too  large,  the  sen- 
sitiveness was  diminished.  If  it  was  too  small,  the  instrument 
was  unduly  affected  by  chance  puffs  of  air  even  when  not 
periodic  in  character. 

A  source  of  light,  L,  was  used  to  form  a  system  of  inter- 
ference-bands by  means  of  the  half-silvered  mirror  Mi,  and 
the  two  mirrors  M  and  Mj.  The  two  interfering  rays 
travelled  over  the  paths  LM1M2M1B  and  LMiMMiB  respec- 
tively. The  distances  MMi  and  MjMj  were  approximately 
equal;  and  since  when  soda-light  was  used  a  cnange  in  the 
length  of  either  of  the  paths  of  ^  X  589  fi^  would  cause  a 
dark  band  to  shift  into  the  position  previously  occupied  by 
the  next  bright  band,  and  since,  further,  any  movement  of  M 
altered  the  length  of  the  path  of  the  ray  by  twice  its  own 
magnitude,  it  is  evident  that  a  movement  of  ^  X  589  ii^y  ox, 
say,  of  one  hundred  thousandth  of  an  inch,  could  be  easily 
detected. 

The  fork  F  and  the  mirrors  M,  Mi,  and  M2  rested  on  a 
square  stone,  which  was  suspended  by  wires  and  india-rubber 
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door-fasteners  from  a  heavily  weighted  beam,  which  itsel 
rested  on  india-rubber  balls  placed  at  a  convenient  height  on 
a  double  pair  of  wooden  "  steps."  With  these  precautions  it 
was  found  that  the  bands  remained  tolerably  steady  even  by 
day  when  persons  were  moving  about  the  building,  and  when 
the  traffic  on  the  frost-bound  road  produced  considerable  mecha- 
nical vibrations.  Even  under  these  conditions,  we  have  s^sfied 
all  who  have  seen  the  apparatus  of  the  reality  of  the  pneno- 
mena«  The  experiments  on  which  we  rely,  however,  were 
made  on  several  occasions  between  midnight  and  2  or  3  a.m. 
The  bands  were  then  absolutely  clear  and  steady.  They  were 
undisturbed  for  many  minutes  at  a  time  when  the  bellows 
were  being  worked  and  the  siren  was  sounding  loudlv.  It 
was  only  when  a  note  of  64  vibrations  per  second  was  directly 
or  indirectly  produced  that  they  vanished^  and  there  could 
be  no  possible 'doubt  or  mistake  as  to  whether  the  disturbance 
was  or  was  not  produced  by  the  sound  or  combination  of 
sounds  under  investigation. 

Up  to  the  present  we  have  used  the  fork  above  described 
only.  It  was  chosen  because  it  was  fairly  stiff,  and  as  re- 
movable metal  mirrors  for  the  production  of  Lissajous' 
figures  were  attached  to  its  prongs,  it  was  possible  to  replace 
them  by  the  glass  mirror  and  square  of  wood  without  altering 
its  pitch.  It  would  be  quite  possible  to  use  properly  made 
forks  of  higher  pitch  as  resonators,  and  the  steadiness  of  the 
bands  at  night  is  so  remarkable^  that  we  believe  that  if  the 
apparatus  were  set  up  in  the  country,  on  a  stone  isolated  from 
the  rest  of  the  room,  the  degree  of  sensitiveness  we  have 
attained  could  be  far  surpassed. 

Tuning  the  Siren. 

Three  methods  were  used  for  determining  when  the  siren 
was  producing  the  required  notes.  When  one  of  these  was 
fairly  high,  the  beats  given  by  it  and  a  standard  fork  were 
noticed,  and  the  note  could  thus  be  kept  hovering  about  the 
required  pitch  for  a  considerable  time.  Although  with  the 
aid  of  Konig's  large  forks  we  could  apply  this  method  to 
vibration-frequencies  of  48  per  second  and.  upwards,  it  was 
difficult  when  the  notes  were  very  low  to  recognke  the  beats 
with  sufficient  certainty. 

The  prongs  of  various  tuning-forks  were  therefore  furnished 
with  two  pieces  of  tin-foil,  which  opened  and  closed  a  slit 
made  in  tnem  twice  in  every  complete  vibration.  They  were 
also  compared  with  a  standard  by  the  aid  of  a  revolving 
cylinder,  and  were  adjusted  by  weights  to  the  required 
frequencies.      These  were  so  selected  as  to  make  one  of  the 
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circles  of  holes  on  the  siren  appear  stationary  when  viewed 
through  the  slit,  if  the  velocity  of  rotation  was  such  that  the 
desired  note  or  notes  would  be  given  by  the  same  or  other 
circles  of  holes.  An  observer  watching  the  siren  through  the 
slit  and  pressing  lightly  on  the  axis  with  a  straw,  was  able  to 
adjust  its  speed  so  that  the  required  combination  of  sounds 
was  produced  for  several,  and  in  some  cases  for  many  seconds 
at  a  time. 

We  have  also  projected  the  image  of  the  row  of  holes  on  a 
screen,  the  cone  of  light  passing  at  its  narrowest  part  through 
the  slit  in  the  tinfoil  screens  carried  by  the  auxiliary  fork. 
When  the  upper  siren  was  to  be  used,  two  semicircles  of  light 
mirror-glass  were  laid  on  the  disk  of  the  lower  siren  to  which 
the  two  halves  of  a  paper  cog-wheel  were  fastened.  The 
image  of  the  cogs  could  thus  be  projected. 

The  third  method  of  determining  the  speed  of  the  siren 
depended  on  the  use  of  an  instrument  first  devised  bv 
Lord  Bayleigh  in  1880.  A  mass  of  air  enclosed  in  a  tube  is 
excited  by  resonance,  and  the  fact  of  the  excitation  is  indicated 
by  a  light  mirror  set  where  the  motion  is  greatest,  and  inclined 
at  45°  to  the  direction  of  the  air-currents.  In  accordance 
with  the  general  law  that  a  lamina  tends  to  place  itself  per- 
pendicular to  the  direction  of  a  stream,  the  mirror  moves 
when  the  air  vibrates. .  In  the  original  apparatus  the  amount 
of  the  movement  was  controlled  by  magnets.  Since  that 
date  Professor  Boys  has  modified  the  instrument  by  substi- 
tuting a  quartz-tmread  suspension  for  a  silk  fibre,  and  using 
the  torsion  of  the  thread  instead  of  the  directing  force  of  the 
magnets.  He  exhibited  the  apparatus  during  a  lecture 
delivered  before  the  British  Association  in  Leeds.  It  may  be 
called  a  mirror-resonator. 

Professor  Boys  has  been  good  enough  to  make  two  of  these 
instruments  for  us,  and  it  was  decided  that  one  of  them  should 
respond  to  161  vibrations  per  second.  The  movement  of  the 
spot  of  Ught  reflected  from  the  mirror  informed  us  when 
the  siren  was  giving  this  note,  and  this  fact  was  utilized 
in  one  of  the  experiments. 

Sensitiveness  of  the  Apparatus. 

The  results  were  in  general  improved  by  laying  a  small 
strip  of  dry  blotting-paper  upon  the  prongs.  Mere  acddental 
disturbances  died  out  more  quickly,  and  the  vibrations  of  the 
fork  diminished  more  rapidly,  when  the  notes  which  had  pro^ 
duced  them  ceased  to  sound. 

A  forced  movement  could  be  produced  in  the  fork  by 
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blowing  directly  down  the  collecting  cone,  but  a  small 
organ-pipe  could  be  sounded,  or  a  Konig's  fork  bowed  near 
the  opening  without  producing  the  least  effect  if  the  frequency 
of  the  note  produced  was  not  near  64  per  second.  In  like 
manner  many  notes  of  two  reed  wind-instruments,  somewhat 
similar  in  construction  to  the  harmonium,  were  sounded 
simultaneously  so  that  the  room  echoed  with  discordant 
sound,  yet  without  producing  the  least  effect  on  the  steadiness 
of  the  bands. 

On  the  other  hand,  when  one  of  Konig's  forks  tuned  to  64 
vibrations  was  touched  with  the  india-rubber  covered  handle 
of  a  gimlet,  or  was  struck  vrith  a  piece  of  gas-tubing  so  lightly 
that  an  observer  with  his  ear  close  to  the  fork  could  not 
detect  the  fundamental  note,  the  bands  instantly  disappeared. 

It  was  therefore  evident  that  the  apparatus  could  respond 
to  a  vibration  which  was  quite  inaudible  to  a  person  standing 
by  the  resonating  fork. 

When  the  Konig  fork  was  weighted  so  as  to  give  63*5 
vibrations  per  second,  the  bands  appeared  and  disappeared  at 
regular  intervals  of  two  seconds,  thus  corresponding  to  the 
beats  between  the  exciting  and  resonating  forfes.  The  bands 
were  not  disturbed  when  flie  beats  exceeded  2  or  3  per  second 
unless  the  exciting  fork  was  bowed  very  violentlv.  In  the 
experiments  with  fainter  tones,  the  resonating  fork  was  only 
disturbed  when  the  frequency  of  the  exciting  note  agreed  very 
exactly  with  its  own. 

As  the  speed  of  the  siren  was  gradually  increased  from 
rest  the  bands  always  disappeared  two  or  three  times,  the 
disturbance  being  no  doubt  caused  by  the  upper  partials  as 
the  vibration-frequency  passed,  in  turn,  the  values  16,  21*3, 
and  32  per  second.  No  exact  measurement  was  made  of  the 
corresponding  frequencies,  as  there  could  be  no  question  as  to 
whether  the  partials  were  produced  or  as  to  whether  the 
apparatus  could  detect  them.  No  such  disappearance  occurred 
when  the  note  was  higher  than  C,  except  in  the  case  of 
certain  spurious  effects  referred  to  below. 

All  the  experiments  were  performed  several  times  on  each 
occasion,  and  on  two  occasions  at  least.  The  bands  were 
sometimes  produced  by  soda-light,  and  watched  by  an  ob- 
server through  a  telescope. 

Sometimes  the  electric  light  was  used.  The  bands  could 
then  be  projected  on  a  screen  side  by  side  with  the  image 
of  the  holes  or  cogs.  In  this  way  information  as  to  the 
note  produced  and  as  to  the  behaviour  of  the  bands  was 
simultaneously  conveyed  to  all  who  watched  the  experiments^ 
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Precautions. 

It  will  not  be  thonght  remarkable  that  so  delicate  an  appa- 
ratus requires  careful  use. 

In  the  first  place,  it  was  necessary  to  be  sure  that  the 
disturbance  ascribed  to  the  joint  action  of  two  notes  was 
not  produced  by  one  or  both  of  them  when  acting  alone.  In 
all  cases,  therefore,  in  which  it  was  possible  to  determine  the 
pitch  of  both  notes  separately,  each  note  was  sounded  alone 
and  carried  slowly  past  the  particular  pitch  at  which  the 
existence  of  a  combination-tone  was  to  be  investigated.     In 

feneral,  no  effect  was  produced ;  but  after  the  apparatus 
ad  been  in  use  for  some  little  time,  we  were  troubled  by  the 
fact  that  two  notes  which  did  not  differ  much  from  256  and 
320  vibrations  respectively  disturbed  the  bands  when  they 
were  produced  separately. 

That  these  effect*  were  spurious  was  evident  from  two  facts. 
Firstly,  the  same  notes  had  previously  been  sounded  for  a 
long  time  with  the  special  object  of  determining  whether 
they  produced  any  effect,  and  had  produced  none.  Secondly, 
the  disturbances  were  evidently  forced.  When  the  fork  has 
been  disturbed  by  a  vibration  of  frequency  64.  it  continues  to 
oscillate  for  several  seconds  after  the  disturbing  note  has 
ceased.  The  bands  alternately  appear  and  disappear  several 
times  before  the  final  state  of  rest  is  attained.  In  the  case 
of  a  "  spurious  "  effect,  the  bands  reappear  instantaneously 
with  absolute  clearness  the  moment  tne  disturbing  note 
ceases,  thereby  indicating  a  forced  vibration.  It  was,  how- 
ever, a  more  aifficult  task  to  discover  the  cause  than  to  de- 
termine the  character  of  these  disturbances.  Finally,  it  was 
found  that  since  the  apparatus  was  first  set  up  some  cracks 
had  opened  in  the  wo<iaen  pyramidal  collector.  A  tap  on  the 
side  of  this  vnll  disturb  the  bands;  and  when  one  of  the 
cracked  sides  was  loaded  with  weights  the  disturbance  due  to 
the  320  note  was  much  reduced.  The  cracks  were  then  cut 
out,  the  defects  made  good ;  and  since  that  time  this  dis- 
turbance has  entirely  ceased. 

The  effect  produced  by  the  256  note  was  due  to  another 
cause.  When  the  pyramid  was  removed,  the  open  ends  of 
the  resonance-boxes  of  various  tuning-forks  (256,  320,  384) 
were  held  near  the  square  of  wood  which  was  attached  to  the 
fork  F.  It  was  found  that  the  256  fork  was  the  only  one  which 
affected  the  bands,  and  that  it  only  produced  any  result  when 
the  sounding-box  was  held  near  that  part  of  the  wood  which 
projected  beyond  the  end  of  the  prong.     It  was  therefore 
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evident  that  the  two  ribs  attached  to  this  were  not  sufficient 
to  prevent  a  certain  flapping  of  the  projecting  part,  and  that 
this  responded  to  a  note  of  about  256  vibrations.  The  end  of 
the  collecting  pyramid  was  then  shifted  a  little  so  that  the 
waves  of  sound  impinged  only  on  the  more  rigid  part  of  the 
wooden  square,  and  the  spurious  effect  immediately  and 
completely  disappeared. 

Of  the  notes  which  caused  these  troubles,  the  lower  one  was 
decidedly  lower  than  the  c'  of  256;  the  other  corresponded 
very  accurately  with  the  ^  of  320.  The  fact  that  both  these 
numbers  are  multiples  of  64  may  legitimately  give  rise  to  the 
doubt  whether  the  fork  F  can  be  set  in  motion  by  disturbances 
which  are  multiples  of  its  own  frequency. 

Even  if  it  be  admitted  that  such  forced  vibrations  would 
be  especially  easy  to  produce,  we  must  insist — (1)  that  we 
can  distinguish  (as  above  described)  between  forced  and 
natural  vibrations  ;  (2)  that  when  the  apparatus  was  pro- 
perly arranged  such  notes  could  be  produced  by  the  siren 
for  long  intervals  of  time  without  the  least  effect  on  the 
bands  ;  (3)  that  two  tuning-forks,  of  256  and  320  vibrations 
respectively,  have  been  placed  within  the  wooden  pyramid 
with  their  sounding-boxes  resting  on  and  supported  by,  the 
lower  side,  yet  no  effect  was  produced  on  the  bands  even 
when  they  were  both  sounding  loudly  at  the  same  time ; 

(4)  that  one  of  Konig's  large  forks,  with  a  frequency  of  128, 
was  placed  in  front  of  the  collecting  cone  and  produced  no 
effect  when  sounding  loudly,  though  the  slightest  tap  on 
the  64  fork  caused  the  bands  to  vanish  for  many  seconds ; 

(5)  that  the  320  and  384  forks  produced  no  effect  when  the 
pyramid  was  removed  and  they  were  held  as  above  described 
close  to  the  receiving  prong  of  the  fork  ;  (6)  and,  lastly,  that 
in  two  out  of  the  five  experiments  on  the  difference-tones, 
and  in  all  those  in  which  the  interference  apparatus  was  used 
to  detect  summation  tones,  the  frequencies  of  the  notes  em- 
ployed wore  neither  multiples  nor  sub-multiples  of  64. 

As  in  all  the  above  experiments  the  resonator  was  in 
position,  they  also  sufficed  to  prove  that  tones  of  64  vibra- 
tions were  not  manufactured  in  it  by  the  primary  notes  when 
acting  singly. 

If  the  objection  is  raised  that,  although  neither  note 
disturbed  the  bands  when  sounded  alone,  the  effect  might  be 
due  to  the  double  disturbance  produced  by  the  two  sounds, 
we  think  it  sufficient  to  answer  that  we  have  always  carried 
the  two  notes  above  the  pitch  at  which  the  difference-tone 
might  be  expected  to  affect  the  instrument,  then  lowered .  the 
pitch  again  till  the   notes  were  too  flat,  and  repeated  this 
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operation  several  times.  The  disturbances  were  only  pro- 
daced  when  the  pitch  was  nearly,  or  very  nearly,  correct. 
As  soon  as  a  few  beats  per  second  were  heard  the  bands 
became  visible. 

Having  thus  described  the  various  tests  which  were  applied 
to  the  apparatus,  we  may  proceed  to  describe  the  experiments 
without  awelling  further  on  the  necessary  precautions.  It  is 
sufficient  to  say  once  for  all  that  they  were  adopted  in  each 
case. 

The  main  object  of  the  enquiry  was  to  obtain  evidence  as 
to  the  objective  reality  of  the  combination-tones,  and  for  this 
purpose  the  following  experiments  were  arranged. 

Each  box  of  the  siren  nad  four  circles  of  holes  which  could 
be  used  separately  or  together.  The  number  of  openings  in 
the  upper  Dox  were  9, 12, 15,  and  16,  and  in  the  lower  8,  10, 
12,  and  18.  It  will  be  convenient  to  refer  to  these  as  the 
9  row  of  holes,  and  so  on. 

Experiment  I. 

The  12  and  15  rows  of  holes  in  the  upper  box  were  opened, 
and  the  pitch  was  raised  until  the  upper  note  gave  slow  beats 
with  a  fork  of  320  vibrations  per  second.  The  lower  note 
was  then  the  C  of  256  vibrations.  The  difference  or  beat  tone 
of  64  vibrations  affected  the  instrument  powerfully.  The  ex- 
periment was  tried  both  by  night  and  by  day.  It  was  diffi- 
cult to  keep  the  siren  exactly  at  the  true  pitch,  but  when  the 
beats  were  very  slow  the  bands  continually  disappeared, 
sometimes  for  many  seconds  at  a  time,  then  appeared  for  a 
moment  and  then  disappeared  again.  As  soon  as  the  pitch 
was  lost  by  a  few  beats  per  second,  the  bands  remained  steady 
and  clearly  visible. 

The  experiment  was  repeated  with  the  9  and  12  rows  of 
boles.  When  the  upper  note  was  0  of  256  vibrations,  the 
lower  note  was  192  vibrations.  The  difference-tone  of  64 
vibrations  affected  the  fork  very  powerfully. 

The  experiment  was  also  modified  by  opening  the  10  and 
12  rows  of  holes.  When  the  notes  corresponded  to  320  and 
384  vibrations  respectively,  the  bands  disappeared  as  before. 

Experiment  II. 

In  experiment  I.  the  frequencies  of  the  difference-tone  and 
of  Konig's  first  lower  beat-tone  were  identical.  The  experi- 
ment was  therefore  varied  by  using  8  and  18  rows  of  holes. 
The  frequency  of  the  difference-tone  was  thus  proportional 
to  10,  while  that  of  Ednig's  lower  beat-tone  would  be 
X8— 2x8=2,     When  the  siren  was  revolving  at  the  rate  of 
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6*4  revolutioDs  per  second^  the  two  notes  corresponded  to 
51*2  and  115*2  vibrations  per  second^  the  difference-tone 
being  64. 

The  pitch  was  determined  on  different  occasions  by  dif- 
ferent methods.  Firstly,  by  noting  the  beats  between  the 
higher  note  and  a  Konig's  fork  adjusted  to  115*2  complete 
vibrations  per  second,  and  secondly,  by  watching  the  row  of 
eight  holes  through  a  slit  carried  by  a  fork  which  gave  25*5 
vibrations  per  second. 

The  effect  was  rather  feebler  than  in  the  last  experiment, 
but  there  was  absolutely  no  doubt  as  to  the  objective  reality 
of  the  difference-tone.  The  bands  regularly  disappeared 
when  the  required  pitch  was  obtained,  and  reappeared  when 
it  was  lost. 

Again  the  15  and  9  rows  of  holes  were  used.  The  differ- 
ence-tone is  thus  proportional  to  6,  and  Konig's  beat-tone  to 

9x2  —  15  =  3.  When  the  rate  of  revolution  was  10*6  the 
two  notes  were  160  and  96  respectively.  In  this  experiment 
the  mirror-resonator  which  responds  to  161  vibrations  was 
employed  to  determine  the  rate  of  the  siren.  The  bands  and 
the  spot  of  light  were  sometimes  watched  together:  on 
another  occasion  one  observer  who  could  not  see  the  bands 
raised  his  hand  whenever  the  spot  of  light  moved.  The 
bands  invariably  disappeared  at  tne  instant  that  this  signal 
was  made. 

Experiment  III. 

The  next  experiment  was  directed  to  determine  the  objective 
reality  of  Konig's  lower  beat-tone  when  the  interval  was 
greater  than  an  octave.  The  8  and  18  rows  of  holes  being 
kept  open  as  before,  the  speed  was  increased  until  the  lower 
note  was  that  of  256  vibrations.  The  upper  note  was  then 
576,  and  Konig's  lower  beat-tone  was  of  576—2x256=64 
vibrations. 

We  lay  less  stress  on  negative  than  on  positive  results ; 
but  we  tried  for  a  long  time  on  two  occasions  to  get 
evidence  of  the  objective  character  of  the  note,  but  entirely 
failed.  The  pitch  was  determined  by  the  beats  with  a 
256  fork. 

Experiment  IV. 

We  next  turn  to  observations  on  the  summation-tone. 
The  8  and  10  rows  of  holes  were  opened,  so  that  when  the 
cover  made  3*55  revolutions  per  second  the  summation-tone 
would  be  that  of  18  x  3*5  =  64  vibrations, 
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The  pitch  of  the  notes  given  hy  the  siren  was  again 
determined  in  different  ways  on  different  occasions.  The 
summation-tone  being  produced  in  the  lower  box,  the  15  row 
in  the  upper  box  was  also  opened,  thus  producing  a  note  of 
15x3*5 =53*3  vibrations  per  second.  The  required  speed 
was  determined  by  making  the  beats  vanish  between  this 
note  and  a  Konig's  fork  tuned  to  give  53'3  vibrations.  With 
this  method  it  was  difficult  to  keep  the  speed  constant  for  a 
length  of  time  sufficient  to  disturb  the  resonating  fork  appre- 
ciably. When  the  pitch  was  altered  very  slowly  the  bands 
disappeared  just  as  the  right  note  was  reached,  and  did  not 
disappear  at  any  other  time  during  the  experiment. 
•  On  another  occasion  the  9  and  12  rows  of  holes  were 
opened,  so  that  the  summation-tone  of  6-1  vibrations  would  be 
given  when  the  siren  made  3*05  revolutions  per  second.  The 
18  row  of  holes  was  watched  through  a  fork  of  27'2  vibrations, 
so  that  54*4  views  would  be  obtained  while  a  hole  moved  over 
18  X  3*05.— 54*9  intervals.  Hence  the  right  pitch  was  obtained 
when  the  holes  moved  slowly  forwards.  The  bands  invariably 
disappeared  when  this  state  of  things  was  attained. 

On  a  third  occasion  the  lower  cover  of  the  siren  was  covered 
with  a  thin  piece  of  silvered  glass  as  above  described,  carrying 
a  concentric  circle  of  black  paper,  the  edge  of  which  was 
divided  into  18  equidistant  cogs.  An  image  of  these  was 
produced  on  a  screen  by  a  lens,  and  made  intermittent  by 
the  27-vibrations  fork.  The  disturbance  due  to  the  sum- 
mation-tone was  again  and  again  made  evident  when  the 
images  of  the  cogs  appeared  to  be  moving  slowly.  In  the 
intervals  the  bands  were  beautifully  steady. 

The  earlier  of  these  experiments  were  performed  before,  and 
the  later  ones  after,  the  apparatus  had  been  taken  down  and 
set  up  again  in  another  room.  They  left  in  the  minds  of  those 
who  saw  them  no  shadow  of  doubt  as  to  the  objective  reality 
of  a  note  corresponding  in  frequency  with  the  summation- 
tone. 

We  now  turn  to  experiments  intended  to  throw  light  on 
the  cause  of  the  production  of  this  note. 

Experiinent  V. 

It  has  been  suggested  that  the  summation-tone  may  be  the 
difterence-tone  of  partials.  Konig  (Acotistigue,  p.  127) 
remarks  that  it  may  occasion  some  surprise  tliat  the  particular 
harmonics  whose  difference-tone  corresponds  to  the  summa- 
tiop-tone  should  be  especially  prominent ;  but  he  points  out 
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that  in  some  cases  the  difference-tones  of  the  lower  harmonica 
correspond  either  to  the  fundamentals  or  to  some  of  their  npper 
partials.  In  the  case  of  the  fourth  (3:4),  however,  Konig 
remarks  that  the  5th  partials  would  give  a  difference-tone  (5) 
which  could  he  distinguished  from  the  lower  partials,  and  that 
the  difference-tone  of  the  7th  partials  would  give  the  summa- 
tion-tone. Now  we  hrve  alr^y  proved  (Exp.  IV.)  that  the 
summation- tone  produced  hy  two  notes  separated  hv  the 
interval  of  a  fourth  (9  :  12)  is  objective  ;  and  if  this  is  due  to 
the  difference-tone  of  the  7th  partials,  there  seems  to  be  no 
reason  why  the  difference-tone  of  tbe  5th  partials  should  not 
be  objective  also,  and  probably  more  intense. 

We  therefore  ir  creased  t^e  velocity  of  revolution  to  4'27 
per  second,  the  9  and  12  rows  of  holes  being  opened  as  before. 
The  frequencies  of  the  two  notes  were  thus  38*43  and  51*24. 
The  pitch  was  detennined  by  keeping  the  12  holes  nearly 
stationarv  when  viewed  51  times  a  second  by  aid  of  the  25*5 
fork.  The  first  difference-tore  was  12*81,  and  the  difference- 
tone  of  the  5th  partials  was  64*05.  When  the  speed  corre- 
sponding to  this  difference-tone  was  attained  there  were  occa- 
sional flickers  of  the  bands,  so  that  it  is  possible  that  it  has 
an  objective  existence.  But,  on  the  other  hand,  the  effect 
was  less  than  that  produced  b}'  the  summation-tone.  The 
bands  never  disappeared  for  any  considerable  length  of  time, 
as  they  did  when  the  fork  responded  to  the  summation-tone, 
and  the  experiment  left  no  doubt  in  our  minds  that  the  greater 
effect  was  produced  by  the  summation-tone. 

Experiment  VI. 

The  same  point  was  also  investigated  in  another  way.     If 

the  summation-tone  of  two  notes  of  frequencies  p  and   q 

corresponds  to  the  difference-tone  of  the  nth  partial,  we 

must  have  /    .    x         /         n 

(p  +  ?)  =n(p-j), 

where  n  is  an  integer.  If,  however,  the  9  and  16  rows  of 
holes  were  opened, 

p  +  3r=25,    p— j=7; 

so  that  the  summation-tone  could  not  be  produced  by  partials 
of  the  same  order.  The  10th  partial  of  the  higher  note 
beating  with  the  15th  of  the  lower  note  (160—135=25) 
would  indeed  have  the  same  frequency  as  the  summation-tone, 
but  it  appears  to  us  absurd  to  suppose  that  so  improbable  a 
combination  should  produce  appreciable  results.  It  is  true  that 
lower  partials  may  give  beat-tones  near  to  the  summation-tone. 
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Thus  5  X  16—6  X  9=26.  But  if  we  are  to  assume  that  any 
pair  of  partials  can  thus  produce  objective  tones^  the  number 
of  combinations  will  be  so  great  that  the  fork  ought  to  have 
been  disturbed  frequently  when  the  note  of  the  siren  was  being 
raised  to  the  required  pitch.  As  a  matter  of  fact,  when  once 
the  G  of  64  vibrations  was  passed,  so  that  all  the  partials  were 
higher  than  the  pitch  of  the  resonating  fork,  no  such  disturb- 
ances were  ever  observed  except  when  the  difference-  or 
summation-tone  of  the  primaries  was  produced.  Putting, 
therefore,  all  such  fantastic  combinations  aside,  the  experiment 
may  be  regarded  as  a  test  whether  the  summation-tone  can  be 
produced  when  it  cannot  be  due  to  two  partials  of  the  same 
order. 

When  the  velocity  of  revolution  was  2*56  per  second,  the 
16  and  9  holes  gave  notes  of  40*96  and  23*04  vibrations.  The 
sum  of  these  is  64.  The  12  holes  were  viewed  through  a  slit 
alternately  closed  and  opened  by  a  fork  of  15  vibrations  per 
second,  and  when  the  noles  appeared  to  move  slowly  the 
summation-tone  caused  the  bands  to  disappear. 

In  this  experiment^  however,  the  third  partial  of  the  lower 
note  corresponds  to  69*12  vibrations,  and  we  thought  it 
desirable  to  make  sure  that  the  disturbance  attributed  to  the 
summation-tone  was  not  in  reality  due  to  this  partial.  This 
was  the  more  important,  because  the  difference  in  the  speeds 
of  the  siren  when  the  summation-tone  and  the  partial  in 
question  corresponded  to  64  vibrations  was  veiy  small. 

Thus^  when  the  speed  was  2*56  revolutions  per  second 
each  of  the  12  holes  would  advance  through  30*72  intervals 
in  a  second,  and  since  the  fork  gave  30  views  per  second  the 
holes  would  appear  to  move  slowly  forwards. 

When  the  speed  was  2*37  revolutions  per  second  the 
third  partial  of  the  lower  note  (9  row  of  holes)  would  be 
3  X  9  X  2*37  =  64,  and  each  hole  of  the  12  rows  would  advance 
through  28*44  intervals — ^that  is^  would  appear  to  recede 
through  1*56  intervals  per  second.  Thus  the  partial  would 
be. most  efficient  in  promoting  disturbance  when  the  holes 
appeared  to  go  backward  with  moderate  speed. 

The  question  to  be  answered  was  whether  these  two  dis- 
turbances could  be  confused  with  each  other. 

When  care  was  taken  to  keep  the  pressure  in  the  wind- 
chest  the  same  whether  one  or  both  sets  of  holes  were  opened, 
the  efiect  of  the  partial  produced  by  the  9  set  of  holes  could 
hardly  be  detected.  The  bands  were  shaken  a  little  when 
the  row  of  12  holes  appeared  to  move  backwards,  but  they 
did  not  disappear ;  whereas  they  were  completely  wiped  out 
by  ilie  summation-tone  when  the  two  notes  were  sounded. 
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WbeD  the  pressure  on  the  wind-chest  was  increased,  the 
rate  of  revolution  being  nevertheless  maintained  constant  by 
pressing  lightly  on  the  axle  of  the  siren  with  a  straw,  the 
effect  of  the  partial  was  more  marked,  bat  it  was  always 
produced  when  the  holes  appeared  to  move  backwards. 

On  the  other  hand,  when  Doth  notes  were  sounded  together 
and  when  the  pitch  was  gradually  reduced  to  the  desired 
point,  the  disturbance  always  began  when  the  holes  moved 
slowly  forwards,  if  the  pitch  fell  very  slowly  it  was  possible 
to  note  a  redaction  of  the  disturbance,  followed  by  an  increase 
when  the  holes  appeared  to  move  backwards. 

We  thus  convinced  ourselves  that  the  effects  of  the  two 
sources  of  disturbance  could  be  distinguished,  and  tha,t  the 
supposed  summation-tone  was  not  due  to  the  partial  of  the 
lower  note. 

Experiment  VII. 

We  have  also  succeeded  in  demonstrating  the  reality  of 
the  summation-tone  with  a  mirror-resonator  constructed  by 
Professor  Boys  to  respond  to  a  vibration-frequency  of  576. 

The  rows  of  15  and  12  holes  being  opened,  notes  of  320 
and  256  vibrations  were  produced.  When  they  were  sounded 
se[)arately,  the  mirror  moved  slightly.  When  they  were 
sounded  together,  the  spot  of  light  was  driven  off  the  scale 
when  the  upper  note  coincided  with  that  of  a  320-vibration 
fork,  but  immediately  returned  when  this  pitch  was  lost. 

The  experiment  was  varied  by  using  the  16  and  12  rows, 
and  also  the  16  and  9  rows.  The  summation-tone  corresponds 
to  576  vibrations  when  the  upper  note  is  of  329*15  and  360 
vibrations  in  these  two  cases  respectively.  The  320-fork 
was  used,  and  the  disturbance  occurred  in  the  one  case 
when  the  pitch  of  the  note  was  nearly  the  same  as  before, 
and  in  the  other  when  it  was  about  a  tone  higher. 

We  attach  great  importance  to  this  corroboration  of  our 
results  by  an  instrument  of  a  totally  different  construction 
from  that  first  employed. 

The  attempt  to  obtain  proof  of  the  existence  of  a  difference- 
tone  by  means  of  the  mirror-resonator  of  161  vibrations  has 
not  been  successful.  The  instrument  is  much  less  affected 
by  the  note  to  which  it  responds  than  is  that  which  answers 
to  576  vibrations,  even  when  thai  note  is  produced  directly 
by  the  siren.  It  is,  therefore,  perhaps  not  wonderful  that 
it  gives  no  reliable  evidence  of  the  existence  of  a  difference^ 
tone. 

We  now  sum  up  the  results  we  have  obtained  in  two  tables* 
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Number  of 
holes  in  siren. 

Interral. 

Frequencies. 

Combination- 
tone. 

Konig's 
Beat-tone. 

12  and  10 

Minor  Third. 

384    320 

64"j 

6 

64 

16  „    12 

Blajor  Third. 

320    256 

64 

I 

64 

16   „    12 

Fourth. 

256    192 

64l 

64 

15  „      9 

18  „      8 

ICajor  sixth. 
rOctaTeand  1 
\  major  tone.  J 

160      96 
115-2  51-2 

64 
64, 

32 

12-8 

10  and   8 
12    „     9 

Major  Third. 
Fourth. 

35-5     28-4 
36-57  27-43 

64 
64  . 

'1  « 

|l 

16    „     9 

Biinor  Serenth. 

40-96  23-04 

64 

Instrument.     Mirror  Resonator. 

Summation-Tones. 

Numbei 
holee  in  i 

rof 
liren. 

InterraL 

Frequencies. 

Sum. 

15  and 

12 

Major  third. 

320        256 

576 

16   .. 

12 

Fourth. 

329-15    246-85 

676 

16   „ 

9 

M^or  sixth. 

360        216 

576 

Neg 

aiive 

Besuh 

\B. 

We  have  tried  several  times  to  obtain  indications  of  com- 
bination-tones when  the  primary  notes  were  produced  by 
tuning-forks.  Two  of  Konig's  large  forks  adjusted  to  48 
and  112  vibrations  produced  no  effect  when  bowed  simulta- 
neously before  the  collector,  and,  as  has  been  stated,  smaller 
forks  ^ving  256  and  320  vibrations  have  been  placed  inside 
the  coUector  when  sounding  loudlv.  No  effect  whatever  was 
produced,  and  there  can  be  no  doubt  that  if  objective  com- 
oination-tones  are  produced  in  such  cases  they  are  very  much 
less  intense  than  those  generated  by  the  siren. 

Experiments  have  been  made  with  reeds  and  with  organ- 
pipes,  but  up  to  the  present  with  uncertain  results  in  the  first 
case  and  negative  results  in  the  second.  We  hope  to  inves- 
tigate these  cases  further. 
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We  have  made  several  attempts  to  detect  oombination- 
tones  of  higher  orders,  such  as  2p  +  q  and  2p— y,  bnt  without 
success. 

Conclusion. 

We  may  in  conclusion  refer  to  some  of  the  suggestions 
which  have  been  made  to  account  for  the  combination-tones 
by  theories  other  than  those  of  Helmholtz. 

Konig's  suggestion  that  they  are  the  beat-tones  of  upper 
partials  nas  been  discussed  and  shown  to  be  inadequate  to 
explain  the  facts  of  observation. 

Again,  it  has  been  argued  that  the  summation-tone  is  the 
beat-note  between  the  second  partial  of  the  higher  note  (the 
octave)  and  the  beat-tone  of  the  two  primaries.  It  follows  as 
a  matter  of  algebra  that  such  an  explanation  must  always  be 
numerically  correct,  for  2a  — (a— 6)=a  +  6,  and  our  experi- 
ments throw  no  new  light  on  the  matter.  It  appears  to  us, 
however,  that  since  propinquity  between  the  sources  of  sound, 
causing  a  violent  disturbance,  is  favourable  to  the  production 
of  combination-tones,  while  it  is  not  necessary  for  the  pro- 
duction of  beats,  the  facts  of  experiment  are  in  this  case  also 
in  favour  of  von  Helmholtz's  views. 

A  still  more  subtle  objection  has  been  taken  by  Terquem 
(^Annates  d'Ecole  Nornmle^  1870,  p.  356).  When  two  rows 
of  holes  are  open  in  the  siren,  tnere  may  be  occasions  on 
which  all  the  noles  of  both  rows  are  opened  simultaneously 
and  others  on  which  only  one  row  is  in  action  at  one  time. 
Terquem  attempts  to  calculate  the  effects  of  irregularities 
such  as  these,  but  in  the  first  place  he  specifically  refrains 
from  attacking  the  theory  of  Helmholtz  ;  secondly,  he  does 
not  apply  calculation  to  the  siren  of  Helmholtz  ;  thirdly,  he 
points  out  that  the  relatively  large  size  of  the  holes  in  that 
instrument  would  reduce  the  effects  he  predicts  ;  and,  lastly, 
he  admits  that  his  results  require  confirmation  by  experiment. 
Putting  these  points  aside,  however,  his  theory  leads  to  the 
conclusion  that  the  two  notes  which  we  have  been  regarding 
as  fundamental  are  reinforced  harmonics  in  a  series  of  which 
the  fundamental  note  corresponds  to  the  greatest  common 
measure  of  these  frequencies.  Both  the  summation  and  the 
difference  tone  must  be  included  in  such  a  series ;  but 
Terquem's  theory  gives  no  reason  why  they  should  have  such 
exceptional  importance  as  experiment  proves  that  they  have. 
Lastly,  as  he  expressly  repudiates  the  idea  that  partials  have 
an  objective  existence  (loc,  cit.  p.  274),  and  includes  the  com- 
bination-tones in  a  series  of  partials,  the  experiments  described 
by  us  must  on  this  point  be  regarded  as  opposed  to  his  views. 
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We  think,  then,  that  our  experiments  prove  that  von  Helm- 
holtz  was  correct  in  stating  that  the  siren  produces  two 
objective  notes  the  frequencies  of  which  are  respectively  equal 
to  the  sum  and  difference  of  the  frequencies  of  the  funda- 
mentals, and  that  our  observations  are  also  more  or  less 
opposed  to  the  theories  by  which  Konig,  Appun,  and  Terquem 
have  sought  to  account  for  the  production  of  these  notes. 

We  believe  that  the  method  we  have  devised  is  capable  of 
greater  sensitiveness.  It  can  be  extended  hy  employing 
forks  of  different  pitches,  and  it  is  quite  possible  that  less 
massive  forks  may  enable  us  to  detect  effects  which  have 
hitherto  escaped  us.  We  therefore  refrain  from  any  wide 
generalizations  until  a  wider  foundation  of  experiment  has 
been  laid. 

P.S. — Since  the  above  was  written  Prof.  8.  P.  Thorapson  has 
drawn  our  attention  to  a  paper  by  O.  Lummer,  published  in  1886 
{Verh.  phys.  OeselL  Berlin,  1886,  No.  9,  p.  66),  which  had  escaped 
our  notice,  as  it  is  nob  abstracted  in  the  Beibldtter,  Herr  Lummer 
obtained  evidence  of  the  objective  character  of  the  summation-tone 
by  means  of  the  microphone. 

XXXIV.  Energy  Movements  in  the  Medium  separating 
Electrified  or  Gravitating  Particles.  By  H.  N.  Allbn, 
University  of  Nehraskaj  Lincoln^  Neb. 

1.  Tj^ARADAY  and  Maxwell  have  shown  that  it  is  possible 
-t?  to  look  on  the  potential  energy  of  electric  separation 
as  residing  in  the  surrounding  dielectric,  and  that  each  of 
the  cells,  hounded  by  the  walls  of  a  tube  of  force  and  two 
neighbouring  equipotential  surfaces,  can  be  looked  upon  as 
containing  a  certain  definite  amount  of  energy. 

This  energy-distribution  is  not  in  general  pormanent,  and 
can  only  be  regarded  as  a  step  towards  some  simpler  ar- 
rangement. Thus  a  positive  and  a  negative  electrified  body 
suspended  in  space,  and  acted  on  only  by  the  electrical 
forces  between  them,  are  never  in  equilibrium  until  they  are 
in  actual  contact.  The  energy-distribution  in  the  dielectric 
changes  constantly  as  they  approach.  Poynting  has  shown  t 
how  energy  is  transferred  from  one  point  to  another  in  an 
electromagnetic  field  ;  and  we  are  quite  accustomed  to  think 
of  energy  as  flowing  from  dynamo  to  motor  through  the 
aether,  or  from  primary  to  secondary  in  an  alternating-current 
transformer. 

In  the  following  pages  an  attempt  is  made  to  deduce  a  few 

♦  Communicated  hy  the  Physical  Society :  read  March  8, 1806. 
t  Phil.  Trans.  1884,  Pt  II.  p.  343. 
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of  the  consequences  of  Maxwell's  snggestion  with  regard  to 
•nergjodistribution.  The  changes  needed  in  the  theory  in 
order  to  apply  it  to  gravitation  are  also  indicated. 

2.  If  two  equal  charges  of  positive  and  negative  electricity 
+  M  and  —  M  are  separated  by  a  distance  I,  the  equation  to 
the  cnrve  in  which  the  equipotential  surface  V  intersects  the 
plane  of  the  paper  is 

M  ^  Y  (1) 

the  origin  being  the  point  midway  between  the  particles,  and 
the  X-axis  being  the  line  joining  this  point  to  the  positive 
particle. 

3.  The  number  of  tubes  of  force  proceeding  from  a  charge 
M  has  sometimes  been  taken  as  M  but  4nore  generally  as 
4ii'M.  For  graphical  methods  the  former  plan  seems  most 
convenient,  and  in  order  to  avoid  confusion  it  is  proposed  that 
the  resulting  tubes  should  be  chilled  '^  tubes  of  polarization/' 
while  the  smaller  tubes  retain  the  name  "tubes  of  induction." 
The  polarization,  as  defined  by  J.  J.  Thomson  in  his  *  Recent 
Researches  in  Electricity  and  Magnetism/  is  measured  by 
the  number  of  these  polarization  tubes  which  pass  through  a 
square  centimetre  perpendicular  to  their  direction. 

Using  Maxweirs  method  of  drawing  the  boundary  lines 
between  the  tubes  of  polarization,  the  equation  to  the  /4*^  line 
in  the  case  mentioned  above  will  be 

^l—x   ^/4-*t?  ^      2/1 

v^? + (i/ -^p  "^  V?T(i^  V  ^f  =  ^  ""  M'     •    (^^ 

where  the  straight  line  drawn  from  the  positive  to  the  nega- 
tive particle  is  called  zero^  and  that  drawn  in  the  opposite 
direction  M. 

4.  The  point  of  intersection  of  the  equipotential  surface  V, 
the  line  of  force  n,  and  the  plane  of  the  pjiper  lies  on  the 
curves  (1)  and  (2).  If,  then,  I  in  these  equations  be  regarded 
as  a  variable  parameter,  they  will  together  represent  the 
curve  along  which  the  corner  of  an  energy-cell  moves,  when 
the  two  particles  come  together.  To  plot  this  cnrve,  the 
equipotential  surfaces  and  Tines  of  force  might  be  drawn  for 
a  number  of  different  distances  between  the  particles^  and 
corresponding  points  of  intersection  joined. 

The  path  of  the  energy-cell  can  be  obtained  with  less 
labour  from  measures  made  on  a  single  diagram,  drawn  to 
represent  the  lines  of  force  and  equipotential  surfaces  about 
the  two  particles,  when  these  are  separated  by  a  given  dis- 
tance. This  is  done  by  taking  advantage  of  the  following 
properties  of  these  lines  : — 
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1.  When  the  distance  between  the  particles  is  changed, 
corresponding  tubes  of  polarization  in  the  two  diagrams  are 
similar  to  one  another. 

^  2.  The  eqaipotential  surfaces  in  the  two  diagrams  are  also 
similar  to  one  another.  If,  however,  the  distance  between 
the  particles  changes  from  /  to  a/,  the  equipotential  surface 

V  changes  to  a  similar  surface,  on  which  the  potential  is  — . 

If,  then,  the  ri^  line  of  force  cuts  the  equipotential  sur- 
face V  at  the  point  or,  y  in  the  first  diagram,  the  n*^  line  will 

cut  the  equipotential  surface  —  at  the  point  oar,  ay  in  the 
second  diagram.  ^ 

Thus,  in  the  uase  where  M=12  and  /=10  the  coordinates 
of  the  following  intersections,  among  others,  were  found  by 
measurement  on  a  carefully  prepared  diagram. 

Line  of  force. 

7 
7 

If  the  diagram  were  enlarged  in  the  ratio  of  4  to  1,  the 

coordinates  of  the  point  corresponding  to   the  intersection 

of  7  and  4  would  be  i^x  and  4^  or  21*4  and  9*12. 

V 
The  potential  at  this  point  would  be  V'=  —  =  1. 

Thus  we  have  found  the  coordinates  of  the  point  of  inter- 
section of  the  Une  of  force  7  and  the  equipotential  surface  1, 
when  the  distance  between  the  particles  is  40  centim. 

In  the  same  way,  and  by  means  of  the  same  original 
diagram,  the  point  of  intersection  can  be  found  for  a  number 
of  other  distances,  and  the  path  which  it  follows,  when  the 
two  particles  approach  one  another,  can  be  plotted  as  in  fig.  1. 

In  this  figure  the  first  of  the  numbers  in  brackets  attached 
to  each  curve  gives  the  number  of  the  eouipotential  surface, 
and  the  second  that  of  the  intersecting  line  of  force.  The 
numbers  along  the  curves  show  the  distance  of  the  particles 
from  the  centre  of  gravity,  when  the  energy-cell  is  at  the 
point  marked  on  the  curve. 

It  will  be  seen  that  the  energy-cells  move  in  more  or  less 
parabolic  cnrves  towards  the  centre  of  gravity  of  the  two 
particles,  and  that  during  this  process  tHev  are  constantly 
approaching  the  two  particles  ;  so  that,  if  these  are  not  infi- 
nitely smaU,  energy  must  be  constantly  passing  into  them 
from  the  sether. 

Maxwell  has  shown  that  in  all  cases  the  number  of  energy- 
cells  in  the  sether  is  twice  the  potential  energy  of  the  system. 
So  that,  if  we  suppose  each  cell  to  contain  half  a  unit  of 

2B2 


Digitized  by 


Google 


360         Mr.  H.  N.  Allen  on  Energy  Movements  in  tJie 

energy,  we  may  regard  them  as  preserving  their  identity 
when  the  bodies  approach,  and  as  being  al3sorbed  by  the 
moving  bodies,  so  that  their  potential  enorgy  is  converted 
into  kinetic.  A  conductor  moves  in  such  a  way  that  the 
absorbed  energy  is  a  maximum. 

Fig.  1  also  illustrates  the  rotation  of  the  energy-cell  as  the 
particles  approach.     If  on  any  one  of  the  energy-paths,  as 

Fig.  1. 


10  15 


for  instance  (i  .  7),  the  direction  of  the  line  of  force  (indi- 
cated by  a  dotted  line)  cutttng  it  at  different  points  be 
noticed,  it  will  be  seen  that  this  direction  constantly  changes 
as  the  particles  approach,  so  that  the  tangent  to  the  line  of 
force  rotates  about  the  point  of  intersection.     The  velocity 
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of  the  different  energy-cells  is  indicated  by  crosses  along  the 
curves,  at  such  points  that,  when  the  two  particles  come 
together  from  an  infinite  distance  apart,  the  cells  move  from 
cross  to  cross  in  equal  intervals  of  time.  The  same  time  is 
taken  in  moving  from  the  cross  marked  10  to  the  origin. 

5.  In  fig.  2  the  paths  of  the  c  nergy-cells  are  shown  when 
ivio  equal  like  particles  repel  one  another.     It  will  be  noticed 

Fig.  2. 


that,  as  the  particles  move  apart,  the  energy  in  each  half  of 
tho  field  follows  the  motion  of  the  particle  in  that  half^  and 
at  the  same  time  moves  nearer  to  the  central  line. 

It  is  clear  that  the  result  will  be  that  energy  will  flow  from 
the  dielectric  into  the  particle  as  it  moves  away,  and  being 
lost  as  potential  energy  will  reappear  as  energy  of  motion. 
Even  when  the  particles  are  an  infinite  distance  apart  there 
will  still  be  a  number  of  energy-cells  in  the  aether,  that  is,  the 
particles  will  still  possess  potential  energy. 

This  is  explained  by  supposing  that  every  polarization  tube 
must  begin  and  end  somewhere.  In  this  case  we  may  sup- 
pose that  though  A  and  B  are  an  infinite  distance  apart,  the 
negative  particle  C  is  again  an  infinite  distance  beyond  A, 
and  the  negative  particle  D  an  infinite  distance  beyond  B,  so 
that  the  tubes  from  A  end  in  C,  and  those  from  B  in  D. 
Then,  after  B  and  A  have  been  repelled  to  a  great  distance 
from  one  another  and  all  the  potential  energy  due  to  their 
original  nearness  has  been  exhausted,  there  will  still  remain 
the  energy  due  to  the  separation  of  D  from  B  and  of  A 
from  0. 
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6.  If  H,  is  the  intensity  of  the  electrostatic  field,  or  the  force 

acting  upon  a  particle  with  unit  charge  ; 
B,  the  number  of  tubes  of  induction  per  sq.  centim., 

or  the  induction  in  the  direction  of  the  line  of  force ; 
D«  the  number  of  polarization  tubes  per  sq.  centim.,  or 

the   polarization   or   displacement   in   the   same 

direction  ; 
K  the  dielectric  constant  of  the  medium  ; 

we  have  H^=  ^'  D,=  -t— *=t^» 

1  K 

The  length  of  an  energy-cell  is  tf  or  .    ^  . 

The  area  of  section  of  the  cell  is  *y . 
Thus  the  volume  of  the  cell  is 


The  energy-density  is 


27rD/       B/       KH,> 


The  volume  of  an  energy-cell  is  proportional  to  the  square 
of  its  length  measured  along  a  line  of  force.  Figs.  1  and  2 
show  how  in  general  the  portion  of  the  line  of  ibrce  inter- 
cepted between  two  equipotential  surfaces  diminishes  as  the 
movement  proceeds.  The  volume  of  the  energy-cell  con- 
stantly tends  to  diminish,  though  in  some  cases,  as  in  fig.  2, 
the  volunie  of  some,  of  the  cells  has  to  increase  for  a  while  to 
allow  the  rest  to  contract.     During  this  contraction  the  length 

of  the  cell  bears  to  its  area  the  constant  ratio  7—. 

47r 

It  has  seemed  worth  while  to  trace  roughly  the  curves  of 
equal  energy-density  in  the  sether  about  equal  unlike  and 
equal  like  particles.  These  are  shown  in  figs  3  and  4.  The 
numbers  apply  to  masses  of  100  with  a  distance  10  between 
them. 

7.  Maxwell  has  discussed  (Scientific  Papers,  vol.  1.  pp.  570- 
571)  the  modifications  which  must  be  made  in  the  theory  to 
make  it  fit  in  with  the  observed  facts  of  gravitation. 
,  The  energy  diagram  for  two  gravitational  particles  is  the 
same  as  that  for  two  like  electrified  particles.  The  polari- 
zation tubes  ^o  oflf  to  infinity,  and  do  not,  as  far  as  we  know, 
wid  on  negative  gravitational  matter. 

The  properties  of  the  cells  between  the  polarization  tubes 
apd  the  equipotential  surfaces  are  exactly  opposite  in  the  two 
cases  of  electricity  and  gravitation. 
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The  electrical  energy-cells  are  constantly  tending  to  con- 
tract both  in  length  and  section,  but  so  that  the  area  of  the 
section  always  bears  a  constant  ratio  to  the  length  of  the  cell. 
The  gravitational  energy-cells,  on  the  other  hand,  constantly 

Fifir.  3. 


Fig.  4. 


tend  to  expand,  the  same  ratio  holding  between  area  and 
length  as  in  the  former  case*  While  each  electrical  cell  con- 
tains according  to  Maxwell's  theory  half  a  unit  of  energy, 
the  gravitational  cells  mast  be  supposed  to  coniain  half  a 
unit  less  of  energy  than  the  same  volume  of  undisturbed 
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aether.  The  gravitational  cells  are  necative  energy-cells. 
This  expansion  of  the  negative  ener^-cells  implies  a  kind  of 
contraction  of  the  energy  of  the  gravitational  sether.  In  the 
case  of  electricity  the  final  state  is  reached  when  the  energy- 
density  is  everywhere  zero,  all  the  energy  having  passed  into 
the  particles  ;  in  the  case  of  gravitation  when  the  density  is 
uniform  over  a  series  of  concentric  shells,  being  a  maximum 
at  an  infinite  distance  from  ponderable  matter. 

8.  Fig.  2  shows  the  path  of  the  negative  energy-cells,  when 
two  equal  gravitational  particles  come  together  from  an  infinite 
distance  apart.  It  can  be  seen  that  the  cells  retreat  from  the 
particles  as  these  approach  one  another.  There  will  be  a 
greater  number  of  negative  cells  in  the  aether  when  the  par- 
ticles are  in  contact  than  when  they  are  at  a  distance.  This 
is  merely  another  way  of  saying  that  (positive)  energy  has 
passed  from  the  aether  into  the  particles. 

The  instantaneous  position  of  the  lines  of  energy-flow,  for  a 
given  position  of  the  moving  gravitational  particles,  is  some- 
tning  like  fig.  2,  the  motion  being  away  from  the  median 
plane  and  towards  the  line  joining  the  two  particles.  The 
flow  of  energy  is  on  the  whole  in  the  direction  opposite  to 
the  motion  of  the  particle.  The  potential  energy  absorbed 
by  two  gravitational  particles,  when  they  fall  together,  comes 
from  the  space  between  them. 

The  increase  in  the  number  of  negative  energy- cells,  when 
two  gravitating  masses  approach,  is  equal  to  twice  the  gain 
in  kinetic,  or  loss  in  potential  energy.  The  proof  is  the  same 
as  in  the  case  of  static  electricity,  due  regard  being  paid  to 
the  signs  of  the  quantities  involved. 

Thus  the  theory  may  be  advanced  that  each  of  these  nega- 
tive energy-cells  contains  half  a  unit  less  of  energy  than  the 
same  volume  of  aether  in  which  no  such  cells  exist.  An 
increase  in  number  of  these  cells  corresponds  to  a  flow  of 
energy  from  the  gravitational  jether  into  matter,  where  it  is 
converted  into  kinetic  energy. 

Some  difficulty  may  arise  in  special  cases  on  account  of 
the  fact  that  in  the  case  of  gravitation  the  attracting  mass 
has  a  volume  distribution,  instead  of  being  confined  to  a 
surface  like  static  electricity  on  a  conductor.  Each  unit 
mass  sends  out  a  tube  of  polarization,  whether  it  is  on  the 
surface  or  not,  and  a  considerable  proportion  of  the  energy- 
cells  exist  inside  the  surface. 

In  the  case  of  a  single  homogeneous  sphere,  at  a  distance 
from  all  other  bodies,  one  sixth  of  the  negative  energy-cells 
are  within  the  surface. 

It  is  clear,  then,  that  in  general  the  energy  is  not  removed 
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from  flie  aether  at  the  instant  the  negative  cell  passes  out 
throngh  the  surface,  but  perhaps  rather  at  the  instant  that  it 
comes  out  from  the  molecule.  In  other  words,  energy  may 
be  regarded  as  flowing  in  through  the  surface,  but  is  only 
absorbed  and  converted  into  kinetic  energy  when  it  passes 
into  a  molecule. 

0.  Maxwell  has  calculated  the  enormous  pressure  along  the 
lines  of  force  and  the  equal  tension  at  right  angles  to  thesn 
required,  according  to  his  theory,  to  account  for  the  attraction 
of  the  earth  by  the  sun.  A  minimum  value  for  the  amount 
of  energy  in  one  cubic  centimetre  of  gravitational  aether 
can  be  calculated  by  finding  the  negative  energy-density 
on  the  surface  of  the  sun  considered  as  a  body  of  uniform 
density.  . 

The  volume  of  the  energy-cells  at  any  point  is  -JL. 

The  intensity  of  the  gravitational  field  on  the  surface  of 

the  sun  is  H,=    ^,  where  M  is  the  mass  and  r  the  radius  of 

this  body.  If  p  is  the  density  of  the  sun  the  volume  of  an 
energv-cell  is 

ijn^  _     iirr^     _      9 

The  amount  of  energy  lacking  in  each  of  these  cells  is  half  a 
unit.  Hence  one  cubic  centimetre  of  aether  lacks  |7rpV' 
units.  These  are  static  units  of  energy.  One  dyne  equals 
1*544  X  10'  static  units  of  force,  th.Tefbre  one  erg  equals 
1-544x10^  static  units  of  energy.  Take  r  as  6370000  x 
100  x  110  centim.  and  p  as  1*31J.  Then  the  density  of  nega- 
tive energy  at  the  surface  of  the  sun  will  be 

2  7rXl-39'x637«x  110^X10^2 

y  1-544x10^ ^'8'  P®""  ''•''• 

=  4-289  X 10^*  ergs  per  c.c. 
=  42-89  X  10®  joules  per  c.c. 
=  16  horse-power  hours  per  c.c. 

This  would  seem  to  meati  that,  at  a  distance  from  ajl  gran- 
tating  matter,  a  cubic  centimetre  of  sether  contains  at  least 
this  amount  of  energy. 

10.  That  the  theory  may  reqnire  an  even  greater  energv- 
density  than  this  is  seen  as  follows.  Suppose  the  energy 
of  the  gravitational  aether  to  be  due  to  vortex  filaments  or 
tubes  of  directed  energy  interlacing  in  every  direction. 
Take  at  any  point  three  axes  at  right  angles  to  one  another. 


Digitized  by 


Google 


366  On  Electric  Energy»Distril%Ui<m» 

The  irregalar  distribution  can  be  replaced  in  imagination  by 
six  equal  sets  of  filaments  parallel  to  the  positive  and  negative 
directions  of  these  three  axes. 

In  space  at  a  great  distance  from  gravitational  matter  each 
of  these  sets  of  filaments  will  contain  the  same  amount  of 
energy.  Let  6a  be  the  amount  of  energy  in  one  cubic  centi- 
metre of  free  aether.  Let  the  positive  direction  of  the  X- 
axis  at  a  point  correspond  with  the  positive  direction  of  the 
gravitational  line  of  force  at  that  point.  Let  b  be  the  volume 
of  the  gravitational  energj'-cell.  Then  five  sets  of  filaments 
in  the  cell  may  contain  bah  units  of  energy,  and  the  sixth, 
which  has  the  direction  of  the  X-axis,  oi— 1  units.  Alto* 
gether  the  cell  will  contain  Qab-^l  units,  while  the  same 
volume  at  a  distance  from  gravitational  matter  will  contain 
6ab  units  of  energy. 

This  would  require  the  existence  of  96  or  say  100  horse- 
power hours  in  every  cubic  centimetre. 

11.  It  is  an  interesting  question  whether  this  theory  of 
energy-distribution  in  gravitational  aether  is  or  is  not  the 
simplest  and  most  probable.  That  other  distributions  are 
conceivable  appears  evident.  For  example,  the  aether  along 
the  straight  line  joining  the  centres  of  two  bodies  might  be 
regardeaas  a  stretched  ehistic  cord,  the  laws  of  contraction 
being  of  course  quite  diflerent  from  those  which  hold  for 
ordinary  elastic  bodies. 

Anotner  explanation  which  seems  possible  in  the  case  of 
two  gravitational  particles  is  as  follows.  In  the  energy  dia- 
gram for  two  equal  electrified  particles  with  opposite  siffn, 
suppose  each  infinitesimal  tube  of  polarization  to  be  divided 
into  two  equal  tubes  with  opposite  directions.  If  they  are 
regarded  as  vortex  filaments,  each  vortex  will  work  in  with 
its  neighbours  rotating  the  other  way,  like  one  friction- 
pulley  on  another. 

Then  it  is  clear  that  there  is  no  way  in  which  we  can 
regard  the  two  particles  as  opposed  in  sign,  and  yet  if  each 
of  the  two  sets  of  vortex  filaments  acts  as  electrostatic  tubes 
always  act,  the  particles  will  be  attracted  together. 

The  energy-flow  in  this  case  will  be  as  indicated  in  fig.  1, 
and  the  distribution  of  energy-density  as  in  fig.  3.  It  has 
not  been  found  possible  to  map  the  energy  field  in  this  manner 
for  three  or  more  particles.  Indeed,  the  difficulties  are  such 
that  it  seems  improbable  that  this  method  can  be  applied. 

1 2.  In  conclusion  it  may  be  well  to  notice  again  the  as- 
sumption on  which  this  paper  is  based  :  that  the  energy-cells 
preserve  their  identity,  and  carry  the  same  enercy  wifli  them 
throughout  their  path.     It  is  not  clear  that  this  is  necessarily 
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true.  It  may  be  that  energy  passes  from  the  potential  into 
the  kinetic  form  in  the  aether  itself,  and  not  merely  on  the 
surface  of  the  molecules.  Kinetic  energy  may  consist  of  the 
motion  of  the  whole  system  of  energy-cells,  xhis  would  lead 
us  very  near  the  theory  which  regards  the  molecule  as  being 
nothing  but  the  mathematical  centre  from  which  forces  pro- 
ceed, or  perhaps^  from  another  point  of  view,  as  having  infinite 
extension. 


XXXV.  On  a  Simple  Form  of  Harmonic  Analyser.  By 
Gkorob  Udny  Yule,  Demonstrator  in  Applied  Mathematics^ 
University  College^  London  *. 

''  The  subject  of  the  decomposition  of  an  arbitrary 
function  into  the  sum  of  functions  of  special  types  has 
many  fascinations.  No  student  of  mnthemadciil' physia>, 
if  he  possess  any  soul  at  all,  cao  fail  to  recognize  the  poetry 
that  pervsdes  this  branch  of  mathematics.*' — Olivkb 
Heaviside. 

§  1.  A  BOUT  a  year  ago  several  instruments  for  deter^ 
jl\.  mining  the  coefficients  of  a  Fourier  Series 
expressing  the  equation  to  a  given  curve  were  described 
belbre  this  Society  by  Professor  Henrici  t*  One  of  them, 
Professor  Henrici's  shifting-table  analyser,  used  a  planimeter 
as  the  integrator ;  an  arrangement  that  seemed  to  me  very 
noteworthy  from  the  point  of  view  of  simplicity  and  cheap- 
ness. The  analyser  I  am  going  to  describe  also  uses  a 
planimeter :  consequently  it  can  also  only  give  the  value  of 
one  coefficient  at  a  time. 

§  2.  Let  P  Q  R  be  the  curve  to  be  analysed.  Let  the  base 
PK  range  from  a'=— /  to  ;r=  -t  /,  and  the  equation  to  the 
curve  in  terms  of  a  Fourier  Series  be 

y=JAQ  +  AiCos^+A3Cos2^+  . . . 

+  Bi  sin  ^+82  sin  2^+  . . ., 
where 

e^irx/l 

and  ^Ao  is  the  mean  ordinate  of  the  curve.    The  values  of  the 
other  coefficients  are  given  by 

*  Communicated  hy  the  Physical  Society :  read  March  8, 1896. 
t  Phil.  Mapr.  xxxviii.,  July  1894 ;  also  Catalogue  of  the  Mathematical 
Exhibition  at  Munich  (1892-93). 
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1  r+'  * 

A„=  y  I      y  cos  710  d0, 

1  r+' 

B^=  ^       y^mnecie. 

These  are  the  integrals  which  any  harmonic  analyser  has  to 
evaluate. 

Now  suppose  we  have  a  circular  disk,  centre  K  (fig.  1), 

Fig.  1. 


constrained  to  keep  in  contact  with  a  straight  line  XX 
parallel  to  P  R,  and  capable  of  rolling  along  X  X  without 
slip.  Further,  let  X  X  be  capable  of  motion  in  the  plane  in 
a  vertical  but  not  a  horizontal  direction,  so  that  every  point 
fixed  in  it  describes  a  perpendicular  to  P  R.  Then  we  can 
make  the  point  K  trace  out  any  arbitrary  curve  by  moving 
X  X  and  rolling  the  disk  along  it. 

Bring  K  over  P,  and  then  mark  any  point  D  on  the 
horizontal  diameter  at  a  distance  r  from  the  centre  (not 
necessarily  inside  the  disk).  Starting  from  P  carry  K  right 
round  PQR  and  back  to  P  again  by  the  motion  just 
described.  Supposing  the  circumference  of  the  disk  to  be  an 
aliquot  part  of  P  R,  say  2///i,  let  us  find  the  area  of  the  curve 
traced  out  by  D  during  this  operation.  As  the  disk  turns 
through  an  angle  2nir  in  rolling  along  a  length  2Z  of  X  X, 
it  will  turn  through  n7r.r/Z  in  a  distance  x\  so  if  ^,  y  be  the 
coordinates  of  K  at  some  point  on  its  journey,  the  corre- 
sponding coordinates  of  D  will  be 

^— r .  cos  nir  .  cos  nOy 
y'\-r,  cos  nir  .  sin  nOj 
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where,  to  fix  the  sign,  we  have  assumed  D  to  lie  initially  to 
the  left  of  K  and  X  X  to  lie  above  the  disk,  as  in  the  figure. 
Hence  the  area  traoed  out  by  D  is 

Ri=jyrfir— r .  cos  mnjfd  (cos  iiS) 

-t-  r .  cos  wTr  Jsin  n^rf«— r' J  sin  nO  d  (cos  nO). 

The  last  two  integrals  vanish  on  taking  them  round  a  closed 
curve.  Nothing  is  added  to  either  of  the  first  two  by  con- 
tinuing the  integration  from  R  back  to  P,  as  y  is  then  zero. 
Therefore,  calling  the  area  of  the  whole  curve  P  Q  R  a,  we 
have 

Ri  =  a  +  cos  nTF  . -^  j    ^ysinnd.dx. 

Similarly,  if  D  had  been  initially  on  the  vertical  instead  of  on 
the  horizontal  diameter,  and  below  K,  we  should  have  had 


R2=a+  cosnTr 


-J-  I     y  cos  nu .  djc. 


It  will  evidently  be  convenient  to  take  r  some  multiple  of 
]/7r  units  of  length,  say  10.  We  then  have,  rewriting  the 
last  two  equations, 

when  r=10/7r 

Ri  =  a  +  cos  nir  .  lOnB,^, (1) 

Rj^af  cosnTT.lOwA^ (2) 

Care  must  be  taken  with  regard  to  the  sign  on  the  right-hand 
side  if  any  other  initial  position  of  disk  and  line  be  assumed 
than  that  dealt  with  above. 

§  3.  These  two  equations  contain  the  whole  theory  of  my 
instrument ;  they  show  how  to  construct  a  curve  the  area  of 
which  gives  the  required  coefficients.  The  geometrical 
mechanism  seems  to  me  to  be  somewhat  interesting,  and  to 
be  possibly  capable  of  generalization  by  the  use  of  noncircular 
disks. 

The  area  of  the  D-curve  (in  dealing  with  a  material 
instrument)  might  be  obtained  in  two  ways.  We  might  put 
a  pencil  througn  the  disk  at  D,  draw  the  curve,  and  integrate 
it  afterwards  :  or  we  might  attach  the  pointer  of  an  integrator 
to  1)  and  let  the  integrating  go  on  simultaneously  with  the 
follo^ang  of  the  curve. 

It  is  the  latter  alternative  that  I  have  adopted.  The  former 
method  would  have  some  advantages,  but  would  be  slow  and 
would  lead  to  mechanical  difficulties. 
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§  4.  The  first  analyser  on  this  principle  was  made  for  me 
last  summer  by  Mr.  James  Hicks.  Though  suffering  from 
sundry  defects  (due  entirely  to  my  own  design)  it  proved  a 
really  useful  and  workable  analyser,  but  required  too  much 
care  and  patience  in  use.  The  construction  has  now  been 
entirely  revised.  The  present  instrument,  designed  by  Mr. 
Horace  Darwin  and  made  by  the  Cambridge  Scientific 
Instrument  Company,  is  the  final  outcome.  For  several 
suggestions  1  am  indebted  to  Professor  Karl  Pearson. 

The  ruler  X  X  of  fig.  1  is  a  rolling  parallel  ruler  with  a 
rack  cut  along  its  front  edge  (fig.  2).     The  weight  of  the 

Fig.  2, 


rack  is  counterbalanced  by  a  block  projecting  from  the  back 
of  the  rule.  Normally  this  block  swings  just  clear  of  the 
paper,  but  it  may  be  held  down  when  one  wants  to  keep  the 
ruler  still. 

Corresponding  to  the  disk  of  fig.  1  we  have  a  series  of 
toothed  wheels;  the  number  of  teeth  in  the  successive  sizes 
being  240,  120,  80,  and  so  on.  Four  of  these  disks  have 
actually  been  made  ;  they  would  probably  be  workable  up  to 
the  sixth.  The  analyser  is  intended  to  work  to  a  base-length 
of  30  centim. ;  the  rack  being  cut  8  teeth  to  a  centimetre. 
The  ruler  itself  is  made  longer  for  the  sake  of  stability. 

The  largest  disk  is  the  simplest.  It  is  a  flat  disk  of  brass 
with  teeth  cut  round  the  edge.  Three  windows  are  cut 
through  it.     One,  in  the  centre^  is  glazed,  and  the  centre  of 
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thf)  glass  is  marked  (on  the  side  next  the  paper)  with  a  black 
dot,  the  "tracing  dot."  The  two  remaining  windows  are 
provided  with  ret*eren,ce  marks  that  give  with  the  centre  dot 
a  base-line  for  setting  the  disk  in  any  desired  position^  A 
small  conical  hole  is  made  in  the  top  of  the  disk,  on  a  radius 
perpendicular  to  its  base-line  at  a  distance  lO/ir  centimetres 
from  the  centre.  This  hole  serves  to  receive  the  tracing- 
point  of  an  ordinary  Amsler  planimeter,  which  -performs  the 
integration.  The  smaller  disks  are  built  up  in  three  layers — 
a  flat  bottom  plate,  the  toothed  wheel,  and  a  projecting  crank, 
in  the  top  of  which  is  the  planimeter  hole.  This  hole  is 
outside  the  circumference  of  the  toothed  wheel,  so  a  crank  or 
some  such  device  is  necessary.  The  crank  swings  clear 
above  the  rack  when  the  wheel  is  in  gear.  The  windows  are 
arranged  as  in  the  first  disk. 

§  5.  The  ordinary  pattern  Amsler  planimeter  with  an  arm 
about  16  centim.  long  does  very  well,  but  the  tracer  must  be 
made  vertically  adjustable.  The  alteration  is  easily  made 
without  risk  of  damage.  The  planimeter  remains  of  course 
available  for  its  ordinary  purposes,  and  for  the  determination 
of  the  absolute  term. 

The  travel  of  the  ruler  is  limited  in  two  ways  :  first  by  the 
"  reach  *'  of  the  planimeter,  secondly  by  the  risk  of  running  the 
reading  wheel  into  the  rack.  Curves  to  be  analysed  must 
conseouently  be  drawn  to  a  moderate  scale,  but  the  per- 
missible magnitude  varies  with  the  typo  of  curve.  If  the 
type  be  anything  like   (1)  of  fig.  3  (sine  type),  10  centim. 

Fi/.  J?. 


amplitudes  can  be  taken  in  comfortably  ;  but  if  the  type  be 
that  of  (2)  in  the  same  figure,  a  considerably  smaller  scale 
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must  be  used.  In  cases  of  physical  curves  {e,g,  E.M.F. 
curves  of  alternators,  conduction-of-heat  curves)  one  is 
generally  free  to  choose  the  limits  of  the  period  so  as  to 
Dring  the  curve  to  the  desired  type. 

The  accuracy  of  the  instrument  will  be  measured  by  the 
accuracy  of  the  planimeter.  This  cannot  be  fairly  stated  in 
percentages,  as  an  error  of  unity  in  the  vernier  reading  is 
never  difficulty  and  may  be  anything  per  cent,  in  a  small 
total.  I  strongly  recommend  drawing  curves  on  cardboard  ; 
it  is  much  more  favourable  to  the  planimeter  than  drawing- 
paper.  The  following  tests  may  be  taken  as  typical  of  the 
results  that  are  obtained  with  care  :  the  curves  were  drawn 
on  card  :  — 

(1)  Actual  curve, 

3- 13  +  4-GO  cos  ^  + 1-82  cos  20  +  -39  cos  Z0  +  045  cos  4tf. 
Analyser, 
3-14 +  4-58  cos  ^+ 1-84  cos  2tf  +  -39  cos  3tf  +  -042  cos  4tf. 

(2)  Actual  curve  (sloping  straight  line), 

6-37  sin  ^-318  sin  2^  + 2' 12  sin  3^-1-59  sin  4tf. 

Analyser, 

6-39  sin  ^-3-20  sin  2tf  +  211  sin  3^- 1*58  sin  id. 

The  units  are  centimetres. 

§  6.  So  much  for  the  accuracy  and  range  of  the  instrument. 

To  get  any  desired  coefficient,  the  ruler  is  set  with  its  edge 
parallel  to  the  curve-base  and  with  the  proper  disk  in  gear. 
Buler  and  disk  are  then  adjusted  till  the  tracing-dot  stands 
over  the  point  P  (fig.  1),  and  the  base-line  of  the  disk  is 
either  vertical  or  horizontal  according  as  a  sine  or  cosine 
term  is  wanted*  The  planimeter-point  is  finally  dropped 
into  the  hole  provided  for  it,  and  the  tracing-dot  carried  com- 
pletely round  the  curve.  The  resulting  planimeter  reading 
will  be  the  area  of  the  curve  plus  or  minus  10  n  times  the 
desired  coefficient. 

Both  hands  must  be  used  in  guiding  the  disk,  as  rack  and 
disk  have  to  be  held  together  while  the  latter  is  turned.  The 
operator  forms,  in  fact,  an  essential  link  of  our  mechanism 
which  without  him  is  unconstrained.  It  is  this  liberal  use  of 
the  operator  that  enables  me  to  dispense  with  slides,  carriages, 
and  other  expensive  things,  and  thus  gain  in  simplicity. 

§  7.  This  analyser  arose  from  a  simple  form  of  step-by-step 
integrator  or  "  adder  "  which  may  be  worth  a  brief  descrip- 
tion. The  instrument  is  shown  diagrammatically  in  fig.  4  :  it 
was  made  from  materials  at  hand  and  I  describe  it  as  made. 
A  B  C  D  is  a  square  sheet  of  card  with  a  foot-rule  glued  along 
one  edge  A  B.     A  set  square  F  £  G  can  be  slid  up  and  down 
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along  this  rule  :  it  is  provided  with  a  tracer  T  and  some  scales 
of  sines  S  S.     The  whole  sheet  of  card  is  guided  parallel  to 

Fig.  4. 


the  axis  of  j?  by  a  T-square  D  A  R  clamped  to  the  drawinff- 
board  :  if  the  card  is  pulled  forward  by  the  comer  A  the 
friction  keeps  it  set  against  the  square*  0  P  is  a  planimeter 
with  its  pole  fixed  to  the  card  and  its  pointer  P  restmg  on  one 
of  the  scales  of  sines,  which  must  stand  parallel  to  the  axis  of  x. 

Mark  off  along  the  base  of  the  curve  to  be  analysed  a 
number  of  equal  divisions,  e.  g,  6°  each,  and  erect  the  ordi- 
nates  yi,  y^^  &c.  at  the  centres  of  each  of  these  elements. 
Suppose  the  pointer  P  of  the  planimeter  to  rest  initially  at 
the  zero  of  tne  scale,  and  the  tracer  T  attached  to  the  set 
square  to  stand  over  the  origin  of  the  curve.  Pull  the  card 
forward,  carry  T  to  the  top  of  y^  and  then  shift  P  to  6°  on  the 
scale.  Pull  the  card  forward  again,  carry  T  to  the  top  of  y,, 
and  then  shift  P  to  12°.  Continue  this  procedure  right  on 
to  the  end  of  the  curve. 

P  will  then  have  come  back  to  its  starting-point  on  the 
scale,  after  describing  on  the  card  a  certain  curve  or  stepped 
polygon.     The  area  of  the  polygon  is 

yi  (sin  6°-  sin  0°), 
+  yj  (sin  12°- sin  6°), 
-f  ys  (sin  18°-  sin  12°), 

+ 

-fy4  (sin  360°- sin  354°), 
PhU.  Mag.  S.  5.  Vol.  39.  No.  239.  April  1895.      2  0 
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a  quantity  which  (as  the  elements  are  small)  approximates  Ix) 

I  yd{Bin0). 

Thus  the  planimeter-reading  after  this  procedure  gives  us 
the  first  cosine  coefficient.  I  need  not  enter  nt  length  into 
the  mode  of  getting  the  others.  For  the  second  coefficient 
one  would  have  to  shift  the  tracer  P  12°  at  a  time  instead  of 
6°,  and  so  on. 

In  my  case  I  actually  used  steps  of  6°,  as.  above;  and  there 
were  three  scales  on  E  F  G  going  by  steps  of  6°,  12°,  and  18° 
respectively  for  the  first  three  terms,  the  separation  of  the 
scales  helping  to  avoid  confusion.  The  results  were  good  :  for 
example,  m  one  test  the  actual  coefficients  were  4'82, 1*09,  '009: 
the  instrument  gave  4'86,  1*08,  '01.  The  chief  objection  to 
such  a  non-automatic  integrator  is  of  course  that  one  is  liable 
to  forget  to  shift  the  planimeter  pointer  at  some  stage  of  the 
proceedings.  The  chief  advantage  is  that  your  curve  need 
not  be  drawn  to  any  particular  base-length.  Whatever  the 
base,  it  is  only  necessary  to  divide  it  into  the  proper  number 
of  equal  parts,  and  erect  the  ordinates  at  the  centres  of  these 
elements. 

Suppose  we  wished  to  make  the  arrangement  automatic. 
We  might  substitute  for  the  harmonic  motion  of  P  along  S  S  a 
circular  motion  round  the  centre  of  S  S.  This  merely  amounts 
to  giving  P  another  harmonic  motion  (perpendicular  to  S  S), 
a  proceeding  which  adds  nothing  to  the  planimeter-reading 
if  the  integration  be  continued  completely  round  the  curve. 

But  this  is  not  an  easy  motion  to  obtain  mechanicallv.  The 
difficulty  is  obviated  at  once  if  we  remove  the  card  A  B  C  D 
altogether  and  fix  the  pole  of  the  planimeter  in  the  drawing, 
board.  If  we  give  P  the  same  circular  motion  as  before  we 
have  the  "  disk ''  analyser,  which  I  described  in  the  first 
pai-t  of  this  paper.  The  area  of  the  curve  analysed  is  added 
to  the  integral  given  by  the  planimeter,  but  that  is  all. 

Evidently  in  the  instrument  of  fig.  4  we  ha^e  only  taken 
a  special  case  in  making  the  scales  scales  of  sines.  We  might 
have  used  scales  graduated  proportionally  to  ^  and  got 
moments.  Any  other  integral  could  be  obtained  approxi- 
mately if  a  proper  scale  could  be  drawn. 
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XXXVI.   The  Clark  Cell  when  producing  a  Current. 

To  the  Editors  of  the  Philosophical  Magazifie. 

Gbntlembn, 

IN  the  Philosophical  Magazine  for  March  1895  you  have 
published  a  letter  from  rrofessor  Threlfall  criticising  my 
experiments  on  the  Clark  cell  when  producing  a  current.  I 
should  like  to  reply  to  some  points  in  it. 

Professor  Threlfall  quotes  my  definition  of  the  quantity 
which  I  have  called  the  polarization  of  the  cell.  The  method 
of  determining  this  quantity  depended  on  measuring  sepa- 
rately the  resistance  of  the  contents  of  the  cell  treated  as  an 
electrolyte  and  of  the  wire  through  which  the  cell  was  used  to 
maintain  a  current.  Knowing  tne  current,  I  calculated  the 
E.M.F.  required  to  maintain  it  in  an  equivalent  wholly 
metallic  circuit  having  a  resistance  equal  to  the  sum  of  these 
two  values.  The  difference  between  this  E.M.F.  and  that  of 
the  cell  at  rest  I  tabulated  as  the  polarization  with  varying 
current-density.  This  point  was  considered  very  carefully  by 
me  at  the  time,  and  it  appeared  that  the  resistance  of  the  con- 
tents of  the  cell  could  only  be  changed  through  unequal 
migration  of  ions  and  electrolytic  endosmose.  Now  the  effect  of 
these  two  causes  would  be  permanent  when  the  cell  was  again 
placed  on  open  circuit ;  and  so  if  measurements  taken  before 
and  after  the  cell  was  used  did  not  show  any  wide  divergence, 
it  is  legitimate  to  assume  that  whilst  the  current  was  flowing 
the  resistance  would  lie  somewhere  between  these  two  values. 
This  is  the  reason  which  led  me  to  adopt  this  method  of 
statement  of  results. 

The  actual  measurement  of  the  resistance  of  the  cell  showed, 
as  I  expected,  very  little  change.  The  testing-current  was 
of  the  order  of  "007  ampere. 

The  temperature  of  the  147  ohm  wire  through  which  the 
current  of  approximately  '01  ampere  was  maintained  could 
not  have  been  far  different  from  that  of  the  oil-bath.  A 
current  of  this  magnitude  would  only  produce  12*6  gram 
Centigrade  thermal  imits  in  one  hour;  and  as  the  wire 
(20  grams)  was  openly  wound  "on  an  ebonite /ram^," it  does 
not  seem  likely  that  it  would  have  been  much  hotter  than  the 
oil.  It  would  require  a  rise  of  10*^  C.  to  produce  a  change  of 
•6  ohm.  The  case  is  not  at  all  comparable  with  Mr.  Griffiths', 
where  current  up  to  an  ampere  was  used.  Besides,  it  must 
be  remembered  that  any  possible  error  in  the  resistance  of 
this  ynre  would  have  very  little  infltience  on  the  magnitude 
of  the  quantity  which  I  have  called  the  polarization  of  the  cell. 
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My  results  when  the  current  was  maintained  indicate  that 
the  potential-difference  at  the  electrodes  became  less.  In  my 
earliest  experiments,  when  two  Leclanch^  cells  were  used  in 
the  potentiometer  circuit,  I  found  an  effect  similar  to  that 
observed  by  Professor  Threlfall.  This  is  stated  in  my  paper, 
§  5  and  §  7,  and  as  such  a  result  was  not  expected  and  did 
not  for  many  reasons  seem  to  be  connected  with  the  Clark 
cell,  I  placed  large  Clark  cells  in  the  place  of  the  Leclanch^s. 

The  considerations  which  led  me  to  make  this  change  may 
be  shortly  summarized.  Firstly,  the  comparison  of  the  size 
of  the  plates  in  the  two  cells  is  greatly  in  favour  of  the  large 
Clark,  and  also  the  soluble  depolarizer  in  that  cell  would  cause 
more  efficient  depolarization.  Secondly,  I  have  frequently 
observed  when  using  the  potentiometer  that  the  same  value 
may  be  obtained  for  the  potential-difference  of  a  short- 
circuited  Clark  before  and  after  an  interval  during  which  the 
Clark  has  been  on  open  circuit,  provided  no  large  plug  change 
has  been  made  during  the  interval.  On  the  other  hand,  a 
large  plug  change,  sucn  as  testing  the  E.M.F.  of  the  cell  with 
its  poles  open  will  lead  to  a  new  value  when  its  poles  are 
again  closed.  Thirdlv,  when  determining  the  absolute  value 
of  the  E.M.F.  of  the 'Clark  cell  with  Mr.  Glazebrook  (Phil. 
Trans.  1892),  we  thought  it  safer  to  avoid  large  plug  altera- 
tions, and  so  abandoned  this  process  to  adopt  one  in  which  a 
mercurial  rheostat  in  the  main  circuit  could  be  varied  so  as  to 
maintain  the  electrodes  of  the  standard  resistance  at  a  constant 
difference  of  potential.  With  this  alteration  my  experiments 
became  regular ;  seven  sets  were  obtained  (one  lasted  16 
hours),  and  I  was  satisfied  that  the  original  irregularity  was 
due  to  the  Leclanch^s.  The  average  of  four  sets  is  given  in 
my  paper.  If  I  were  to  repeat  these  measurements  1  should 
now  use  one  large  accumulator  and  a  wire  rheostat  for  that 

Eart  of  the  potentiometer  where  alterations  of  resistance  would 
ave  to  be  made,  and  thus  avoid  all  rapid  plug  changes.    This 
arrangement  would,  I  am  sure,  give  better  results. 

My  object  in  referring  to  Mr.  Fitzpatrick's  paper  in  the 
easily  accessible  BA.  Reports  was  to  avoid  a  lengthy  descrip- 
tion of  an  apparatus  which  is  in  continuous  use  in  the 
Cavendish  Laboratory.  In  his  paper  Mr.  Fitzpatriek  has 
made  the  proper  references  to  Macgregor's  ana  Professor 
Kohlrausch's  well-known  work. 

I  am.  Gentlemen, 

Yours  respectfully, 

S.  Skinner. 
Cambridge,  March  9,  1895. 
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XXXVII.  On  some  Experiments  with  Alternating  Currents* 
By  A.  Sadowsk Y,  University  Professor  in  Turiew  {Dorpat) , 
Russia*. 

To  the  Editor's  of  the  Philosophical  Magazine^ 

Gentlemen, 

IN  No.  238  (vol.  xxxix.  1895)  of  your  valuable  Magazine 
Mr.  Griffiths  has  published  a  paper  on  "  Some  Experi- 
ments with  Alternating  Currents,"  in  which  he  describes 
some  experiments  with  Lenard's  bismuth  spiral.  I  was  inves- 
tigating the  same  subject  in  1892-1893,  and  obtained  the 
following  results,  agreeing  well  with  those  of  Mr.  Griffiths. 

(1)  With  the  bismuth  spiral  in  a  strong  field  absolute 
silence  in  the  telephone  is  never  obtained,  but  only  a  minimum 
of  sound. 

(2)  The  superficial  distribution  of  alternating  currents  is 
without  influence  on  the  resistance. 

(3)  The  resistance  of  bismuth  depends  on  the  phase  of  the 
current. 

The  following  results  are  similar  to  those  of  Mr.  Griffiths, 
but  do  not  coincide  with  them  in  every  respect: — 

(1)  The  bismuth  spirals  have  something  like  the  self- 
induction^  but  not  equivalent  to  it;  I  have  tried  the  hypothesis 


'-('-15> 


where  r©  is  the  resistance  for  a  constant  current, 
i   the  current, 

\  a  constant  positive  coefficient,  and 
r   apparent  resistance  (measured  with  a  Wheatstone 
Tbridge  and  telephone). 
Under  this  hvpothesis  r  must  be  always  >  r^,  which  does 
not  agree  with  the  experiments  of  Lenard,  Zahn,  and  myself. 
(2)  I  have  observed  the  difference  of  resistance  with  fre- 
quency 500  without  field  to  be  as  stated  by  Messrs.  Lenard 
and  Zahn;  the  resistance  with  a  constant  current  was  greater 
(0*1  per  cent.). 

In  addition  to  the  above,  I  have  found  the  following  : — 
(1 )  M.  Lenard^s  statement  that  the  difference  of  resistance 
is  due  to  the  currents  of  great  frequency,  i.  e.  10,000,  is 
erroneous.     Let  ordinates  of  the  curve  A  B  C  D  represent  the 

*  Abstract  of  a  paper  publbhed  in  tbe  Journal  of  the  Russian  Physico- 
Chemical  Society,  v<5.  xxvi.  pp.  81-166  (1894). 
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current  and  abscissfe  the  time.  If  we  divide  the  curve  in 
tjiree  parts  AB,  BO,  CD,  such  that  ABi=:B,Ci=  CiD  (ap- 
proximately), and  measure  the  resistance  with  the  currents 

Fig.l. 


AB,   BC,  CD;  then  denoting  the  measured   resistance  by 
P\}  Pi9  Psy  I  have  obtained  experimentally : — 

(a)  Without  magnetic  field,  with  frequency  4-6: 

{b)  With  intense  magnetic  field,  with  the  same  frequency, 
4-6: 

Pl>P2>PZ' 

Taking  p^  as  unity,  the^^foUowing  figures  are  obtained  for 
four  spirals: — 


Pi- 


ps- 


1-0045 

0-9927 

1-0037 

0-9938 

1-0030 

0-9940 

1-0036 

0-9943 

If  we  take  the  currents  represented  by  the  curves  figs.  2  and  3 
and  measure  the  same  pi,  pj,  pz,  vre  obtain  as  above, 

Pi>P2>pzi 

but  the  differences  Py—pt  and  p^—pz  are  much  smaller  than 
with  the  current  ABCD. 

My  method  of  experimenting  for  obtaining  the  data  for  />i, 
/},,  and  pz  was  similar  to  that  of  Mr.  Griffiths.  The  alter- 
nating current  was  supplied  by  a  small  magneto-electric 
machine  set  in  motion  by  an  electromotor.  This  current  was 
sent  through  a  Wheatstone  bridge,  in  one  branch  of  which 
was  placed  a  bismuth  spiral.  The  galvanometer  branch 
Qontamed  an  automatic  double  intermittent  contact  (rotated 
by  the  magneto-electric  machine  supplying  the  alternating 
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carrent),  by  which  it  was  possible  to  complete  the  circuit  of 
the  galvanometer  for  the  parts  of  the  current  AB  or  BO,  and 
BC  or  CD,  and  thus  to  compare  immediately  p^  with  p^,  and 
Pt  with  pi. 

In  the  first  part  of  my  investigation  I  measured  without 
field  the  resistance  of  a  bismuth  spiral  with  a  telephone,  and 


Fig.  t\ 


an  alternating  current  obtained  from  a  Kohlrausch  induc- 
torium.  As  interrupter  I  took  a  toothed  wheel  turned  by  an 
electromotor;  the  frequency  of  interruption  varied  between  92 
and  2088,  the  difference  of  resistance  varied  with  the  frequency 
between  0*12  and  0*27  per  cent. 

March  18, 1895. 


XXXVIII.  Notices  respecting  Neto  Books. 

The  Cheat  Ice  Age  and  its  Relation  to  the  Antiquity  of  Man.  By 
James  Gbikib,  D.C.L.,  LL.D,,  F.RJS.,  ^c.  Third  Edition. 
Pages  i-xxviii;  and  1-450;  with  18  maps  and  78  illustrations. 
8vo.     Stanford:  London,  1894. 

^HIS  new  edition  of  an  important  geological  work  has  been 
-*-  "  largely  rewritten "  by  the  Author,  and  contains  two  new 
chapters  on  the  "Glacial  Phenomena  of  North  America/'  by 
Professor  T.  C.  Chamberlin. 

As  a  systematic  account  of  the  visible  results  of  ice-action  on  a 
lai^  scale  in  this  part  of  the  World,  and  of  the  probable  history 
of  the  origin,  profi^ress,  and  end  of  this  period  of  glaciation,  we 
have  here  a  valuable  repertory  of  facts  and  opinions  recorded  by 
many  geological  enquirers  and  grouped  by  one  who  has  studied 
the  subject  for  almost  a  life-time,  formerly  one  of  the  members 
of  the  Geological  Survey  engaged  in  mapping  the  geology  of 
Scotland,  and  now  holding  the  Chair  of  Geology  at  Edinburgh, 
Professor  James  Geikie  has  naturally  taken  up  one  of  the  most 
interesting  groups  of  geological  features  in  that  country  as  a 
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special  study.  The  nature,  characters,  and  distribution  of  the 
tul  (boulder-claj)  and  erratics,  striated  rock-surfaces,  rock-» 
basins,  kaims  and  escars,  beds  of  arctic  shells,  and  the  local  alter- 
nations of  sands,  gravels,  clays,  and  lignites  with  the  till,  have 
readily  attracted  the  attention  of  geologists,  and  the  consideration 
of  their  probable  origin  fully  occupies  the  philosophic  mind  and 
feeds  the  scientific  imagination.  As  similar  natural  features 
abound  in  other  parts  of  the  world,  scientists  of  many  sorts, 
having  concluded  that  ice  must  have  been  the  chief  agent  con- 
cerned with  these  phenomena,  have  carefully  observed  its  various 
physical  conditions,  and  have  invented  many  hypotheses  about  its 
movements  and  their  results.  The  compilation  of  these  facts  and 
opinions,  here  offered  by  the  Author,  is  naturally  affected  by  his 
own  predilections  and  conscientious  beliefs,  which  occasionally 
lead  him  to  oppose  or  ignore  some  even  late  researches  on  ice- 
fields and  superficial  drifts. 

The  "  List  of  Authors  quoted  or  referred  to "  (about  680)  at 
pages  832-838  indicates  the  wide  extent  of  the  literature  to  be 
dealt  with ;  and  Prof.  J.  Geikle  intimates  with  truth  that  the  list 
does  not  exhaust  what  has  been  published  about  the  facts  and 
inferences  relating  to  glacial  phenomena  and  the  former  existence 
of  wide-spread  and  intense  action  of  Ice  on  some  parts  of  the 
Earth's  surface. 

In  the  first  (1874)  and  second  (1878)  editions  of  this  book, 
"  The  Great  Ice-Age  and  its  relation  to  the  Antiquity  of  Man,** 
Scotland  supplied,  as  now,  the  typical  facts  and  phenomena  of  a 
Glacial  region,  with  its  subsequent  (Post-glacial)  conditions ;  and, 
as  great  changes  of  climate  seemed  to  be  involved  in  that  geo- 
logical history,  these  were  considered  on  the  basis  then  regarded 
as  the  best  available.  Clearer  recognition  of  leading  facts,  and 
their  more  perfect  explanation,  have  much  modified  the  hypotheses 
that  were  then  received  as  good  and  useful;  and  the  Author 
in  this,  the  Third  Edition,  endeavours  to  give  his  opinion  clearly 
on  the  results  both  of  the  new  and  extended  examinations  of  the 
physical  phenomena,  and  of  many  criticisms  on  the  one  hand,  and 
helpful  suggestions  on  the  other. 

In  the  order  of  the  subject-matters  of  the  book,  the  glacial 
deposits  seen  in  Scotland  come  first,  with  the  boulder-clay,  its 
composition,  relative  position,  special  characters,  and  local  features. 
Various  modes  of  its  origin,  hypothetically  advanced,  whether  by 
violent  aqueous  agency,  or  by  the  mediation  of  glaciers  and  ice- 
bergs, are  dealt  with  ;  and  a  careful  account  is  given  of  glaciers, 
and  of  the  modes  and  results  of  their  action  on  the  surface  of  the 
ground. 

Chapter  lY.  is  devoted  to  icy  Greenland  and  its  supposed 
constitution  of  separate  islands ;  and  treats  of  Arctic  glaciers, 
with  icebei^,  foot-ice,  and  sea-ice,  and  the  littoral  accumulations 
of  earthy  and  stony  debris.  Tbese  are  illustrative  of  much  of 
the  ice-work  which  has  modified  the  surface  of  Scotland. 

The  glacial  origin  of  the  Till  being  accepted,  there  follows  a 
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coDsideration  of  the  probable  modes  and  processes  of  ice-action 
in  producing  its  clay  and  stones,  and  in  grinding,  rounding, 
polishing,  and  sooring  the  latter  (Chapters  V.  and  VI.).  Doubtless 
the  glacier,  as  is  well  known,  could  do  all  this ;  but  it  is  very 
doubtful  indeed  if  the  boulder-claj  was  a  persistent  floor  of  any 
glacier ;  or  that  the  stones  were  not  all  derived  from  the  frozen 
rocks  of  the  valley  giving  ofiE  their  debris  from  the  sides  to  its 
surface.  No  ice  could  tear  solid  blocks  from  the  floor.  Water 
running  beneath  the  glacier  carries  along  abundant  mud  and  sand 
amidst  the  grinding  pebbles  of  the  so-called  '^  moraine  profonde ;  ** 
and,  though  some  layers  are  lodged  in  hollows  and  quiet  recesses, 
the  rest  passes  on  towards  the  glacier's  foot,  wherever  that  may 
be,  in  river,  fiord,  or  open  sea.  These  considerations^  as  to 
whether  it  was  a  persistent  bed  on  the  glacier's  floor  (quite 
impossible),  or  accumulated  at  its  foot  by  water,  with  or  without 
icebergs  and  ice-floes,  necessarily  affect  the  explanation  of  the 
local  occurrences  and  disposition  of  the  Boulder-clay,  also  of  its 
recurrence  after  the  existence  of  a  land-sur&ice,  and  of  its  occa- 
sional fossil  shells  and  other  organisms. 

The  physical  evidences  of  ancient  ice-sheets  ("mers  de  glace") 
affecting  Scandinavia  and  the  British  Isles,  and  regarded  as 
having  been  more  or  less  conterminous  or  continuous,  are  enlarged 
upon,  and  PL  IX.,  opposite  page  437,  delineates  the  supposed 
greatest  extent  of  this  glaciation.  Whether,  however,  this  con- 
dition existed  over  the  European  area  uniformly  at  one  and  the  same 
time,  and  how  thick  the  main  ice-sheet  may  have  been,  are  points 
not  yet  proved  to  the  satisfaction  of  all.  In  this,  as  in  some 
other  cases,  the  Author  prefers  to  collate  and  use  the  ideas  and 
statements  supporting  his  views,  without  reference  to  contrary 
opinions. 

Stratified  and  unstratified  beds  associated  \iith  the  Scottish 
Till  form  the  text  of  Chapters  YII.  to  ZIU.  At  page  89  allusion 
is  made  to  "  gravel,  sand,  silt,  mud,  brick-clay,  and  peat "  that 
underlie  the  lower  till,  and  to  similar  beds  lying  upon  it  and^ 
covered  by  the  upper  till.  Some  such  deposits  contain  freshwater 
fossils,  and  in  some  others  there  are  marine  shells.  These  '*  beds 
below  and  in  the  till "  are  stated  (p.  192)  to  indicate  pauses  in  its 
formation  (though  the  lowest,  being  beneath,  would  seem  to  have 
been  formed  previously!),  and  to  have  been  due  to  ordinary 
water-action.  They  are  often  of  great  interest,  and  have  been 
carefully  examined  by  the  geologists  of  Scotland  wherever  met 
with  in  exposures,  diggings,  and  borings.  From  them  much  has 
been  gathered  as  to  the  probable  changes  of  fauna  and  flora  under 
diflerent  successive  climates  ("  recurrent  cold  and  warm  periods  **) ; 
also  of  the  former  varying  lines  of  rivers  and  lakes,  and  of  the 
conditions  and  features  of  the  country  during  the  formation  of 
these  "  glacial ''  and  '*  interglacial "  deposits. 

Chapters  XIV,  to  XVII.  treat  of  glacial  deposits  overlying  the 
till  of  Scotland,  and  their  origin.  These  are  the  &sar  (escars)  and 
kames,  ridges,  mounds,  and  terraces  of  gravel  and  sand,  due  to 
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the  material  of  moraines  of  probably  decaying  glaciers  having  been 
shifted  and  arranged  by  strong  sti^ms  of  water  running  there- 
from ;  hence  they  are  said  to  have  been  formed  by  fluvio-gkcial 
agency.  Scattered  blocks  ("erratic"),  broaght  from  a  distance 
and  left  on  the  melting  of  the  ice,  and  morainic  accnmulations 
left  in  mountain-valleys,  come  in  the  same  category  as  the  above. 

Lakes  and  rock-basins  occupy  Chapters  XVIII.  and  XIX. 
Several  modes  of  origin  are  known  for  lakes,  and  some  are  briefly 
mentioned  here.  For  lakes  in  the  supposed  ice-ploughed  hollows 
in  solid  rock,  a  favourite  subject  with  his  friend  the  late  Sir 
Andrew  Bamsay,  Prof.  J.  Oeikie  advances  all  the  evidence  he  can, 
ignoring  what  has  been  brought  forward  and  published  to  the 
contrary, 

GDapters  XX.  and  XXI.  explain  that  other  superficial  deposits 
later  in  age  than  the  "upper  till'' were  brought  about  by  the 
existence  of  "  district  ice-sneets  and  local  glaciers,"  belonging  to 
Br.  J.  Geikie's  "  third  glacial  epoch  "  (p.  283).  These,  he  thinks, 
succeeded  "  interglacial"  conditions,  and  were  locally  coincident 
with  some  shelly  deposits  on  the  sea-board,  especially  along  the 
Firths  of  the  Clyde  and  Forth.  It  is  to  this  period  that  the 
Author  now  refers  the  origin  of  the  **  parallel  roads  of  Glenroy  " 
by  the  intervention  of  the  great  western  ice  crossing  the  neigh- 
bouring valleys  lower  down  and  therebv  causing  lakes,  as  first 
suggested  by  Agassiz,  and  subsequently  defined  by  Jamieson  and 
Prestwich  (p.  283). 

Later  formations,  either  within,  orjast  subsequent  to  the 
Glacial  Period  are  noted  in  Chapters  XIlII.  &  XXIII.,  as  peat- 
bogs, raised  beaches,  sand-dunes,  river-terraces,  and  old  lake-beds, 
beuing  recognizable  evidence  of  their  relative  age,  contemporary 
with  a  partial  submergence  of  the  land ;  and  with  a  cold  cbmate, 
destructive  of  the  forests  and  giving  rise  to  some  highland  daciers. 
A  repetition  of  the  foregoing  or  similar  conditions ;  and  then  the 
last  elevation  of  the  land,  and  the  arrival  of  the  present  state  of 
things,  constitute  part  of  the  eleven  successive  changes,  from  the 
"  lower  till "  to  the  existing  land  and  sea,  succinctly  enumerated 
at  page  325,  so  far  as  Scotland  is  concerned. 

We  are  now  led  to  the  consideration  of  glacial  phenomena  met 
with  (1)  in  England  and  Ireland;  (2)  Northern  Europe;  (3) 
Central  Europe;  (4)  the  Alps,  and  other  parts  of  Europe,  in 
Chapters  XXIV.  to  XXXVI.  This  last  chapter  enumerating  five 
glacial  epochs,  each  with  its  interglacial  epoch,  brings  us  to 
present  or,  rather,  prehistoric  times,  and  comprises  long  periods 
during  which  Man  has  existed  in  this  part  of  toe  World. 

The  last  or  •'*  pi^senf  epoch  (p.  612)  was  "  marked  in  Britain  by 
the  retreat  of  the  sea  to  its  present  level,  and  by  the  return  of 
milder  and  drier  conditions,  and  the  final  disappearance  of 
permanent  snow-fields."  * 

The  Author  arranges  the  "glacial  succession**  in  the  British 
Islands  as  follows  (beginning  with  the  lowest) : — 
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1.  Wejboum  crag  and  Chillesford  clay.    Marine  deposits  with 

pronounced  arctic  fauna. 

2.  Forest-bed  of  Cromer.     Temperate   flora ;   Elephas  mendi- 

onaliSf  E,  aniiquuSy  Bhinoceros  Etrriseus^  Bippapotamus^  &c, 

3.  Lower  Boulder-clays  and  associated  fluvio-glacial  deposits. 

Oround-moraines  (?  )*,  &c.,  of  most  extensive  ice-sheet. 

4.  Marine,  freshwater,  and  terrestrial  accumulations ;  basin  of 

Moray  Firth;  basin  of  Irish  Sea;  Lanarkshire;  Ayrshire; 
Edinburghshire,  &c. ;  Hessle  gravels;  Sussex  beach-de- 
posits, &c. ;  Settle  Cave,  &c. 

5.  Upper  Boulder-clay  and  associated  fluvio-glacial  deposits. 

Ground-moraine  (?)  of  ice-sheet  which  extended  south  to 
the  Midlands  of  England. 

6.  Freshwater  alluvia  underlying  oldest  peat-bogs ;  probably  a 

considerable  proportion  of  our  so-<»lled  "post-glacial" 
alluvia.  Temperate  flora  and  fauna ;  Lrish  deer,  red  deer, 
Bos  primigenius^  &c. 

7.  Boulder-clays  and  terminal  moraines  of  mountain-regions. 

The  100-feet  beach  of  Scotland ;  arctic-plant  beds.  Moraine 
accumulations  of  district-  and  large  valley-glaciers ;  arctic 
marine  fauna;  snow-line  at  1000  to  1600  feet ;  arctic  flora, 

8.  Lower  buried  forest.    Temperate  flora  and  fauna. 

9.  Peat  overlying  the  "  lower  buried  forest ; "  Carse-clay  and 

raised  beaches  ;  valley-moraines ;  corrie-moraines. 

10.  Upper  buried  forest.     Temperate  flora  and  fauna. 

11.  Peat  overlving  "upper  buried  forest;'*  low-level   raised 

beaches;  high-level  valley-  and  corrie-moraines.     Small 
eladers  in  the  most  elevated  regions;  snow-line  at  3500 
.,  leet. 

The  contemporary  European  formations  for  each  of  the  eleven 
above-mentioned  epochs  follow  at  pages  614  and  615. 

In  arriving  at  his  conclusions  as  to  the  succession  of  the 
"  Glacial "  deposits,  and  as  to  the  conditions  under  which  they  were 
probably  formed,  the  Author  has  evidently  been  specially  influenced 
by  his  belief  that  the  main  agents  have  been  enormous  '*  ice- 
sheets"  and  their  supposititious  "ground  moraines,"  of  great 
thickness  and  consistency;  and  not  separate  glaciers,  icebergs, 
ice-floes,  and  coast-ice,  makine  and  distributing  mud  and  sand  mth 
gravel  and  boulders,  and  helping  to  make  up  the  full  score  of 
strise.  For  the  changes  of  climate  accounting  for  the  coming  and 
going  of  the  seemingly  probable  arctic  and  temperate  conditions, 
indicated  by  the  glacial  and  non-glacial  pheaomena,  the  Author 
favours  the  astronomical  (Croll  and  Ball)  hypothesis. 

Prof.  G^ikie  argues  assiduously  and  plausibly  on  all  these 
points,  without  allowing  full  weight  to  published  objections.  An 
ideal  moraine  profonde^  such  as  would  suit  a  widely  coutiuuous  and 
thick  "boulder-clay,"  would  far  exceed  the  limited  dimensions 

*  See  above,  p.  881.  for  some  remarks  on  the  morainen  profondes^saB^ 
posititious  as  far  as  the  great  boulder-days  are  concerned, 
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aud  conditious  of  the  movable  mixture  of  mad,  sand,  and  stones, 
that  grind  and  are  ground  on  a  glacier's  floor,  until  they  find  exit 
at  the  terminal  moraine,  or  are  taken  ofl'  by  icebergs  to  form 
submarine  till.  If  the  maxima,  or  even  the  existence,  of  ice- 
sheet  periods  are  to  be  calculated  according  to  the  extent  and 
thickness  of  such  supposed  houlder^lay  floors  (hundreds  of  feet 
thick),  the  calculations  must  be  erroneous :  whilst  doubtless  the 
distribution,  by  river,  lake,  and  sea,  of  the  clay  and  stones 
resulting  from  the  grinding  work  of  the  gUiciers  simply  and 
satisfactorily  meets  many  of  the  geological  requirements. 

A  very  large  amount  of  instructive  geological  dotail,  obtained 
by  personal  research  and  from  a  variety  of  sources,  is  arranged 
systematically  in  treating  of  stratified  and  other  formations  whose 
origin  was  in  any  way  associated  with  periods  of  extreme  cold  and 
with  milder  intermediate  times, — for  Scotland  (as  we  have  seen) 
in  Chapters  II.  tb  XXUI. ;  for  England  in  Chapters  XXIV.  to 
XXVII.;  and  for  Ireland  in  Chapter  XXVIII.  The  amount  of 
information  collected  for  Europe  (Northern,  Middle,  Alpine, 
and  Western)  in  Chapters  XXIX.  to  XXXVI.  is  extensive,  and 
is  carefully  arranged;  resulting  (pages  607-615)  in  the  Author's 
determination  of  six  glacial  epochs,  each  with  its  sequent  iniergladal 
period ;  the  last  of  the  latter  exists  at  present  time. 

He  supports  this  frequency  of  climatal  changes  by  reference  to 
his  interpretation  of  successive  glacial  and  non-glacial  deposits, 
and  the  concomitant  topographical  modifications  in  the  outlines, 
heights,  and  depths  of  land  and  water.  These  being  more 
numerous  and  complicated  thaa  they  were  thought  to  be  when  his 
earlier  editions  were  published. 

A  careful  study  of  the  many  published  accounts  of  the  nature, 
extent,  and  origin  of  the  Loess  or  Lehm  is  given  in  Chapter 
XXXVIII.  This  Pleistocene  deposit  is  described  as  a  fluvio- 
glacial  inundation-deposit,  largely  modified  and  rearranged  by 
wind,  snow,  and  dust-storms,  and  naturally  containing  multi- 
tudinous mammalian  bones,  many  land- shells,  and  other  rarer 
fossil  remains.  It  necessarily  constitutes  an  important  link  among 
the  results  of  the  dying  ice-age,  and  the  gradui^  disappearance  of 
the  glaciers. 

The  advent  of  a  cold  climate  was  indicated  for  Europe  in  the 
Pliocene  times  ;  and  the  maximum  of  cold  occurred  in  the  **  Second 
Glacial  Epoch."  Then  the  alternating  cold  and  temperate  periods 
successively  declined  in  importance.  Palaeolithic  Man  is  regarded 
(p.  689)  as  liaving  appeared  in  Europe  in  Pleistocene  times, 
probably  not  before  the  **  Second  Interglacial  Epoch  "  (Elrphas- 
antiquus  stage) ;  and,  surviving  the  "  Third  Glacial  Epoch,"  he 
probably  retired  to  Southern  Erance,  and  to  Switzerland  and  the 
country  of  the  Danube. 

Eespecting  liie  relative  chronology  ot  the  Glacial  Epoch  and  the 
appearance  of  European  Man,  it  may  be  well  to  note  that  Dr.  Croll 
at  first  suggested  that  the  beginning  of  the  Glacial  Period  may 
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have  been  about  1,000,000  years  ago,  and  that  it  may  have  lasted 
about  2,000,000  years;  afterwards  he  approximately  fixed  the 
incoming  of  that  Period  at  240,000  years  ago,  and  its  termination 
about  160,000  years  afterwards  (80,000  years  ago).  Prof.  Prest- 
wich  considers  that  Paleolithic  Man,  that  is,  the  man  of  the  Valley- 
drifts,  appeared  in  Western  Europe  probably  not  longer  ago  than 
about  20,000  or  30,000  years,  and  disappeared  about  10,000  or 
more  years  ago.  He  was  probably  preceded  by  the  Plateau  or 
Eolithic  Man  (referred  to  in  the  footnote  at  page  640),  before 
the  time  of  extreme  glaciation ;  and  he  was  certainly  succeeded, 
with  some  intervening  lapse  of  time  (page  619),  by  the  Neolithic 
Man. 

Before  taking  up  the  subject  of  glacial  phenomena  in  Asia, 
Australia,  and  North  and  South  America,  in  Chapters  XL.  to  XTJL, 
Prof.  Geikie  gives  two  interesting  chapters  on  Cave-deposits, 
Valley-drifts,  and  the  Loess  of  Central  Europe,  The  last  of  these 
has  been  already  referred  to.  The  first  involves  a  consideration  of 
the  two  Stone  Periods  (old  and  new),  and  evidences  of  human  work 
and  occupation  in  England  and  France.  For  the  Valley-drifts 
M.  Ladri^re's  results  are  given  in  detail,  in  preference  to  Prof. 
Prestwich's  work;  and,  though  the  latter  is  not  lost  sight  of,  the 
treatment  is  one-sided  (pp.  629-637),  brief  references  being  made 
to  Prestwich's  elaborate  memoirs  explanatory  of  river-gravels,  and 
a  full  account  given  of  M.  Ladriere's  paper  illustrative  of  views 
which  appear  somewhat  artificial.  So  also  we  should  like  to  have 
seen  further  references  to  Prestwich's  work  and  views  on  the 
Pliocene  Crags  and  the  associated  Pleistocene  Beds  of  the  Eastern 
Counties,  besides  the  useful  notes  derived  from  Mr.  Clement 
Eeid's  excellent  memoir  (pp.  329-336);  and,  with  reference  (in 
the  footnote  at  p.  603)  to  the  "  rubble-drift,"  we  may  observe 
that  the  Author  should  have  remembered  that  Prestwich  limited 
its  range  to  1000  feet  in  Etigland  onli/,  and  gave  several  cases 
where  it  exceeds  1500  and  2000  feet  on  the  Continent.  His 
name  also  might  with  advantage  have  been  given  (at  p.  392)  at 
the  same  time  as  Mr.  A.  Collinette's.  Prof.  Bonney's  researches 
on  ice- work  and  its  results  seem  to  have  altogether  escaped  notice. 
Jt  maybe  that,  with  the  multiplicity  of  facts  and  inferences 
athered  for  assimilation  whilst  preparing  a  voluminous  work,  an 
Author  can  scarcely  avoid  handling  some  subjects  and  some 
writers  less  carefully  and  judiciously  than  others.  Prof.  Geikie 
seems  to  be  aware  of  this ;  and  apologises  in  his  Preface  for  any 
such  inadvertencies  and  shortcomings. 

Professor  Chamberlin's  two  Chapters  on  the  Qlacial  phenomena 
of  North  America  (pages  724-775)  give  a  concise  and  clear  account 
of  the  enormously  extensive  glacial  drifts  covering  nearly  one  half 
of  the  country.  The  great  ice-field  of  Greenland,  as  now,  lay 
formerly  to  the  north-east;  and  on  the  mainland  glaciers  were 
formed  on  the  high  grounds  of  Canada  and  Labrador,  spreading 
and  coalescing  into  the  great  so-called  Laurentide  ice-sheet.     On 
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the  west  side  of  the  Bockj  Mountains  and  Cordilleras  confluent 
glaciers  were  another  centre  for  the  formatiou  and  dispersion  of 
**  drift/'  The  glacial  deposits  of  North  America,  numerous, 
extensive,  and  thick,  overlapping  one  another,  reach  southwards 
ix)  the  coast  of  New  York  and  New  Jersey,  and  over-ride  the 
States  that  lie  north  of  the  Ohio  and  Missouri. 

The  till,  drumlins,  escars,  kames,  sand-plains,  glado-iiuvial 
moraine-aprons  with  their  valley-drifts  and  sheets  of  silt  or  loess, 
partly  due  to  ice  and  water  and  partly  to  wind,  are  definitely 
handled. 

One  of  the  classifications  of  the  great  North-American  drift- 
sjries  suggested  by  Prof .  Chamberlin  is  as  follows  :  — 

^  1.  OoDoealed  doposits  (theoretical). 

2.  KanBan  stage  of  slaciation :  First  Glacial  Epoch. 

3.  First  Interglacial  Epoch. 

Glacial  ,  t.  East-Iowan  Stage :  Second  Glacial  Epoch. 
Period,  j  5.  Second  Interglacial  Epoch. 

6.  East- Wisconsin  Staffe:    Third  Glacial  Epoch,  perhaps  com- 

I         prising  a  Fourth  Epoch. 

(  7.  Later  oscillations. 

Professor  Geikie  thinks  that  this  ammgement  is  closely  parallel 
with  the  glacial  history  which  he  has  described  for  this  part  of  our 
hemisphere.  He  regards  the  Kansan  stage  as  equivalent  to  his 
own  ^'  Second  Glacial  Epoch,''  with  the  maximum  glaciation,  and 
specially  applicable  to  the  Lower  Diluvium  of  Central  Europe. 
The  East-Iowan  matches  his  Third  epoch ;  and  he  finds 
corresponding  features  in  Europe  for  the  East- Wisconsin,  and 
even  for  the  possible  fourth  epoch  entertained  by  Prof.  Chamberlin 
(p.  776). 

In  the  Appendix,  pages  817-826  give  a  well  digested  account 
of  the  published  evidences  of  the  results  of  glacial  action  at 
various  geological  periods,  in  many  parts  of  the  world.  Indeed 
it  is  pointed  out  that  proofs,  more  or  less  distinct,  occur  in  all,  or 
nearly  all,  the  geological  formations,  of  contemporary  glacial 
boulders  or  glaciated  surfaces.  The  Appendix  contains  also. an 
account  of  iXch  Lomond  and  it«  map  (rl.  XVI.) ;  and  remarks 
on  the  maps,  Pis.  L,  IX.,  X.,  XI.,  XIIL,  XIV.,  and  XV.,  showing 
the  directions  of  glaciation  in  the  British  Isles,  Europe,  Asia,  and 
North  America.  Notes  on  the  map,  PI.  XII.,  showing  the 
distribution  of  land  and  sea  in  Northern  Europe  after  the  last 
great  Baltic  glacier  come  also  in  this  Appendix,  p.  832.  Eight 
other  maps  and  charts  are  given  in  the  volume ;  and  78  woodcuts 
of  views,  sections,  rocks,  and  illustrative  diagrams  are  scattered 
through  the  text. 

A  General  Index  and  one  of  Authors  are  useful  adjuncts  to 
this  elaborate  history  of  the  ''  Great  Ice  Age.'' 
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^SILVERING  GLASS  IN  THE  COLD. 
BY  MM.  AUGU8TE  AND  LOUIS  LUMIERE. 

Xj^OS  Bilvering  glass  in  the  cold,  a  number  of  methods  have  been 
-*-  described  which  appear  open  to  the  objection  of  being  very 
complicated,  and  of  requiring  very  minute  precautions. 

In  investigating  the  properties  of  formic  aldehyde,  we  have 
observed  that  this  substance  gives  with  ammoniacal  solutions  of 
silver  nitrate,^  adherent  mirrors  which  can  be  readily  polished. 
By  working  under  suitable  conditions,  we  have  observed  that  the 
greater  part  of  the  silver  contained  in  the  solutions  is  deposited  on 
the  glass,  thus  avoiding  residues  and  diminishing  the  cost. 

After  numerous  trials  we  have  arrived  at  the  following  method. 

100  cubic  centim.  are  taken  of  a  lO-per  cent,  solution  of  silver 
nitrate  to  which  ammonia  is  added  drop  by  drop,  so  as  just  to 
redissolve  the  precipitate  formed  at  first.  Care  must  be  taken  to 
avoid  an  excess  of  ammonia,  which  would  hinder  the  formation  of 
the  deposit.  The  volume  of  the  solution  is  made  up  to  a  litre  by 
distilled  water,  and  we  thus  obtain  what  we  shall  call  A. 

On  the  other  hand,  commercial  formaldehyde  of  40  per  cent,  is 
diluted  with  distilled  water  so  as  to  form  a  1-per  cent  solution. 
Owing  to  its  dilution  this  solution,  B,  may  be  kept  for  some  time. 

The  surface  of  the  glass  is  carefully  polished  by  rubbing  it  with 
chamois  covered  with  rouge,  and  two  volumes  of  A  are  rapidly 
mixed  with  one  volume  of  B,  and  the  mixture  is  rapidly  poured 
over  the  glass  to  be  coated. 

In  five  or  six  minutes,  at  the  temperature  of  15®  to  19%  all  the 
silver  in  the  solution  is  deposited  in  a  brilliant  layer  which  is 
washed  with  water.  It  is  then  dried,  and  varnished  if  the  surface 
in  contact  with  the  glass  is  to  be  the  reflecting  surface,  or 
polished  with  the  ordinary  precautions  where  the  layer  itself  is 
to  be  used  as  in  astronomical  instruments. — Journal  de  Physique^ 
January  1895. 


|0N  THE  GLOW-DISCHARGE.      BY  A.  HERZ. 

The  results  of  this  research  are  summed  up  by  the  author  as 
follows  :— 

1.  The  potential  gradient  v  in  the  positive  unstratified  glow- 
light  with  constant  current  diminishes  as  the  current  i  increases, 
and  the  value  of  this  decrease  is  given  with  sufficient  accuracy  by 
the  equation 

The  value  6,  that  is  the  decrease  of  the  gradients  for  unit 
increase  of  the  current  strength,  decreases  as  the  width  of  the  tube 
in  the  clear  increases,  and  for  the  same  width  has  almost  the 
same  value  for  nitrogen  and  for  hydrogen. 
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2.  The  potential  gradient  in  question  decreases  as  the  clear 
width  of  the  tube  increases ;  and 

3.  Increases  as  the  pressure  increases,  but  more  slowly  than  in 
proportion  to  the  pressure. 

4.  For  nitrogen  quite  free  from  oxygen  it  is,  for  pressures 
between  4  and  8  mm.,  1*4  times  as  much  as  hydrogen. 

5.  A  small  admixture  of  oxygen  with  the  nitrogen  increases  it ; 
a  small  admixture  of  aqueous  vapour  with  nitrogen  produces  no 
change. — ^Wiedemann's  Annaleny  No.  2,  1895. 

PRIZE-QUESTION  PROPOSED  BY  THE  SCHKYDER  VON  WARTENSBE's 
FOUNDATION  FOR  ARTS  AND  SCIENCES,  ZCRICH. 

The  Schnyder  von  Wartensee's  Foundation  again  proposes  for 
the  year  1897  the  following  prize-question  on  problems  in  Physics. 

^'As  the  numbers  which  represent  the  atomic  heats  of  the 
elements  still  show  very  considerable  divergences,  the  researches 
conducted  by  Professor  H.  F.  Weber  on  boron,  silicon,  and  carbon, 
on  the  increase  of  the  specific  heat  with  the  temperature,  are  to 
be  extended  to  several  other  elements  prepared  as  pure  as  possible, 
and  also  to  combinations  or  alloys  ot  them.  The  densities  and 
the  coefficients  of  thermal  expansion  of  the  substances  investigated 
are  further  to  be  determined  as  accurately  as  possible." 

The  conditions  are  as  follows : — 

Art.  1.  The  treatises  handed  in  by  competitors  for  the  prize- 
question  may  be  either  in  German,  French,  or  English,  and  must 
be  sent  in  by  September  30th,  1897,  at  the  latest,  to  the  address 
given  in  Art.  6. 

Art.  2.  The  examination  of  the  treatises  will  be  entrusted  to 
a  jury  composed  of  the  following  gentlemen : — 
Professor  Pemet,  Ziirich. 

„        A.  Hantzsch,  Wiirzburg. 
„        E.  Bom,  Halle-on-the-Soale. 
„        J.  Wislicenus,  Leipsic. 

„       G.  Lunge,  Zurich,  as  member  of  the  committee 
proposing  the  prize-question. 

Art,  3.  The  Prize  Committee  has  at  its  disposal  a  sum  of  four 
thousand  five  hundred  francs,  of  which  a  first  prize,  of  no  less 
than  three  thousand  francs,  will  be  awarded  and  minor  prizes  for 
the  remaining  sum. 

Art,  4.  The  work  to  which  the  first  prize  is  awarded  remains 
the  property  of  Schnyder  von  Wartensee's  Foundation,  which  has 
to  arrange  with  the  author  regarding  its  publication. 

Art,  6.  Every  treatise  sent  in  must  bear  a  motto  on  the  title- 
page  and  be  accompanied  with  a  sealed  envelope  containing  the 
author's  name  and  bearing  the  same  motto  outside. 

Art,  6.  The  treatises  are  to  be  sent  to  the  following  address, 
within  the  period  named  in  Art.  1 : — 

**  An  das  Presidium  des  Conventes  der  Stadtbibliothek  in  Ziirich 
(concerning  prize-question  of  Schnyder  von  Wartensee's  Founda- 
tion for  the  year  1897)." 
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XL.  Tests  of  Glotv-Lampsj  and  Description  of  the  Measuring 
Instrume)ds  Employed,  By  Prof.  W.  E.  Ayrton,  F.R.S., 
and  E.  A.  Mbdlbt*. 

THE  conditions  under  which  tlie  glow-lamp  can  be  most 
economically  used  have  attracted  considerable  attention 
since  a  pajier  entitled  "  The  Most  Economical  Potential 
DiflFerence  to  employ  with  Incande«»cent  Lamps''  was  read 
before  the  Physical  Society  in  February  1885  J  by  Professor 
Perry  and  one  of  the  authors  of  the  present  communication. 
In  this  paper  they  stated  that  it  was  well  known,  from  experi- 
ments made  by  their  students  in  1880,  and  from  results 
published  in  1881  by  Lord  Kelvin,  then  Sir  William  Thomson, 
as  well  as  from  subsequent  experiments,  that  the  light  obtained 
from  an  incandescent  lamp  increased  much  more  rapidly 
than  the  power  expendeci  in  it ;  or,  that  the  number  of 
candles  produced  per  watt  of  power  expended  in  the  lamp 
increased  as  the  filament  became  hotter.  But  it  was  pointed 
out  in  the  paper  in  question  that  such  experiments  by  them- 
selves  gave  no  idea  of  the  commercial  value  of  any  particular 
glow-lamp,  because  they  afforded  no  indication  of  its  life 
when  run  at  different  efficiencies,  and  it  was  known  that  the 
length  of  time  a  filament  would  last  was  the  less  the  higher 
its  temperature. 

They  then  proceeded  to  show  that  the  cost  of  lighting  per 
hour  per  canale  could  be  divided  into  two  parts,  viz.,  the  cost 

•  Communicated  by  the  Physical  Society :  read  December  14,  1894, 
and  January  25, 1696. 

t  PhU.  Mag.  AprU  1886,  p.  806. 
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as  to  lamp  renewals  and  the  cost  as  to  power,  the  first  being 
equal  to  tne  price  of  a  lamp  divided  by  the  product  of  its  life 
into  its  candle-power^  and  tne  second  to  the  price  of  one  watt- 
hour  multiplied  by  the  watts  per  candle.  So  that,  if  L(t;), 
C{v)f  and  W(t;)  were  the  life  in  hours,  the  candle-power,  and 
the  watts  per  candle  respectively  expressed  as  functions  of  the 
pressure  in  volts  kept  constantly  on  the  lamp,  and  if  d  were 
the  price  of  a  lamp  and  H  the  price  of  one  watt-hour,  tnen  the 
cost  per  hour  per  candle  equalled 

i:r^+hxW(.). 

and  the  value  of  v  which  made  this  expression  a  minimum, 
they  showed,  was  the  proper  P.D.  to  employ  with  the  par- 
ticular type  of  lamp* 

The  authors  gave  two  methods  of  solving  this  problem 
defined  by  their  equation  of  cost — the  one  a  graphical  method, 
and  the  other  an  analytical  one.  The  graphical  method  con- 
sisted in  drawing  curves  from  the  best  experimental  results 
then  available  to  represent  L(t?),  C(t;),  and  W(t;)  respectively 
in  terms  of  r,  and  from  these  three  curves  finding  the  values 
of  L(t;),  C(r),  and  W(y)  for  many  values  of  v,  then,  by  sub- 
stitution in  the  cost  eauation,  data  were  obtained  from  which  a 
last  curve  showing  tne  relation  between  potential  di£Ference 
and  cost  per  hour  per  candle  could  be  drawn. 

The  curves  on  p.  45,  Proc.  Phys.  Soc.  vol.  vii.  1885*,  showed 
the  results  obtained  when  this  method  was  applied  to  the  case 
of  16  C.P.  100-volt  Edison  lamps,  using  as  experimental  data 
the  results  of  tests,  made  at  the  Finsbury  Technical  College, 
on  the  relations  between  candles,  volts,  and  watts,  and  me 
values  of  the  life  of  this  type  of  lamp  when  run  at  different 
pressures,  as  published  by  M.  Foussat. 

The  curve  AAA  showed  the  cost  per  candle  for  lamp 
renewals  during  560  hours  when  the  price  of  a  new  lamp 
was  five  shillings ;  BBB  the  cost  per  candle  for  power  during 
the  same  period,  one  horse-power  for  560  hours  being  reckoned 
at  £5,  and  CCC  gave  the  total  cost  per  candle  for  560  hours. 
The  ordinate  of  this  latter  curve  had  a  minimum  at  about 
101-4  volts. 

With  the  analytical  method,  on  the  other  hand,  empirical 
equations  were  first  found  to  represent  as  nearly  as  possible 
the  experimental  results.     Thus  it  was  found  that 

^  —  1 00*07645  V  - Iie»7 

and  LW+C(.)-^^ 

W(r)=8-7  -I-  108-«>7-o-o7667r . 

♦  Phil.  Mag.  torn,  cit,  p.  308. 
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therefore  the  total  cost  per  hour  per  candle  equalled 

p  10(W>7646»  -11-W7  ^  H(3'7  +  108*<W-(W>7e67oy 

From  this  equation,  using  the  same  values  for  the  price  of 
lamps  and  power  as  before,  it  was  shown  that  to  make  the 
cost  a  mimmum  the  P.D.  maintained  between  the  lamp- 
terminals  should  be  101*1  ;  a  result  in  close  agreement  with 
that  obtained  graphically. 

At  the  next  meeting  of  the  Physical  Society  a  paper  was 
read  by  Dr.  Fleming  *,  in  which  he  considered  what  proportion 
the  cost  of  lamp  renewals  should  bear  to  the  cost  of  power  in 
order  that  the  total  cost  should  be  a  minimum.  As  the  result 
of  the  examination  of  various  experiments,  he  showed  that  for 
any  particular  type  of  lamp  the  average  life  could  be  ex- 
pressed as  an  exponential  function  of  either  the  watts  per 
candle,  or  of  the  candle-power,  or  of  the  P.D.;  that  is,  he 
showed^  for  the  lamps  with  which  he  was  dealing,  that 

where  L  was  the  life,  W  the  watts  per  candle,  C  the  candle- 
power,  V  the  P.D.,  and  A,  B,  a,  /3,  and  7  constants  for  any 
particular  type  of  lamp.  Then,  by  substitution  in  the  cost 
equation  already  referred  to,  he  obtained  the  result  that  for 
maximum  economy  the  cost  of  power  must  be  to  the  cost  of 

renewals  as  »■  o     ^  unity.     The  values  for  a  and  fi  he  gave 

for  Edison  lamps  as  6^  and  4^  respectively ;  so  that  he  finally 
arrived  at  the  result  that,  whatever  the  price  of  lamps,  or  of 
electrical  energy,  the  pressure  nsed  must  be  such  that  the 
annual  cost  of  renewals  should  be  about  17  per  cent,  of  the 
total  annual  cost. 

In  April  1888,  in  a  paper  read  before  the  American  Institute 
of  Electrical  Engineers,  Mr.  Howell  gave  numerous  examples 
of  the  application  of  Ayrton  and  Perry's  graphical  method  to 
the  findmg  of  the  efficiency  at  which  various  types  of  lamps 
should  be  run  to  obtain  maximum  economy  for  various  prices 
of  lamps  and  power. 

He  gave  a  curve  showing  the  results  of  his  tests  of  Edison 
lamps  when  run  at  different  efficiencies,  but  the  lamps  he 
usea  were  so  abnormally  good,  compared  with  any  with  which 
we  are  acquainted,  that  his  experiments  have  no  practical 
value.  For  example,  his  lamps  run  at  4*5  watts  a  candle 
lasted,  he  says,  nearly  12,000  hours. 

Further,  Mr.  Howell's  paper  can  hardly  be  said  to  have 
«  Phil.  Mag.  May  1885,  p.  866. 
2D2 
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advanced  the  matter  beyond  the  point  at  which  it  was  left 
bv  the  considerations  contained  in  the  paper  on  "  The  Most 
Economical  Potential  Difference,  &c.,"  read  before  this  Society 
in  1885  ;  for  he  took  no  acconnt  of  the  changes  which  more 
recent  experiments  had  shown  to  occnr  in  lamps  during  their 
life,  and  which  render  any  resnlts  obtained  by  methods  that 
disregard  these  changes  useless  for  practical  purposes. 

Numerous  experimenters  had  found  out  that  there  was  a 
serious  diminution  in  the  light  emitted  by  a  lamp  as  it  grew 
old,  and  also  a  very  considerable  rise  in  the  watts  consumed 
per  candle.  Further,  there  was  evidence  to  show  that  the 
shape  of  the  curve  between  candle-power  and  time  was  not  the 
same  for  different  pressures  ;  so  that  it  had  come  to  be  recog- 
nized that,  in  order  to  determine  the  P.D.  at  which  lamps 
should  be  run,  it  was  useless  to  make  a  comparison  merely 
between  the  efficiency  of  lamps  when  new  and  the  number  of 
hours  they  will  last  at  various  voltages. 

Moreover,  this  falling-off  in  the  quality  of  a  lamp  as  it  ages 
led  people  to  consider  another  point,  viz..  Might  it  not  be 
possible,  in  consequence  of  this  deterioration,  for  a  lamp  to  be 
economically  dead  before  the  filament  had  actually  broken  ? 
For  the  increased  cost  of  the  current  required,  compared 
with  the  light  given  out,  might  more  than  overbalance  the 
expense  of  replacing  the  lamp  with  a  new  and,  therefore^  more 
brilliant  one. 

Before  describing  the  results  which  we  have  obtained  re- 
garding this  interesting  Question  of  the  existence  of  a  point, 
called  by  the  Americans  tne  "  smashing  point,"  beyond  which 
a  lamp  cannot  be  economically  used,  it  will  be  well  to  shortly 
indicate  the  general  conclusions  to  which  previous  experimen- 
ters have  been  led  from  tests  on  the  modem  glow-lamp. 

In  November  1892  Mr.  Feldman  published  a  table  compiled 
from  the  results  of  tests  made  by  rrof.  Thomas  and  Messrs. 
Martin  and  Hassler  in  America,  by  M.  Haubtmann  in 
France,  and  from  some  of  his  own  measurements,  which  con- 
tained mean  values  for  more  than  500  lamps  taken  from  28 
different  factories  and  representing  49  different  types.  He 
divided  the  lamps  into  five  groups  according  to  their  initial 
efficiencies,  and  gave  for  each  group  the  average  candle-power 
in  per  cent,  of  tne  initial  candle-power  and  the  average  watts 
per  candle  at  every  hundred  hours  in  the  lives  of  the  lamps. 
The  curves  in  figs.  1  and  2  are  dravni  from  the  figures  given 
in  this  table,  fig.  1  showing  the  candle-power  and  fig.  2  the 
watts  per  candle  as  the  lamps  grow  old.  The  numbers  I.,  II., 
111.,  iV.,  and  V.  on  the  curves  refer  to  the  initial  efficiencies 
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Fig.  1 . — ^Tests  of  American  and  European  Lamps. 
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of  the  lamps  whose  behaviour  the  curves  illustrate,  and,  as 
seen  from  the  table  on  fig.  1,  the  curves  marked  I.  are  drawn 
from  results  obtained  from  lamps  which  initially  required 
from  2  to  2*5  watts  per  candle ;  for  curves  marked  11.  the 
initial  consumption  was  2-5  to  3  watta  per  candle  ;  for  curves 
III.  from  3  to  3-5  ;  for  curves  IV.  from  3*5  to  4 ;  and  for 
curves  V.  above  4  watts  per  candle. 

These  curves  show  that  the  fall  in  candle-power  varied 
from  40  to  65  per  cent,  in  1200  hours,  or.  rejecting  lamps 
having  as  low  an  initial  consumption  as  from  2  to  2*5  watts 
per  candle,  Mr.  Feldman's  curves  would  lead  us  to  expect 
that  the  candle-power  of  an  average  lamp  would  fall  about 
40  per  cent,  in  1000  hours. 

From  the  curves  marked  A  in  fig.  3,  which  give  the  results 


Yig,  3.— Prof.  Thomas'  American  Teste. 
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of  Professor  Thomas'  tests  made  in  1892  on  127  lamps  of  13 
American  makes,  it  can  be  seen  that  the  average  American 
lamp  of  that  date  dropped  about  43  per  cent,  in  candle- 
power  in  1000  hours,  tne  watts  per  candle  in  the  same  time 
rising  from  4*2  to  6*9.  The  curves  marked  M  on  the  same 
figure  show  the  results  obtained  from  the  best  make  of  lamp 
tested  by  Professor  Thomas ;  the  average  of  the  10  lamps 
tested  showad  a  drop  of  30  per  cent,  in  candle-power  in  1000 
hours,  itnd  a  rise  from  4*8  to  6*1  in  watts  per  candle. 

In  September  1892  M.  Haubtmann  published  tests  on 
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many  European  makes  of  lamps.     The  curves  in  fig.  4  show 
the  results  he  obtained  from  testing  twenty  16  C.P.  Edison- 
Fig.  4. — Teste  by  M.  Haubtmann  on  20  mmilar  16  Csndle-Power  Edison- 
Swan  Lamps,   10  of  which  were  run  at  110  volts  and  10  at 
102  volts. 


Swan  lamps,  ten  at  102  and  ten  at  110  volts.  Those  run  at 
102  volts  showed  a  drop  of  about  30  per  cent,  in  candle-power 
in  1000  hours,  the  watts  per  candle  rising  in  the  same  time 
from  3*27  to  4*4  ;  the  lamps  run  at  110  volts  in  1000  hours 
dropped  28  per  cent,  in  candle-power  and  rose  from  3*35  to 
4*58  watts  per  candle. 

If,  now,  m  the  light  of  the  knowledge  obtained  from  these 
experiments,  we  look  at  the  equation  of  cost  quoted  in  the 
beginning  of  this  paper,  we  see  that  some  chants  must  be  made 
in  it  before  it  expresses  the  truth.  As  onginally  given  it 
was : — Cost  per  hour  per  candle  equals 

EW^) +"'<''<* 
but,  as  neither  the  candle-power  nor  the  watts  per  candle 
remain  constant  throughout  the  life  of  the  lamp,  L(v)  x  C(v) 
does  not  give  the  total  candle-hours  obtained  during  the 
lamp's  life,  and  neither  does  H  x  W(v)  give  the  true  cost  of 
power  per  hour  per  candle.  The  equation  must,  therefore,  be 
written  : — Cost  per  hour  per  candle  equals 

r-n St — r |-H  X  average  watts  per  candle. 

total  candle-hours  ^  ^ 
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Exactly  wbat  these  changes  in  the  equation  mean  will  be 
best  shown  by  working  out  the  results  for  a  particular  type 
of  lamp,  and  for  this  purpose  we  have  chosen  the  American 
make  tested  by  Professor  Thomas,  the  life  curves  of  which  are 
shown  marked  M  in  fig.  3. 

It  is  clear,  from  these  curves,  that  knowing  the  initial 
candle-power,  in  this  case  about  12*5,  we  can  calculate  at 
any  time  during  the  life  of  a  lamp  the  total  candle-hoars 
obtained  and  the  average  watts  consumed  per  candle  daring 
that  time,  and  by  substituting  these  quantities  in  the  equation 
of  cost  we  can  find  the  cost  per  hour  per  candle  averaged  over 
the  number  of  hours  considered. 

Fig.  6. — Cost  Curves  calculated  for  American  make  M  in  fig.  8. 
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The  curves  in  fi^.  5  show  the  results  we  have  obtained 
when  these  calculations  are  made  at  different  times  in  the 
life  of  a  lamp,  and  for  different  prices  of  lamps,  and  of  power. 
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In  calculating  the  fignres  from  which  the  bottom  cnrve  is 
plotted,  we  have  taken  the  cost  of  a  new  lamp  as  one  shilling, 
and  the  price  of  a  Board  of  Trade  nnit  as  4^.,  and,  as  seen, 
.the  ordinate  of  this  carve  reaches  a  minimnm  at  about  600 
hours,  when  the  cost  per  hour  per  candle  has  dropped  to 
0*0285  pence.  Beyond  this  point  the  curve  begins  to  ascend  ; 
that  is,  when  a  new  lamp  costs  one  shilling,  and  a  kilowatt- 
hour  4^.,  and  lamps  whose  life-histories  are  truly  represented 
by  the  curves  M  in  fig.  3  are  employed,  the  cost  of  obtaining 
light  is  least  if  the  lamps  are  used  for  600  hours  only,  because 
after  that  time  their  diminished  quality  more  than  overbalances 
the  cost  of  renewing. 

A  change  in  the  price  of  lamps  does  not  much  affect  the 
economical  life,  as  is  shown  on  fig.  5  by  the  middle  curve, 
which  we  have  calculated  for  the  same  price  of  power  but 
on  the  assumption  that  a  new  lamp  costs  two  shillings.  The 
ordinate  of  this  curve  has  a  minimum  value  at  650  hours 
instead  of  at  600  hours,  when  a  new  lamp  was  supposed  to 
cost  one  shilling  only. 

The  higher  the  price  paid  for  energy  the  more  important 
does  this  question  of  economical  life  become,  and  the  sooner 
is  it  necessary  to  discard  lamps,  because  the  cost  of  renewals 
bears  a  less  proportion  to  the  total  cost.  This  is  illustrated 
in  fig.  5  by  the  top  curve,  to  obtain  which  we  have  assumed 
that  the  cost  of  energy  was  9d.  a  unit,  and  the*  price  of  a  new 
lamp  one  shilling.  Now  the  minimum  point  falls  to  430 
hours  instead  of  being  at  600,  at  which  it  stood  when  the 
price  of  the  Board  of  Trade  unit  was  taken  as  4^d. 

When  cost  curves,  like  those  in  fig.  5,  are  drawn  for  a 
worse  type  of  lamp,  the  minimum  point  becomes  more  sharply 
defined  and  is  reached  earlier.  It  might  be  urged,  however, 
that  all  such  curves  merely  indicate  for  how  many  hours 
lamps  should  be  used  in  order  that  the  price  paid  for  the 
light  may  be  a  minimum,  but  that,  if  at  the  end  of  that  time 
the  light  given  out  by  the  lamps  is  sufficient  for  the  purpose 
for  which  they  are  intended,  surely  it  would  be  folly  to 
discard  them.  The  answer  to  Uiis  is,  that  the  lamps  employed 
were  of  too  high  candle-power  for  the  necessary  illumination, 
and  what  should  be  done  is  to  throw  away  the  nominally 
higher  candle-power  lamps  that  have  deteriorated  and  replace 
them  with  new  loicer  candle-power  lamps. 


When,  therefore^  the  special  investigation  which  forms  the 
subject  of  this  paper  was  commenced  at  the  end  of  1892, 
there  was  good  reason  for  expecting,  first,  that  with  any  type 
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of  glow-lamp  a  certain  number  of  honrs  could  be  experi- 
mentally determined  at  the  end  of  which  it  would  be  economical 
to  discard  lamps  even  when  the  price  of  a  Board  of  Trade 
unit  was  as  low  as  4^. ;  secondly^  that  it  was  only  economical 
to  ran  lamps  at  the  pressnre  marked  on  them  for  one  particolar 
price  of  electric  energy. 

As  Edison-Swan  lamps  were  the  only  lamps  that  conld  be 
legally  used  in  this  country  in  1892,  and  as  a  pressure 
of  100  volts  was  one  very  commonly  employed  for  electric 
lightings  we  decided  to  experimentally  find  out  what  was  the 
most  economical  pressure  to  maintain  between  the  terminals 
of  nominal  100-volt  8-candle  lamps  of  this  make,  and  what 
was  the  length  of  ihmr  economic  lives  for  difierent  prices  of 
a  Board  of  Trade  unit. 

As  it  b  well  known  that  the  lives  of  filaments  are  consider- 
ably affected  by  the  steadiness  of  the  pressure  between  their 
terminalsi  it  was  decided  to  run  the  lamps  from'  a  battery 
of  storage-cells,  and  to  arrange  that  the  pressure  when  on  the 
lamps  should  not  vary  by  as  much  as  one  tenth  per  cent. 
The  capacity,  however,  of  the  cells  at  the  Central  Technical 
College  which  could  be  entirely  set  on  one  side  for  this 
investigation  and  used  for  running  100-volt  lamps  from  five 
o'clock  ever}'  evening  to  nine  or  ten  o'clock  the  next  morn- 
ing for  five  nights  of  the  week,  only  allowed  of  nine  8  C.P. 
lamps  being  dealt  with  at  a  time.  The  nine  lamps  were 
divided  into  three  groups,  each  containing  three  lamps,  and 
a  perfectly  constant,  but  different  P.D.  was  maintained 
between  tKe  terminals  of  the  lamps  in  each  group. 

When  our  experiments  were  begun  it  was  known  that  the 
price  of  lamps  would  fall  in  the  autumn  of  1893,  therefore  it 
was  considered  hardly  probable  that  any  economy  would  be 
gained  by  running  the  lamps  at  less  than  tbdir  normal 
pressure.  Hence  we  decided  to  run  the  three  croups  at  100, 
102,  an^  104  volts  respectivelv.  The  tests,  however,  soon 
proved .  that  no  economy  could  be  gained  by  running  these 
tamps  at  as  high  a  pressnre  as  that  of  104  volts,  and  so  the 
group  running  at  that  pressure  was  changed  for  one  running 
at  101  volts. 

The  pressure  of  the  storage-cells  which  supplied  the  lamps 
with,  current  diminished,  of  course,  during  tne  night,  so  that 
it  was  necessary  to  introduce  between  the  cells  and  the  lamps 
a  variable  resistance  which  could  be  altered  to  keep  the 
pressure  on  the  lamps  constant  within  one  tenth  per  cent., 
and  to  avoid  constant  attention  it  was  also  necessary  that 
this  resistance  should  be  automatically  controlled. 
.   As  no  automatic  regulator  could  be  purchased  which  would 
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keep  the  pressure  throughont  the  night  within  one  tenth  per 
cent,  of  the  desired  valae^  it  was  necessary  to  constrnct  such 
an  instrument. 

The  apparatus  which  we  employed  for  this  purpose  resembled 
generally  the  one  described  in  a  paper  on  "  The  Working 
Efficiency  of  Secondary  Cells  "  by  Messrs.  C.  G.  Lamb,  B.  W. 
Smith,  M.  W.  Woods,  and  one  of  the  authors  of  the  present 
communication,  sse  Joum.  Inst.  Elect.  Eng.  vol.  six.  1890. 

A  variable  resistance,  consisting  of  four  platinoid  wires 
winding  on  and  off  a  brass  roller,  was  placed  in  the  main 
circuit  between  the  cells  and  the  lamps.  This  resistance  was 
geared  to  a  permanent  magnet  Gramme-motor,  the  electrical 
connexions  of  which  are  shown  in  fig.  6.    d  ef  was  a  battery 


Fig.  6. 


of  five  storage-cells  to  the  centre  e  of  which  one  brush  of  the 
motor  m  was  connected,  the  other  brush  being  joined  to  the 
middle  cup  6  of  a  three-way  mercury  switch  a  be.  The  two 
outer  cups  a  and  e  of  this  switch  were  connected  with  the  two 
ends  d  and /of  the  battery. 

It  is  clear  from  the  figure  that  the  motor  revolved  one  way 
or  the  other  according  as  a  and  b  orb  and  e  were  connected. 

A  '^  set  up  '^  d'Arsonval  galvanometer  in  series  with  a 
resistance  was  placed  across  the  two  points  in  the  main 
circuit  between  which  it  was  desired  that  the  pressure  should 
remain  constant.  To  the  coil  of  this  galvanometer  was 
attached  a  pointer  ending  in  a  platinum  tip  which  worked 
between  two  platinum  contacts.  The  phospnor^bronze  strip 
by  which  the  coil  of  the  d^Arsonval  was  suspended  was  twisted 
several  times,  so  that  when  the  pressure  on  the  lamps  was 
correct  the  tip  of  the  pointer  rested  midway  between  the 
contacts.  If,  however,  the  pressure  rose  by  one  tenth  of  a 
volt  the  pointer  was  deflected  and  made  to  touch  one  of  the 
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contacts,  and  so  to  complete  the  circuit  of  an  electromagnet : 
this,  by  closing  one  side  of  the  mercury  switch  (fig.  6),  started 
the  motor,  which  increased  the  resistance  in  the  main  circuit 
until  the  pressure  was  correct  again. 

Exactly  the  opposite  happened  if  the  pressure  fell,  the 
pointer  touched  the  other  contact,  the  other  side  of  the  mercury 
switch  was  closed,  and  the  motor  working  in  the  reverse 
direction  reduced  the  resistance  between  the  cells  and  the  lamps. 

The  pointer  was  kept  from  sticking  to  its  contacts  by  a 
light  wooden  hammer  which  tapped  the  case  of  the  galvano- 
meter when  the  motor  revolved. 

By  means  of  this  apparatus  it  was  possible  to  keep  the 
pressure  constant  to  witnin  at  least  one  tenth  per  cent. 

For  many  nights  the  action  of  this  regulator  was  watched 
pending  the  arrival  of  a  recording  voltmeter,  but  the  recording 
voltmeter  not  being  forthcoming,  and  sta}4ng  up  all  night, 
even  for  four  times  a  week,  interfering  much  with  our  work 
during  the  day,  we  decided  to  construct  an  automatic  check 
on  the  automatic  regulator. 

In  series  with  the  first  galvanometer  was  placed  a  second 
working  in  exactly  the  same  way,  but  with  its  contacts  so  far 
apart  that  its  pointer  only  touched  them  for  a  rise  or  fall  of 
half  a  volt  in  the  pressure  on  the  lamps.  When  for  any 
reason  such  an  alteration  took  place,  the  pointer  of  this  second 
galvanometer,  by  touching  one  of  its  contacts,  completed  the 
circuit  of  an  electromagnet ;  this  attracted  a  piece  of  soft  iron 
which  opened  a  mercury  switch  and  put  out  the  lamps,  and 
at  the  same  time  by  stopning  a  clock  indicated  the  time  at 
which  the  irregularity  took  place. 

Besides  acting  as  a  check  on  the  regulating  ap|)aratus,  this 
automatic  cut-out  worked  whenever  the  pressure  rose  on  a 
lamp  breaking,  and  so  made  it  possible  to  tell  the  exact  life 
of  tne  broken  filament. 

The  lamps  being  tested  were  arranged  in  the  special  stand 
shown  in  ng.  7.  The  circular  plate  A,  which  could  be  turned 
on  the  centre  pillar  B,  was  divided  into  six  compartments  by 
the  radial  divisions  shown,  and  the  nine  lamps  simultaneously 
tested  were  placed  in  three  of  these  compartments,  whidi 
were  coloured  a  dead  black  inside.  The  whole  was  covered 
up  with  an  outer  tin  case,  drawn  in  broken  lines,  which  was 
fixed  to  the  uprights  C,  D,E,  F,  and  had  an  opening  in  front 
through  which  any  one  of  the  groups  of  lamps  could  be  seen 
when  turned  into  position. 

When  photometric  measurements  were  not  being  made,  the 
top  of  the  case  was  left  open  to  let  out  the  heat. 

The  arrangements  for  measuring  the  current  and  for 
bringing  it  to  the  lamps  are  sketched  in  fig.  8.     M  and  N 
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are  the  main  terminals  of  the  lamp-stand,  corresponding  with 
M  and  N  in  fig.  7.  From  M  the  cnrrent,  afker  passing 
through  the  resistances  e  and  dy  for  the  two  ffroops  nm  at 
lower  pressnres,  went  through  the  lamps  and  reached  the 
terminal  K  by  means  of  the  copper  springn  a,  ft,  and  c. 

TVben,  however^  a  group  of  lamps  was  turned  into  position 
for  photometric  measurements  its  copper  springs  e  (J  and  K 
in  fig.  7a)  were  separated  by  a  piece  of  brass  L  backed  with 
insnuttion  (R  in  fig.  7a),  and  so  the  current  of  the  group 
was  diverted  through  a  thick  wide  strip  of  manganin,  this 
strip  being  shunted  with  an  Ayrton  and  Mather  d' Arson val 
galvanometer.  A,  in  series  with  a  resistance  R.  as  seen  in 
Sg.8. 

This  combination  of  galvanometer,  resistance  R,  and  man- 

fknin  strip  was  calibrated  by  direct  comparison  with  a 
elvin  balance,  and  the  resistance  R  was  so  adjusted  that 
one  ampere  produced  a  deflexion  of  500  divisions,  each  of 
about  a  millimetre  in  length.  Variations  of  current  during 
the  experiments  could  be  read  to  -^^0X5  ^^  ^^  ampere  if 
required,  and  the  current  was  known  accurately  in  Board  of 
Tnule  amperes  to  -^^  of  an  ampere. 

The  results  of  freanent  comparisons  between  an  ampere 
as  read  off  on  the  direct-reading  transparent  scale  and  an 
ampere  as  measured  with  the  Kelvin  balance,  which  was  also 
screwed  down  permanently  in  position,  never  showed  a  dif- 
ference as  large  as  1  part  in  1500  between  September  1893 
and  August  1894. 

The  positive  and  negative  terminals  of  each  group  of  lamps 
were  connected  respectively  with  two  sauares  of  brass  a,  a 
(fig.  7)  let  into  the  slate  bed  on  which  the  group  was 
mounted.  Two  brass  springs,  G,  H,  permanently  connected 
with  an  Ayrton  and  Mather  reflecting  electrostatic  voltmeter, 
the  motion  of  the  needle  of  which  was  damped  by  moving  in 
a  magnetic  field,  pressed  on  the  brass  squares  a,  a  of  which- 
ever group  of  lamps  was  brought  to  the  front  of  the  stand. 

The  zero  of  the  voltmeter  was  so  arranged  that  the  tran- 
sparent scale,  which  was  direct-reading,  was  nearly  uniformly 
divided  from  50  to  120  volts,  each  division  of  about  1*5  milli- 
metre representing  0*2  volt,  so  that  it  was  easy  to  read  the 
deflexion  to  within  2  parts  in  10,000. 

The  electrostatic  voltmeter  was  frequently  calibrated,  and 
the  maximum  change  in  sensibility  between  Julv  1893  and 
August  1894  did  not  exceed  0*2  per  cent.  This  change, 
although  small,  is  fully  accounted  for  by  the  variation  in  uie 
zero,  since  the  instrument  did  not  possess  the  delicate  zero 
adjustment  of  the  later  specimens  of  this  type  of  voltmeter. 
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The  standard  of  li^bt  we  used  was  a  two  candle-power 
Methyen  screen  fed  with  pentaned  gas,  and  against  this  a  ten 
candle-power  Bernstein  glow-lamp  was  standardized  to  give 
five  candles,  the  Bemstoin  lamp  being  employed  for  the 
actual  comparison  with  the  Edison-Swan  lamps. 

One  of  the  objects  of  employing  this  Bernstein  lamp  was 
to  test  whether  or  no  a  convenient  and  trustworthy  standard 
of  light  could  be  obtained  by  using  a  low-voltage  lamp  with 
its  filament  at  a  comparatively  low  temperature.  From  this 
point  of  view,  however,  the  results  were  not  very  satisfactory, 
as  at  the  end  of  some  sixiy  hours  of  life  the  lamp  had 
blackened  heavily.  This  secondary  standard  was  of  course 
tested  very  frequently — as  a  rule,  every  time  it  was  used. 

For  the  last  few  hundred  hours  of  our  tests  an  8  C.P. 
lOO-volt  Edison-Swan  lamp  running  at  five  candles  was  used 
as  an  intermediate  standard  of  light,  and  after  the  first  few 
hours  it  mve  very  fair  results,  the  current  required  to  pro- 
duce exacflv  five  candles  dropping  in  almost  a  straight  line 
from  0*389o  to  0*3867  ampere  in  two  hundred  hours.  It  is 
probable,  for  reasons  whicn  will  be  shortly  apparent,  that  an 
even  better  result  would  have  been  obtained  if  the  lamp  had 
been  run  for  some  fifty  hours  at  its  normal  brilliancy  before 
it  was  used  as  a  stancbrd  of  light. 

For  measuring  the  light  a  Lnmmer-Brodham  photometer 
was  used,  and  proved  itself  a  very  convenient  instrument. 
The  lamp-stand  was  fixed  at  the  end  of  a  three-metre  photo- 
meter bench,  the  actual  distance  between  the  standanl  and 
the  Edison-Swan  lamps  being  319*5  centims. 

Some  difficulty  was  found  at  first  in  measuring  the  candle- 
power  owing  to  the  very  considerable  difierence  in  colour 
between  the  lights  bein^  compared.  This  difficulty  was  con- 
siderably reduced  by  fixing  the  Bernstein  lamp  to  the  sprint 
frame  snown  in  fig.  9,  where  A  is  the  lamp,  S,  S  are  stem 
springs,  and  W,  W  are  leaden  weights. 

Wnen  measurements  of  the  candle-power  were  being  taken, 
the  Bernstein  lamp  was  set  gently  swinging  backwards  and 
forvmrds  in  the  mrection  of  the  bench,  ana  the  e£Pect  thus 
easily  produced  was  found  to  be  an  improvement  on  that 
usually  obtained  by  moving  the  photometer  first  a  little  on  one 
side,  and  then  a  little  on  the  other,  of  the  neutral  point.  After 
some  pnotioe  the  use  of  this  contrivance  enabled  us  to  make 
measurements  of  the  candle-power  which  did  not  differ  from 
each  other  by  more  than  0*3  per  cent. 

The  first  point  noticed  after  starting  the  tests  was  that 
candle-power,  current,  and  candles  per  watt  all  rose  as  the 
lives  ot  the  lamps  increased;  and  as  we  were  not  prepared, 
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from  the  publisbed  accounts  of  experiments  previously  made 
on  glow-lamps,  to  expect  any  such   result,  we  thought   it 

Fig.  9. 


might  be  due  to  some  error  in  our  measurements.  We 
therefore  made  a  number  of  tests  to  satisfy  ourselves  that 
this  was  not  the  case. 

A  current  nearly  twice  as  large  as  the  maximum  required 
to  be  measured  was  sent  through  the  manganin  strip  for 
several  hours,  but  the  deflexion  of  the  d'Arsonval  galva- 
nometer for  a  given  current  was  not  altered,  so  that  the 
effect  was  certamly  not  due  to  the  heating  of  the  strip  or 
galvanometer-coil. 

As  the  voltmeter  was  connected  with  the  terminals  of  the 
lamp  sockets  and  not  with  the  terminals  of  the  lamps  them- 
selves, we  tested  whether  any  resistance  was  introduced  by 
the  sockets,  or  whether  any  alteration  occurred  when  they 
got  warm  after  the  lamps  had  been  glowing  for  some  hours. 
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An  old  lamp  was  taken  and  wires  soldered  to  its  terminals, 
and  also  to  the  terminals  of  the  socket  into  which  it  was 
screwed,  and,  by  measuring  as  nearly  simultaneously  as 
possible  the  pressures  on  the  lamp  and  on  the  socket  terminals 
under  various  conditions  as  to  heat  and  position  of  lamp,  we 
proved  that  the  resistance  of  the  socket  and  contacts  was 
never  perceptible. 

There  seemed,  therefore,  no  reason  to  doubt  the  results 
already  obtained ;  but  as  the  accuracy  with  which  the  candle- 
power  could  be  measured  had  incr<'ased  with  practice  and 
M'ith  the  introduction  of  the  swinging  frame,  we  decided  after 
110  hours  of  testing  to  start  again  with  new  lamps. 

The  results  obtained  in  these  preliminary  tests  are  shown 
in  fig.  10  a,  the  curves  in  fig.  10  being  those  obtained  from 
the  lamps  subsequently  tested. 

These  curves  show  the  variation  of  light  and  current  with 
time  for  four  groups  of  lamps  between  the  terminals  of  which 
perfectly  constant  P.Ds.  of  100, 101, 102,  and  104  volts  were 
maintained  respectively,  the  full  lines  representing  candle-, 
power  and  the  dotted  lines  current.  The  breaks  in  the  curves 
connected  by  vertical  lines  indicate  the  times  at  which  a 
lamp  broke  and  was  replaced  by  a  new  one,  so  that  each 
group  always  con? isted  of  three  lamps. 

All  these  curves  show  that  the  light  given  out  by  these 
Edison -Swan  lamps  was  greater  after  they  had  been  glowing 
for  some  time  than  it  was  when  the  lamps  were  new;  also  that 
even  just  before  the  filament  of  one  lamp  in  a  group  broke, 
the  total  light  given  out  by  the  group  of  three  was  greater 
than  when  the  lamps  were  new.  This  is  a  totally  different 
result  from  that  obtained  in  earlier  tests,  as  illustrated  in 
figs.  1,  2,  3,  and  4,  which  showed  that  a  considerable  deterio- 
ration in  candle-power  always  took  place  after  lamps  had 
been  running  for  some  time.  Further,  while  the  globes  of 
earlier  lamps  were  always  much  blackened,  even  after  a  run 
of  a  few  hundred  hours,  and  so  became  comparatively  useless 
long  before  the  filament  broke,  the  Edison-Swan  lamps  which 
we  have  been  testing  showed  hardly  any  blackening,  even 
when  the  filaments  lasted  for  over  1300  hours. 

The  highness  of  the  average  candle-power  of  Edison-Swan 
lamps  marked  100-8  after  they  have  been  run  for  some 
time  at  100  volts,  is  corroborated  by  the  figures  in  the 
following  table,  which  gives  the  results  of  the  measure- 
ments of  the  candle-power  and  the  watts  per  candle  of  eleven 
8-candle  100- volt  lainps  which  had  been  run  from  the  mains 
of  the  Notting-Hill  Electric  Lighting  Co.  As  these  lamps 
had  been  used  in  different  rooms  of  a  dwelling-house,  it  was 
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Fig.  10a.— Preliminary  Tests  on  Edison-Swan  8  C.P.  100-volt 
Lamps  run  at  Various  Voltages. 


Group  of  3  Lamps 
marked  100-8  run 
at  100  volts. 


Group  of  3  Lamps 
marked  100-8  run 
at  102  volts. 


Group  of  3  Lamps 
marked  100-^  run 
at  104  Yolts. 


Full  lines  represent  Gandle-Power  and  Time. 
Broken  lines  represent  Amperes  and  Time. 

impossible  to  say  for  how  many  hours  they  had  been  run, 
but  the  time  probably  varied  from  about  200  to  600  hours, 
and  at  any  rate  none  of  them  were  new. 

The  measurements  were  taken  at  100  volts,  and  Harcourt's 
pentane  burner  was  the  standard  of  light  used. 


Candle-Power. 

Watte         1 
per  Candle.     | 

Candle-power. 

Watts 

per  Candle. 
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In  these  lamps,  as  in  the  others  we  tested,  the  blackening 
of  the  bulbs  was  very  slight  indeed.  Since  the  above  mea- 
surements were  made,  the  two  lamps  whose  candle-powers 
were  11*9  and  11'25  have  broken  after  about  another  hundred 
hours  of  life  without,  as  far  as  could  be  judged,  any  dimi- 
nution in  their  light  or  any  increase  in  the  blackening  of  their 
bulbs. 

Moreover,  although  the  rise  of  candle-power  seen  in  figs. 
10  and  10  a  was  always  accompanied  with  a  rise  in  current, 
yet,  as  the  rise  in  candle-power  was  proportionally  much 
greater  than  the  rise  in  current  for  the  lamps  we  tested,  as 
will  be  seen  from  figs.  10  and  10  a,  where  one  division  re- 
presents 50  per  cent,  change  in  the  light,  but  only  4  per  cent, 
change  in  the  current,  the  consumption  of  power  per  candle 
was  actually  less  after  the  lamp  had  run  for  50  hours  than 
it  was  at  the  beginning,  and  the  power  per  candle  did  not 
rise  seriously  during  the  whole  life  of  a  lamp. 

Examining  the  results  for  the  group  run  at  100  volts,  we 
see  that  in  the  first  124  hours  the  candle-power  rose  from 
26*3  to  35,  or  by  33*1  per  cent.,  the  current  in  the  same  time 
rising  from  1*261  to  1*335  amperes,  or  by  5*87  per  cent.,  so 
that  during  those  first  hours  the  watts  per  candle  dropped 
from  4-79  to  3-^2. 

During  the  1820  hours  of  running,  three  lamps  broke  in 
this  group,  their  lives  being  572,  957,  and  1167  hours;  the 
three  still  unbroken  at  the  end  of  the  tests  had  been  run  for 
1248,  863,  and  653  hours  respectively. 

Over  the  first  500  hours  the  average  consumption  of  energy 
with  the  lamps  run  at  100  volts  was  at  the  rate  of  4*0  watts 
per  candle,  over  the  second  500  hours  4*36  watts  per  candle, 
over  the  third  500  hours  4*55  watts  per  candle,  and  over  the 
whole  run  the  average  efficiency  was  0*23  candle  per  watt, 
corresponding  with  4*35  watts  per  candle. 

The  candle-power  of  the  three  lamps  run  at  101  volts  rose 
in  the  first  150  hours  from  265  to  30*6,  that  is  by  15*5  per 
cent.,  the  current  rose  from  1*27  to  1*33,  or  by  4*72  per  cent., 
the  watts  per  candle  in  the  same  time  falling  from  4*80 
to  4*32.  The  average  watts  per  candle  over  the  whole  run  of 
1340  hours  of  this  group  were  4*68,  corresponding  with  an 
efficiency  of  0*215  candle  per  watt. 

In  the  group  at  102  volts  which  was  run  for  1820  hours 
six  lamps  broke,  their  lives  being  242,  372,  516,  570,  516, 
and  786  hours  respectively  in  the  order  of  breaking ;  the  three 
lamps  unbroken  at  the  end  of  the  tests  had  run  for  1148,  898, 
and  772  hours  respectively. 

The  initial  rise  in  candle-power  in  this  group  at  102  volts 
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was  from  30*6  to  35,  or  a  rise  in  120  hours  of  14*4  per  cent., 
the  current  in  the  same  time  rose  from  1'26  to  1*31  amperes, 
or  by  3'97  per  cent.,  so  that  the  watts  per  candle  diminished 
from  4-22  to  3-82. 

The  average  consumption  of  energy  during  the  first  500 
hours  was  at  the  rate  of  3*9  watts  per  candle,  during  the 
second  500  hours  4*06  watts  per  candle,  during  the  third  500 
hours  4*2  watts  per  candle,  and  over  the  whole  run  the 
average  was  4*12  watts  per  candle,  corresponding  with  an 
efficiently  of  0243  candle  per  watt. 

Turning  to  the  group  run  at  104  volts,  the  curves  show 
that  the  breakages  were  very  frequent.  Altogether  five 
lumps  broke,  their  lives  being  94,  175,  210,  242,  and  254 
hours  ;  the  three  lamps  left  unbroken  at  the  end  of  the  test 
had  been  run  for  165,  222,  and  364  hours. 

The  initial  rise  in  candle-power  was  from  33*8  to  40*5 
candles,  that  is  19'8  per  cent.;  and  the  current  rose  from 
1*264  to  1*307  amperes,  or  by  3*4  per  cent. 

Over  the  whole  run  the  average  watts  per  candle,  for  the 
lamps  run  at  104  volts,  were  3*6,  corresponding  with  an 
efficiency  of  0*278  candle  per  watt. 

It  is  known  from  preceding  tests  (see  the  *  Electrician,' 
July  15th,  1892,  for  example)  that  the  light  given  out  by  a 
new  glow-lamp  varies  approximately  as  the  seventh  power  of 
the  pressure  when  the  pressure  is  something  like  the  normal 
pressure  for  the  lamp.  Now,  as  the  groups  of  lamps  that  wo 
tested  at  100,  102,  and  104  volts  respectively  were  selected 
so  that  each  group  gave  practically  tne  same  light  initially 
when  tested  at  the  same  pressure  of  100  volts,  it  was  to  be 
expected  that  the  three  groups  run  at  the  three  difierent 
pressures  would  follow  the  law  for  the  light  given  out  by  the 
same  lamp  w*hen  used  at  difierent  pressures. 

And  this  is  practically  the  case,  for  if  Lioo)  L103,  and  L104 
be  the  number  of  candles  emitted  by  the  three  groups  of  three 
lamps  each,  we  see  from  the  curves  on  fig.  10  that  at  the  start 
Lioo=26-3,  Lio3=30*6,  Lia4=32*5  ; 

.-.{^  =116,  and^  =  1-24. 

Hence  the  light  is  roughly  as  the  seventh  power  of  the  pres- 
sure at  the  start. 

But  after  the  lamps  have  been  glowing  for  100  hours  this 
relationship  no  longer  holds,  for  after  100  hours  from  the 
start  we  see  from  the  curves  on  fig.  10  that 

Lioo=33'9,  Li(y2=34'l,  Lio4=39*8, 

L102        -         Li04_^.i7 

or  1 — =1,    T lit, 
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so  that  the  light  varies  only  as  something  like  the  fourth 
power  of  the  pressure. 

On  the  other  hand,  if  we  consider  the  results  of  the  pre- 
liminary tests  recorded  in  fig.  10a,  we  have  at  the  start 

Lioo=24-8,    Lio2=28-7,    Lio4=30, 
so  that 

J^  =  MC,     J^  =  l-21; 

while  after  100  hours'  run 

Lioo=33'l,    Li(,2=38,    Lioi  =  43'3; 


so  that 


1^100 


1-^  =  1-31. 

-Lfioo 


In  this  case,  then,  the  law  of  the  seventh  power  holds  roaghly 
not  only  for  the  light  given  out  by  the  three  groups  at  the 
stjirt  but  also  at  the  end  of  the  first  100  hours'  run. 

The  following  table  gives  the  analysis  of  the  chief  results 
shown  by  the  curves  on  figs.  10  and  10  a. 


Pressure  in  Volts  main- 
tained between  Lamp 
Tenuinals 

Duration  of  Teflt,  in  Hours 

Initial  Candle  Power  per  1 
Lamp    J 

Initial  Walts  per  Candle... 

Largest  Candle-Power 
per  Lamp 

Percentage  Rise  in  Can- 
dle-Power at  the  be- 
ginning   

Percentage  Rise  in  Cur- 
rent at  the  beginning 

Smallest    Watts     per 
Candle  

Average  Candle-Power 
per  Lamp  during  whole 
run 

Ayerage  Watts  p?r  Can- 
dle during  whole  run 

Lives  in  Hours  of  Lamps  1 
Broken  during  run  ...  j 

Lives  in  Hours  of  Uu- 1 
broken  Lamps  I 

Number  of  Lamps  in-  I 
eluded  in  Striking  I 
Averages   J 
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110 

8-23 

4-72 

111 

35-0 

7-56 
3-74 
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110 
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437 
12-0 

31-9 
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348 


104 

110 
10 
4-20 
146 

45-0 

7-43 
312 


Later  Tests. 


...I 


100 

1,820 

8-77 

4-79 
11-67 

331 

6-87 
3-82 

10-0 

4-35 

572;  957; 
1167. 

1248;  863; 
653. 


101 

102 

1.340 

1,820 

8-83 

10-2 

4-80 

422 

1023 

11-67 

15-5 

14-4 

4-28 

3-97 

4-3 

382 

94 

10-7 

4-68 

412 

No  Lamps 
broken. 

242;  872; 
516;  540; 
516;  786. 

1340;  1340; 
1340. 

1148;  898; 
772. 

3 

9 

104 

460 
.  11  27 
3-89 
135 

19-8 

34 
3-33 

121 

3-6 

94;  175; 

210; 
242;  254. 

165;  222; 
364 
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Although,  as  already  stated,  the  number  of  lamps  that  could 
be  supplied  with  power  every  night  at  the  Central  Technical 
College  was  limited  to  nine,  and  although,  therefore,  the  total 
number  dealt  with  in  the  investigation  was  small,  the  curves 
on  figs.  10  and  10a,  and  the  results  given  in  the  preceding 
table,  are  quite  sufficient  to  enable  us  to  arrive  at  the  following 
results  : — 

(1)  When  a  group  of  Edison-Swan  lamps  marked  100-8 

are  run  at  100  volts,  and  each  lamp,  as  its  filament 
breaks,  is  replaced  by  a  new  Edison-Swan  100-8  lamp, 
it  may  be  expected  that  the  light  given  out  by  the 
group  will  never  be  as  small  as  it  was  at  the  be^nning, 
when  all  the  lamps  in  the  group  were  new.  This  im- 
portant result  is  brought  about  by  the  deterioration 
of  the  lamps  with  long-lived  filaments  being  com- 
pensated by  the  great  rise  in  the  light  given  out  by 
each  new  lamp  when  put  in  place  of  one  whose  fila* 
ment  has  broken. 

(2)  An  Edison-Swan  lamp   marked  100-8  when   run  at 

100  volts  will  give  an  average  illumination  during  it« 
whole  life  of  about  10  candles^  and  will  absorb  an 
average  power  of  about  4*3  watts  per  candle,  so  that 
such  a  lamp  must  be  regarded  as  a  43-watt  lamp,  and 
not  a  30- watt  lamp  as  is  not  nnfrequently  stated,  this 
difference  in  power  being  about  43  per  cent. 

(3)  An  Edison-Swan  lamp  marked  100-8  may,  when 
run  at  100  volts,  emit  during  a  large  portion  of  its  life 
a  light  of  as  much  as  11 '7  candles,  and  absorb  a  power 
of  aoout  44*6  watts,  which  is  about  44  per  cent,  greater 
than  the  nominal  30  watts. 

These  last  two  facts  are  of  great  importance  to  dynamo- 
constructors,  when  specifying,  as  is  frequentlv  done,  the 
number  of  lamps  of  a  given  type  to  which  a  given  dynamo 
can  supply  current  to  without  becoming  too  hot.  For  if,  in 
making  such  a  calculation,  it  be  assumed  that  an  Edison- 
Swan  8-candle-power  lamp  absorbs  the  nominal  30  watts, 
that  is  3*75  watts  a  candle  instead  of  the  44*6  watts  which 
our  tests  show  that  such  a  lamp  actually  absorbs  during  a  long 
portion  of  its  life,  the  current  will  be  44  per  cent,  greater, 
and  the  rate  of  heating  of  the  dynamo  108  per  cent,  greater, 
than  was  anticipated. 

(4)  Groups  of  new  Edison-Swan  lamps  marked  100-8,  if 
selected  so  as  to  give  the  same  lignt  at  100  volts,  will, 
when  newy  emit  a  light  which  is  roughly  proportional 
to  the  seventh  power  of  the  pressure  applied  to  them. 
But  after  a  run  of  100  hours,  this  rule  connecting  light 
and  pressure  may,  or  may  not,  hold. 
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The  rise  in  candle-power  with  time,  which  occurred  during 
the  early  part  of  the  life  of  all  the  Edbon-Swan  lamps  which 
we  tested,  may  be  noticed  also  in  the  collection  of  curves 
published  by  Mr.  Feldman  in  the  *  Electrician,'  Nov.  29th, 
1892  (fig.  11).  But  there  are  certain  very  important  differ- 
ences between  the  results  recorded  by  these  curves  and  those 


Fig.  11. 
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which  we  have  obtained.     These   differences  are  shortly  as 
follows: — 

(1)  The  greatest  rise  of  light  emitted  by  the  lamps  as  re- 
corded in  Mr.  Feldman's  curves  was  14  per  cent.  In 
our  experiments  this  maximum  rise  was  45  per  cent. 

(2)  In  spite  of  the  first  rise  in  the  candle-power  as  shown 
in  Mr.  Feldman's  curves  (fig.  11),  the  candle-power  at 
the  end  of  the  life  of  the  lamps  was  in  all  cases  much 
less  than  it  was  when  the  lamps  were  new.     Whereas 
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with  the  lamps  which  we  tested  at  100,  101  j  and  102 

voKs  the  light  given  out  by  a  group  was  never  as  low 

as  it  was  at  the  beginning  when  the  lamps  were  new. 

(3)  In  spite  of  the  first  rise  in  candle-power  recorded  in 

the  curves  on  fig.  11,  it  was  only  for  the  lamps  whose 

behaviour  was  recorded  in  curves  P  and  Z  that  the 

power  expended  per  candle  diminished  at  first  with 

time.     And  even  in  the  case  of  these  two  sets  the 

power  expended  per  candle  increased  again,  and  was 

greater  when  the  filaments  broke  than  it  was  when 

the  lamps  were  new.     Whereas  in  our  tests  the  power 

expended  per  candle  not  only  diminished  considerably 

during  the  early  life  of  the  lamp,  but  it  never  rose 

again  as  high  as  it  was  when  the  lamps  were  new. 

Although,  then,  the  rise  in  candle-power  during  the  early 

part  of  the  life  of  a  glow-lamp  is  apparently  not  an  absolutely 

new  fact,  the  magnitude  of  the  rise  ana  the  effects  resulting  from 

it  were,  in  the  older  lamps,  so  trifling  that  no  special  attention 

seems  to  have  been  devoted  to  this  important  subject  in  the 

former  reports  of  tests  of  lamps.     Indeed,  even  in  a  prominent 

book  connected  with  fflow-lamps  which  has  quite  recently 

been  brought  out  in  this  country,  no  mention  whatever  is 

made  of  the  fact  in  question.     And  yet,  as  we  have  already 

shown,  and  as  will  become  more  apparent  from  what  follows, 

this  remarkable  rise  in  the  candle-power  during  the  earlier 

part  of  the  life  of  an  Edison-Swan  lamp  has  a  very  important 

effect  on  the  economy  of  lighting  with  glow-lamps. 

The  next  point  toconsider  is  the  way  in  which  the  cost  of 
lighting  with  the  modern  100-8  Edison-Swan  lamps  depends 
on  the  pressure  at  which  they  are  run,  and  on  tne  cost  of 
a  Board  of  Trade  unit.  The  curves  on  figs.  12  and  13  give 
the  cost  of  obtaining  light  with  the  various  groups  of  lamps, 
including  the  cost  of  replacing  lamps  with  broken  filaments, 
calculated  day  by  day  from  our  tests  as  the  experiment 
went  on. 

The  ordinatcs  of  the  curves  show  the  cost  of  100  candle-hours 
at  any  time  during  the  test,  time  beinc  measured  horizon- 
tally, and  the  values  of  the  ordinates  have  neen  calculated  from 
the  following  formula : — 

Total  cost  per  cnndle  per  100  hours  at  the  end  of  any 
number  of  hours  t  equals 

</^i^       Board  of  Trade  unita  aged  daring  time  t  x  Price  of  one  Board  of  Trade  unit 
Total  Candle-hours  during  time  t 

4.  1  on  V  N"™^''  o^  lamps  aged  during  time  t  X  Price  of  one  lamp 
"^  ^  Total  Oandle-boitfs  during  time  t 
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The  price  of  a  kilowatt-hour  we  took  as  4^^  in  fig.  12,  and 
as  9rf.  in  fig.  13,  the  cost  of  a  new  lamp  being  taken  as  Is,  9rf. 
in  both  sets  of  curves. 

Of  course,  it  will  be  seen  from  the  formula  quoted  above, 
that  whenever  a  lamp  breaks  and  a  new  one  is  put  in  its 
place,  there  must  be  a  sudden,  though  temporary,  rise  in  the 
cost  per  candle-hour  due  to  the  cost  of  the  new  lamp ;  but 
this  rise  becomes  less  marked  as  the  number  of  lamps  included 
in  the  calculations  increases,  and  would  have  become  inappre- 
ciable if  the  tests  could  have  been  carried  on  for  a  suflBcieut 
length  of  time. 

The  first  three  lamps  to  break  in  both  the  102  and  the 
104  volt  groups  were  replaced  by  the  lamps  which  we  had 
previously  run  at  102  and  104  volts  respectively  for  110  hours  ; 
and  in  calculating  the  cost-curves  we  nave  added  in  the  watt- 
hours  and  the  candle-hours  due  to  these  previous  runs  ;  we 
have  also  added  to  the  abscissae  of  the  curves  the  110  hours. 

On  examining  the  total-cost  curves  on  figs.  12  and  13,  it  is 
at  once  apparent  that  they  nowhere  show  any  such  rise  in 
the  cost  of  producing  lights,  as  was  seen  in  the  similar  curves 
for  American  lamps  (fig.  5).  The  curves  in  fig.  12,  for 
which  the  price  of  a  Board -of-Trade  unit  was  .taken  as  4{d., 
do  not  turn  up  at  any  point,  not  even  for  the  three  lamps  run 
at  101  volts,  which  lasted  unbroken  for  over  1300  hours. 

In  fig.  13,  however,  for  drawing  the  curves  on  which  the 
price  of  a  Board-of-Trade  unit  has  been  taken  at  9d.,  there 
are  slight  indications  of  the  curves  turning  up  :  for  example, 
the  curve  for  the  100- volt  group  rises  a  little  at  850  hours,  at 
which  time  the  lives  of  the  three  lamps  being  tested  were 
850,  850,  and  278  hours  ;  and,  again,  at  about  1600  hours, 
when  the  lives  of  the  three  living  lamps  were  1028,  643,  and 
433  hours,  the  cost  per  candle-hour  rises  a  little.  In  the 
group  run  at  101  volts  the  cost  of  lighting  began  to  rise  a 
little  aft^r  the  lamps  had  been  lit  for  1100  hours;  and  in  the 
102- volt  group  the  curve  (fig.  13)  turns  up  a  little  at  1700 
hours,  at  which  time  the  ages  of  the  lamps  alight  were  928, 
678,  and  552  hours.  But  at  no  one  of  these  points  is  there 
a  sufficient  rise  to  indicate  that  a  time  has  been  reached  when 
it  would  be  good  economy  to  discard  lamps. 

The  remaining  total  cost  curve  on  fig.  13,  viz.  that  for  the 
group  of  lamps  run  at  104  volts,  when  tne  price  of  the  Board 
of  Trade  unit  is  taken  at  9rf.,  does  not  show  any  indication 
of  a  minimum  point. 

Hence,  generally,  we  may  conclude  that  when  the  modern 
Edison-Swan  8  O.r.  100-volt  lamps  such  as  we  have  been 
testing,  costing  1^.  9d.  per  lamp,  are  supplied  with  energy 
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costing  9d.  per  Board  of  Trade  unit,  no  economy  will  be 
gained  by  discarding  the  lamps  before  the  filaments  break. 

This  important  result  is  of  course  due  to  the  fact,  already 
pointed  out,  that  there  is  no  marked  decrease  in  the  candle- 
power  of  the  lamps  during  their  lives. 

Owing  to  the  extent  to  which  the  individual  lamps  varied 
among  themselves,  it  is  difficult  to  say  which  of  the  four 
pressures  at  which  we  tested  lamps  would  be  the  most 
economical  to  use.  The  three  lamps  tested  at  101  volts  seem 
to  have  been  quite  abnormal,  their  efficiency  being  very  low, 
and,  as  a  consequence,  their  lives  very  long. 

With  a  Board  of  Trade  unit  costing  4^^.,  the  lamps  tested 
at  100  volts  gave  the  cheapest  light,  and  as  they  do  not  seem 
to  have  been  above  the  average  in  quality  this  result  may 
probably  be  safelj'  taken  as  correct. 

With  energy  costing  [kf.  per  Board  of  Trade  unit  (fig.  13) 
there  does  not  seem  much  to  choose  between  the  total  cost  of 
producing  light  with  the  three  pressures  of  100, 102,  and  104 
volts,  excepting  that  the  use  of  104  volts  would  introduce  an 
extra  expense  arising  from  the  labour  of  frequently  replacing 
broken  lamps. 

The  two  conclusions,  then,  to  which  we  are  led  by  a  study 
of  these  total-cost  curves  on  figs.  12  and  13  are  :-^ 

1.  The  modem  Edison-Swan  8  C.P.  100- volt  lamps  such 

as  we  tested  should  not  be  discarded  until  the  filaments 
break. 

2.  No  marked  economy  can  be  gained  by  over-running  this 

type  of  lamp. 


Addition  made  January  25,  1895. 

The  question  arises — what  is  the  cause  of  the  marked  rise 
in  candle-power  which  occurred  with  all  the  lamps  tested  by 
us  during  1893  and  1894  ?  In  the  early  summer  of  1894, 
when  our  tests  were  approaching  completion,  Mr.  Howell,  in 
contributing  to  a  discussion  at  the  American  Institute  of 
Electrical  Engineers,  stated  that  such  a  rise  in  candle-power 
was  due  to  the  vacuum  of  the  lamp  improving  during  the 
early  part  of  its  life.  Therefore,  after  we  had  stopped  the 
main  investigation,  we  made  some  experiments  to  test  the 
validity  of  Mr.  Howeirs  explanation. 

We  applied  the  induction-coil  vacuum-test  to  some  dozen 
Edison-JSwan  lamps  when  quite  new,  and  again  after  they 
had  been  run  for  about  80  hours  at  their  normal  pressure 
of  100  volts.     In  every  case  we  found  that  the  vacuum  had 
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apparently  improved;  for  using  a  spark  of  about  8  millimetres 
in  length,  the  lamps  when  fiew  were  entirely  filled  with  a 
bright  blue  glow  accompanied  with  some  bright  white  patches 
on  the  glass  ;  whereas,  after  a  run  of  about  80  hours  at  a 
pressure  of  100  volts,  this  phosphorescent  effect  with  the 
8  millimetre  spark  was  either  entirely  absent,  or  consisted  of 
only  a  faint  nebulous  glow  which  did  not  fill  the  lamp-bulb, 
and  there  was  very  little  light  on  the  surface  of  the  glass. 

Thus  it  appeared  as  if  Mr.  Howell's  explanation  of  the 
great  increase  in  the  light  given  out  by  a  glow-lamp  during 
the  early  portion  of  its  life  was  correct. 

But  this  conclusion  which  we  arrived  at  last  year  has  been 
modified  by  tests  that  we  have  been  carrying  out  on  Edison- 
Swan  glow-lamps  purchased  since  our  paper  was  sent  in  to 
the  Physical  Society  in  November  1894.  For  we  find  that, — 
while  the  induction-coil  vacuum-test  applied  to  these  lamps 
when  they  are  new,  and  after  a  run  of  80  hours  at  the  normal 
pressure  of  100  volts,  shows  that  the  vacuum  apparently 
improves, — this  improvement  in  the  vacuum  is  not  accom- 
panied with  the  great  rise  in  candle-power  which  we  found 
with  all  the  Edison-Swan  lamps  purchased  in  1892  and  1893, 
the  tests  of  which  form  the  subject  of  this  paper.  And  yet 
the  lamps  are  all  marked  in  the  same  way,  "  100  E.F.  8," 
and  they  all  look  alike. 

In  the  case  of  a  set  of  these  Edison-Swan  lamps,  purchased 
on  January  21,  1895,  not  merely  were  the  current  and  the 
light  periodically  measured,  but  the  induction-coil  vacuum- 
test  was  applied  at  intervals  during  the  80  hours'  run  ;  and 
it  was  founa  that  the  change  in  the  phosphorescent  appear, 
ance  of  the  lamp,  and  the  consequent  apparent  increase  in 
the  vacuum,  was  produced  slowly  and  not  suddenly  on  the 
first  application  of  the  pressure  of  100  volts. 

The  following  are  the  results  of  the  tests  of  this  batch  of  six 
lamps.  The  light  was  measured  with  a  Harcourt-Pentane 
Standard,  the  potential  difference  with  the  Ayrton  and  Mather 
reflecting  electrostatic  voltmeter,  and  the  current  with  the 
strip  of  manganin  shunted  with  the  Ayrton  and  Mather 
moving  coil-galvanometer ;  this  voltmeter  and  the  ammeter 
combination  being  the  same  as  those  employed  with  all  the 
lamps  tested  previously.  But  both  instruments  were  carefully 
calibrated  on  January  of  this  year,  to  make  quite  certain  that 
the  different  behaviour  of  these  newer  lamps  was  not  merely 
an  apparent  one  produced  by  some  change  having  occurred 
in  the  sensibilities  of  the  measuring-instruments. 

The  insulation  of  the  lamp-holders  was  carefully  cleaned 
and  the  contact-surfaces  scraped  before  these  tests  were  made. 
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Six  Edison-Swan  Lamps,  marked  '*  100  E.F.  8,"  purchased 
January  21,1895,  marked  by  os  IX.,  X.,  XI.,  XII., 
XIIL,  XIV.,  and  run  at  100  Volts. 

Filaments  placed  at  an  angle  of  45®  with  the  Photometer- 
Bench. 


Hours  of  Bunning. 

Power,  in 
Watts. 

Candle- 
Power. 

Watte  per 
Candle. 

I^amp  No.  IX. 

0 

41-3 

9-70 

4-26 

1  hour  40  minutes. 

413 

9-70 

426 

A  hours  10  minutes. 

41-5 

9-.0 

4-28 

13  hours  «30  minutes. 

41(5 

967 

4-80 

42  hours  30  minutes. 

419 

9-85 

425 

80  hours , 

42-5 

985 

4-31 

Lamp  No.  X. 

0 

40-35 

7-85 

514 

1  hour  45  minutes. 

40-4 

7-95 

5-08 

6  hours  15  minutes. 

40-5 

7-92 

511 

13  hours  85  minutes. 

40-6 

7i)2 

512 

42  hours  35  minutes. 

409 

8-2 

4-99 

80  hours   5  minutes. 

41-5 

8-5 

4-88 

Lamp  No.  XL 

0 

39-8 

7-89 

5-05 

1  hour  50  minutes. 

39-8 

8-00 

4-97 

6  hours  20  minutes. 

39-8 

811 

4-91 

13  hours  40  minutes. 

39-8 

795 

5-01 

42  hours  40  minutes. 

398 

8-00 

4-97 

80  hours  10  minutes. 

40-1 

8-00 

5-01 

Lamp  No.  XII. 

0 

39-85 

7-78 

512 

1  hour  55  minutes. 

40-1 

807 

4-97 

6  houn*  25  minutes. 

40-25 

805 

5O0 

13  hours  45  minutes. 

40-41 

795 

5-08 

42  hours  45  minutes. 

4075 

83 

4-91 

80  hours  15  minutes. 

41*4 

8-7 

476 

Lamp  No.  XIIL 

0 

4075 

8-06 

505 

2  hours 

40-6 
40-5 

8-06 
8-17 

5-04 
4-95 

6  hours  30  minutes. 

13  hours  50  minutes. 

40-5 

7-85 

M5 

42  hours  50  minutes. 

40-5 

79 

513 

80  hours  20  minutes. 

40-6 

8-4 

4-67 

Lamp  No.  XIV. 

0 

41-2 

8-49 

4-85 

2  hours   5  minutes. 

41-2 

865 

476 

6  hours  35  minutes. 

41-2 

8<(5 

4-76 

13  hours  55  minutes. 

41-2 

8-49 

4-85 

42  hours  55  minutes. 

41-2 

8-6 

480 

80  hours  25  minutes. 

41-5 

8-5 

4-89 
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From  these  tests  it  is  seen  that,  in  the  case  of  lamps 
Nos.  XI.  and  XIV.,  there  was  practically  no  change  either  in 
the  light  or  in  the  power  absorbed  during  the  first  80  hours 
of.  the  running  at  the  constant  pressure  of  100  volts  ;  and 
that  in  the  case  of  the  remainder  of  this  batch  of  lamps  the 
increase  in  the  light  and  in  the  power  absorbed  was  compa- 
ratively small,  the  greatest  change  being  with  lamp  No.  XL, 
where  the  light  rose  by  about  11  per  cent,  and  the  power  by 
about  4  per  cent.  This  is  a  very  different  result  from  that 
obtained  with  the  Edison-Swan  lamps  previously  tested,  and 
run  at  a  constant  pressure  of  100  volts,  for  there  the  total 
light  given  out  by  the  three  lamps  together  rose  by  35  per 
cent,  in  the  first  100  hours  of  running,  and  the  power  by 
7*55  per  cent. 

Since,  then,  as  already  stated,  the  vacuum,  when  tested 
periodically  with  the  induction-coil,  appeared  to  improve 
steadily  with  each  of  the  six  lamps  Nos.  IX.  to  XIV.  during 
the  run  of  80  hours,  it  would  appear  that  improvement  in  the 
vacuum  was  not  the  sole  cause,  as  stated  by  Mr.  Howell,  for  the 
great  rise  in  the  candle-power  such  as  we  observed  with  all 
the  Edison-Swan  lamps  which  we  tested  in  1893  and  1894. 

It  is  possible  that  this  rise  in  candle-power  may  have  been 
due  to  a  change  in  the  surface  of  the  filament  causing  the 
emissivity  for  heat  to  decrease,  since  that  would  raise  the  light 
emitted,  as  well  as  the  number  of  candles  per  watt.  Whether 
such  a  change  in  the  heat- emissivity  of  the  filament  occurs 
with  time  we  have  not  yet  found  out. 

Another  point  of  difference  between  this  batch  of  six  lamps 
Nos.  IX.  to  XIV.  and  those  which  we  tested  during  the  main 
part  of  our  investigation,  is  the  relative  inefficiency  of  these 
six  lamps.  For  in  no  single  test  at  any  time  during  the  80 
hours  run  with  these  six  lamps  were  the  watts  per  candle  less 
than  4*25,  and  in  many  cases  they  were  over  5  ;  while  with 
lamp  No.  XIII.  the  watts  per  candle,  as  seen  in  the  last 
table,  were  as  high  as  5*15  after  this  lamp  had  been  run  for 
13  hours  50  minutes.  It  is  possible,  then,  that  when  in  the 
body  of  the  paper  we  spoke  of  the  group  of  three  lamps 
which  we  ran  at  a  consbmt  pressure  of  101  volts  as  being 
"quite  abnormal,"  because  the  average  watts  per  candle 
required  with  this  group  during  the  run  of  1340  nours  were 
as  high  as  4*68,  we  ought  rather  to  have  spoken  of  the 
various  other  groups  of  lamps  which  we  ran  at  the  constant 
pressures  of  100,  102,  and  104  volts  respectively  as  being 
abnormally  good  Edison-Swan  lamps. 

At  any  rate  it  is  clear  that  it  is  at  present  impossible  to 
state  the  most  economical  potential  difference  to  employ  with 
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any  Edison-Swan  lamps  marked  "  100  E.F.  8 ;"  since  batches 
of  lamps  so  marked,  and  therefore  nominally  the  same,  really 
require  very  different  potential  differences  to  be  employed  to 
obtain  maximum  economy  with  a  given  price  of  lamp  and  of 
a  kilowatt-hour. 

It  may,  however,  be  concluded,  from  the  curves  shown  in 
figs.  12  and  13^  that  the  most  economical  potential  difference 
to  employ  with  any  Edison- 8 wan  lamps  marked  "  100  E.F.  8," 
sach  as  have  been  obtainable  in  the  open  market  since  1892, 
is  the  potential  difference  that  will  cause  the  lamp  during  a 
large  portion  of  its  life  to  have  an  efficiency  of  about  0*25 
candle  per  watt,  corresponding  with  4  watts  per  candle. 

The  value  of  this  potential  difference  for  any  batch  of  these 
lamps  may  be  determined  approximately  in  the  following 
way.  From  our  tests,  already  referred  to,  of  eleven  Edison- 
Swan  lamps,  marked  "  100  E.F.  8,"  which  had  been  used  in 
a  house  for  some  200  or  300  hours,  we  found  that  the  relation 
between  candle-power  and  pressure  was  given  by 

Candle-power  =  ax  (volts) *"•*, 

where  .a  is  a  constant.  Also  we  found  that  the  relation 
between  candle-power  and  watts  for  these  lamps  was  given  by 

Candle-power  =  6x  (watts)***, 

where  6  is  a  constant.    Therefore 

Volts  =  c  X  (watts  per  candle)""****', 

where  c  is  a  constant. 

Hence  if  one  has  a  batch  of  Edison-Swan  lamps  marked 
'^  100  E.F.  8/'  whose  efficiency  is,  say,  0*222  candle  per  watt, 
corresponding  with  4'5  watts  per  candle,  when  a  pressure  of 
100  volts  is  applied  to  them,  it  would  be  probably  most 
economical  to  run  them  at  about  103  volts,  since  this  is  the 
pressure  which  the  last  equation  tells  us  will  be  necessary 
to  raise  the  efficiency  of  such  lamps  to  0*25  candle  per  watt. 

From  what  precedes,  it  follows  that,  since  the  average 
efficiency  of  the  100  E.F.  8  Edison-Swan  appears  to  be  less 
than  0*25  candle  per  watt,  the  opinion  expressed  bv  one  of 
us  in  an  article  entitled  "  New  Lamps  for  Old,"  published  in 
the  '  Electrician '  for  September  29,  1893,  was  correct,  viz. 
that  it  would  be  economical  to  overrun  Edison-Swan  lamps 
by  applying  a  pressure  about  3  per  cent,  higher  than  the 
marked  pressure.  And  that  the  reason  why  Siis  conclusion 
was  apparently  negatived  by  the  results  of  the  tests  which  we 
carried  out  during  the  winter  of  1893  and  a  large  portion  of 
1894,  was  because  the  various  groups  of  lamps  which  we  ran 
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at  the  constant  pressures  of  100,  102^  and  104  volts  respeo- 
tively  consisted  of  specially  good  specimens. 

In  applying  the  mle  that  the  economicaL  potential  differ- 
ence is  about  the  one  which  causes  the  lamp  to  produce  0*25 
candle  per  watt,  it  is  important,  however,  to  examine  8-candle 
100-volt  Edison-Swan  lamps  when  bought  to  see  whether 
they  are  really  marked  "  100  E.F.  8."  For  while  the  result 
of  various  purchases  of  8-candle  100-volt  Edison-Swan  lamps 
during  the  past  three  years  has  always  resulted  in  lamps 
mark^  "  100  E.F.  8"  being  sent  us,  although  the  marking 
on  the  lamps  was  never  specified  by  us,  a  recent  batch  of 
lamps  that  we  have  received  contained  among  them  certain 
lamns  marked  "  100  B.  8,''  which  not  only  differed  in  the 
marking  but  also  in  the  filament  being  of  a  simple  horse-shoe 
shape,  and  not  with  a  loop  at  the  top  as  in  the  case  of  the 
other  lamps.  And,  on  testing  these  Edison-Swan  B  lamps, 
we  were  surprised  to  find  that  with  no  one  of  them,  when  run 
at  100  volts,  did  the  watts  per  candle  exceed  3"9,  and  in  some 
cases  the  watts  per  candle  were  as  low  as  3*01.  We  have 
not,  however,  had  these  B  lamps  for  a  sufficiently  long  time 
in  our  possession  to  be  able  to  express  any  opinion  about  their 
life-history. 


XLI.  On  tlie  Cliange  of  Form  of  Long  Waves  advancing  in  a 
Rectangular  Canaly  and  on  a  New  Type  of  Long  Stationary 
Waves.  By  Dr.  D.  J.  Korteweg,  Professor  of  Mailiematics 
in  the  University  of  Amsterdam,  and  Dr.  G.  db  Vries*. 

Introduction. 

IN  such  excellent  treatises  on  hydrodynamics  as  those  of 
Lamb  and  Basset,  we  find  that  even  when  friction  is 
neglected  long  waves  in  a  rectangular  canal  must  necessarily 
change  their  form  as  thev  advance,  becoming  steeper  in  front 
and  less  steep  behind  f.  Yet  since  the  investigations  of 
de  BoussinesqJ,  Lord  Rayleigh§,  and  St.  Venant||  on  the 
solitary  wave,  there  has  been  some  cause  to  doubt  the  truth 
of  this  assertion.  Indeed,  if  the  reasons  adduced  were  really 
decisive,  it  is  difficult  to  see  why  the  solitary  wave  should 

*  Communicated  by  the  Authors. 

t  It  seems  that  this  opinion  was  expressed  for  the  first  time  by  Aixji 
«  Tides  and  Waves,"  Enofc  Metrop.  1846. 
X  Canutes  Bendus,  1871,  vol.  Ixii. 
S  Phil.  Mag.  1876, 5th  series,  vol.  i.  p.  267. 
I)  Comptes  Jtendus,  1886,  vol.  ci. 
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make  an  exception^;  but  even  Lord  Rayleigh  and  McCowan  f^ 
who  have  snccessfully  and  thoroughly  treated  the  theory  of 
this  wave,  do  not  directly  contradict  the  statement  in  question. 
They  are^  as  it  seems  to  us,  inclined  to  the  opinion  that  the 
solitary  wave  is  only  stationary  to  a  certain  approximation. 

It  is  the  desire  to  settle  this  question  definitively  which  has 
led  us  into  the  somewhat  tedious  calculations  which  are  to  be 
found  at  the  end  of  our  paper.  We  believe,  indeed,  that  from 
them  the  conclusion  may  be  drawn,  that  in  a  frictionless  liquid 
there  may  exist  absolutely  stationarv  waves  and  that  the  form 
of  their  surface  and  the  motion  of  tne  liquid  below  it  may  be 
expressed  by  means  of  rapidly  convergent  series.  But,  in 
order  that  these  lengthy  calculations  mi^ht  not  obscure  other 
results,  which  were  obtained  in  a  less  elaborate  way,  we  have 
postponed  them  to  the  last  part  of  our  paper. 

First,  then,  we  investigate  the  deformation  of  a  system 
of  waves  of  arbitrary  shape  but  moving  in  one  direction  onljr, 
t.  e.  we  consider  one  of  tne  two  systems  of  waves,  starting  m 
opposite  directions  in  consequence  of  any  disturbance,  after 
their  complete  separation  from  each  other.  By  adding  to  the 
motion  of  the  fluid  a  imifonn  motion  with  velocity  equal 
and  opposite  to  the  velocity  of  propagation  of  the  waves,  we 
may  reduce  the  surface  of  such  a  system  to  approximate,  but 
not  perfect,  rest. 

If,  then,  l+f)  {yi  being  a  small  quantity)  represent  the 
elevation  of  the  surface  above  the  bottom  at  a  horizontal  dis- 
tance X  from  the  origin  of  coordinates,  we  have  succeeded  in 
deducing  the  equation 

d«  -  2V  ^ '  -^ a^ 

where  a  is  a  small  but  arbitrary  constant,  which  is  in  close 
connexion  with  the  exact  velocity  of  the  uniform  motion  given 

TZ 
to  the  liquid,  and  where  <r=^ depends  upon  the  depth 

»*/ 
I  of  the  liquid,  upon  the  capillary  tension  T  at  its  surface,  and 
upon  its  density  p. 

On  assuming  ^  =0  we  of  course  obtain  the  dififerential 
O* 

*  Thouffh  the  theory  of  the  solitary  wave  is  duly  discussed  in  the 
treatise  of  Basset,  the  incondstency  of  his  result  with  the  doctrine  of 
the  necessary  chan^^e  of  form  of  long  waves  seems  not  to  have  sufficiently 
attracted  the  attention  of  the  author. 

t  Phil.  Mag.  1801,  5th  series,  vol.  xxxii. 
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eqaation  for  stationaiy  waves^  and  it  is  easily  shown  that  the 
well-known  equation 


ff=zhsecVa:A/  ^ 


4(r 

of  the  solitary  wave  is  included  as  a  particular  case  in  the 
general  solution  of  this  equation.  But,  in  referring  to  this 
kind  of  wave,  we  have  to  notice  the  result  that,  taking 
capillarity  into  account,  a  negative  wave  will  become  the  sta- 
tionary one,  when  the  depth  of  the  liquid  is  small  enough. 

On  proceeding  then  to  the  general  solution,  a  new  type  of 
long  stationary  wave  is  detected,  the  shape  of  the  surface 
being  determined  by  the  equation 

,=*«..«y/^(.od.M=^j|:). 

We  propose  to  attach  to  this  type  of  wave  the  name  of 
cnoidal  waves  (in  analogy  with  sinusoidal  waves).  For  i=0 
they  become  identical  with  the  solitary  wave.  For  lar^e 
values  of  k  they  bear  more  and  more  resemblance  to  sinusoidal 
waves,  though  their  general  aspect  differs  in  this  respect,  that 
their  elevations  are  narrower  than  their  hollows  ;  at  least 
when  the  liquid  is  not  too  shallow,  in  which  latter  case  this 
peculiar  feature  is  reversed  by  the  influence  of  capillarity. 

For  very  large  values  of  k  these  cnoidal  waves  coincide 
with  the  train  of  oscillatory  waves  of  unchanging  shape  dis- 
covered by  Stokes*,  which  therefore  in  the  theory  of  long 
waves  ^  constitutes  a  particular  case  of  the  cnoidal  form. 
Indeed  the  equation  f  obtained  by  Stokes,  when  written  in 
our  notation^  becomes 

,        iirx      3A2X«        47r^ 
^=.Aeos— -gj^cos-^; 

but,  as  Sir  G.  Stokes  remarks,  in  order  that  the  method  of 

X*A 
approximation  adopted  by  him  may  be  legitimate,    „-   must 

be  a  small  fraction.  Now,  when  capillarity  is  neglected,  the 
wave-length  \  of  our  cnoidal  waves  is  equal  to 

4K  yp 

"vIcaTT)' 

•  Transactions  of  the  Cambridge  Phil.  Soc.  vol.  viii.  (1847),  reprinted 
in  Stokes,  Math,  and  Phjs.  Papers,  vol.  i.  p.  197. 

t  Stokes'  solution  is  more  general  in  so  far  as  it  applies  also  to  those 
cases  wherein  the  depth  of  the  liquid  is  moderate  or  large  in  respect 
to  the  wave-length. 

X  Stokes,  Math,  and  Ph^^s.  Papers,  vol.  i.  p.  210. 
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and  therefore 

This  is  a  small  fraction  only  when  M^  the  inodnlus,  is  small, 
but  the  cnoidal  waves  then  resemble  sinusoidal  waves ;  and  it 
is  obvious  that  in  this  case  the  equation  of  their  surface  may 
be  developed  in  a  rapidly  convergent  Fourier-series,  of  which 
Sir  G.  Stokes  has  given  the  first  two  terms. 

After  some  more  discussion  about  these  cnoidal  waves,  con- 
cerning their  velocity  of  propagation  and  the  motion  of  the 
particles  of  fluid  below  their  surface,  we  proceed  to  a  closer 
examination  of  the  deformation  of  long  waves.    To  this  effect 

TSn 
we  apply  the  equation  for  ^  to  various  types  of  non-stationary 

waved,  and  it  will  appear  that,  though  sinusoidal  waves  be- 
come steeper  in  front  when  advancing,  other  types  of  waves 
may  behave  otherwise. 

L  The  Formula  for  ^^. 

In  our  investigations  (in  accordance  with  the  method  used 
by  Lord  Kayleigh,  Phil.  Mag.  1876,  vol.  i.  p.  257,  whose 

f>aper  has  been  of  great  influence  on  our  researches),  we  start 
rom  the  supposition  that  the  horizontal  and  vertical  u  and  v 
of  the  fluid  may  be  expressed  by  rapidly  convergent  series  of 
the  form 

where  y  represents  the  height  of  a  particle  above  the  bottom 
of  the  canal,  and  where/,/!,  •  •  •  ^^  ^, . . .  are  functions  of  x 
and  t.  Of  course  the  validity  of  this  assumption  must  be 
proved  later  on  by  the  fact  that  series  of  this  description  can 
DC  found  satisfying  all  the  conditions  of  the  problem. 
From  one  of  these  conditions,  viz.,  the  incompressibility  of 

the  liquid,  which  is  expressed  by  ^  +  ^  =0,  we  may 
deduce 

^*         n  d«  ' 
And  {torn  another,  viz.,  the  absence  of  rotation  in  the  flaid, 
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expressed  by  g  -  ^=0:- 

•'*        '  •'"     n      ^x      ~~n(n-l)   d««  ' 
In  this  maimer  -we  obtain  the  following  set  of  equations  : — 

"'f-h'B^u"'^- « 

and,  moreover,  if  ^  be  the  velocity  potential  and  -^  the  stream- 
function  : — 

which  set  of  equations  satisfies  for  the  interior  of  the  fluid  all 
the  conditions  of  the  problem,  whilst  at  the  same  time  it  is 
easy  to  see  that  for  long  waves  these  series  are  rapidly  con- 
vergent. Indeed,  for  such  waves  the  state  of  motion  changes 
slowly  with  Xy  and  therefore  the  successive  diflferential- 
qnotients  with  respect  to  this  variable  of  all  functions  re- 
ferring, as  /  does,  to  the  state  of  motion,-  must  rapidly 
decrease. 

Passing  now  to  the  conditions  at  the  boundary,  let  pi  (a 
constant)  be  the  atmospheric  pressure,  pi  the  pressure  at  a 
point  below  the  surface  where  the  capillary  forces  cease  to  act, 
and  T  the  surface-tension.  We  then  have,  distinguishing  here 
and  elsewhere  by  the  sufllx  d)  those  quantities  which  refer 
to  the  surface, 

but,  according  to  a  well-known  equation  of  hydrodynamics, 

a:=x(o-^-i(«i'+«x«)-<7i^x, 

therefore 

+Ny/  +  Pi^,«+...  +  J|^,    .     (5) 
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where 

p^  1  yy/ .  j  y/  y/-  1  /ayy    1  y  y/  ,  1  y/ 

72(/S»'^48d?'S?      72\55*/        120B«'5i&  "^  720S?B« 

B7  differentiation  with  respect  to  x  equation  (5)  may  be 
written 

d»  +y»  B«  +y'  B«  +^>  B«  ^'  •  •    ^BF  +  '^^^'B^ 

+  4N,,.||^+6Py..||i+...4-?|^=0.    .     (6) 

Moreover,  a  second  equation  must  hold  good  at  the  surface, 
viz. 

-«'^'+--^=» p) 

In  order  to  satisfy  equations  (6)  and  (7)  by  the  method  of 
successive  approximations,  we  put  yi=l+V)  f^9o'^fij  where 
I  and  ^0  ai'o  supposed  to  be  constants,  ana  17  and  fi  small 
functions  dependmg  upon  a:  and  t.  Dealing,  then,  with  the 
fact  that  for  long  waves,  whose  wave-length  is  great  in  com- 
parison with  the  depth  of  the  canal,  every  new  differentiation 
with  respect  to  a  gives  rise  to  continually  smaller  quantities, 
-these  equations  become  as  b,  first  approximation: — 

and  are  satisfied  by  taking 

and  jo=  ^gh (8) 

where  a,  is  an  arbitrary  constant  which  we  will  suppose  to  be 
small. 
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It  is  obvious  that  this  solution  coincides  "with  the  one  usually 
given  for  the  case  of  long  waves  of  arbitrary  shape  made 
stationary  by  attributing  to  the  fluid  a  velocity  equal  and 
opposite  to  that  of  the  waves,  on  the  assumption  that  the 
velocity  in  a  vertical  direction  may  be  neglected  and  that 
the  horizontal  velocity  may  be  considered  uniform  across  each 
section  of  the  canal. 

But,  if  we  wish  to  proceed  to  a  second  approximation^  we 
have  to  put 

/=jo-f(i7+«+y) (9) 

where  7  is  small  compared  with  17  and  a.  On  substifuting 
this  in  (6)  and  CI)  and  on  writing  out  the  result,  rejecting 
all  terms*  whicn  are  small  compared  with  any  one  of  the 
remaining  terms,  we  find  respectively  : — 


and 


?t+^g-f<'-)||-(i'^-?)s5=«.  •(■»' 

,nd 
In  eliminating  <^from  these  equations,  we  have  at  last 

31-  ta ji r  ■   ■  ■   '"' 

where 

-=i^-| (13) 

This  very  important  equation,  to  which  we  shall  have  fre- 

Juently  to  revert  in  the  course  of  this  paper^  indicates  the 
eformation  of  a  system  of  waves  of  arbitrary^  shape,  but 
moving  in  one  direction  only.  Before  applying  it,  we  may 
point  out  the  close  connexion  between  the  constant  a,  which 
may  still   be  chosen  arbitrarily,  and  the  uniform  velocity 

fiven  to  the  fluid.     Indeed  it  is  easy  to  see  from  (1)  and  (9) 
ow  a  variation  Sa  of  the  constant  et  corresponds  to  a  change 

•  The  terms  for  instance  with  ^*^  and  (I')'"®  rejected  in  com- 
parison  with  ^~^f  which  is  retained  in  the  equations,  those  with  ^  and 
^^   against^ 
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hq^-^jtam  this  velocity,  but,  on  taking  the  variation  of 
(12)  with  respect  to  a,  we  obtain 

which  equation  may  be  easily  verified  geometrically. 

II.  Stationary  Waves. 

For  stationary  waves  ;^must  be  zero.    Therefore  we  have 
from  (12)  ^* 

This  gives  by  integration 

ci+W'^¥n+\<^^-^Q\ (U) 

and  by  multiplication  with  6  dfi  and  further  integration, 

C2  +  6(Jii;+i;»  +  2«i;«+a(||y=0.      .     .     .     (15) 

If  now  the  fluid  be  undisturbed  at  infinity,  and  if  I  be  taken 
equal  to  the  depth  which  it  has  there,  then  equations  (14) 

and  (15)   must  be  satisfied  by  i;=0,  ^  =0,  and  ^-^  =0. 

Therefore,  in  this  case  Ci  and  c%  are  equal  to  zero,  and  equa- 
tion (15)  leads  to 

Is-i^IiSIM. (le) 

Here,  before  we  can  proceed,  we  have  to  discriminate  between 
a  positive  and  <r  negative.     In  the  first  case  2a  is  necessarily 

negative  because  ^  must  be  real  for  small  values  of  17.     If^ 

then,  we  put  it  equal  to  —A,  we  have 


^  =  ±\/ ^•'».  -/A-,: 


from  which,  supposing  «  to  be  zero  for  7)=h,yre  easily  obtain 
the  well-known  equation  of  the  positive  solitary  wave,  viz. : — 


,  Google 
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In  the  second  case  2a  must  be  positive.  In  putting  it  equal 
to  h,  and  in  substituting  — i;'  for  17,  we  have  from  (16) 

or,  by  integration, 

1;=  —1/=  — /i  8ech*a?A  /  — — . 
V    —  4{r 

This  is  the  equation  of  a  negative  solitary  wave,  and  we  are 
able  now  to  draw  the  conclusion  that  whenever  <r  is  negative; 

that  is  whenever  the  depth  of  the  liquid  is  less  than  \/ — > 

the  stationary  wave  is  a  negative  one.  For  water  at  20°O. 
this  limiting  depth  is  equal  to  0*47  cm.  (T=72,  5^=981, 
p=0-998  B.A.U.). 

Now,  for  a  furUier  discussion  of  equation  (15),  we  drop  the 
assumption  that  the  fluid  is  undisturbed  at  infinity.  If  then 
/  be  taKcn  equal  to  the  smallest  depth  of  the  liquid,  we  must 

have  z^  =0  for  i;=0,  and  therefore  in  virtue  of  (15)  Ct=0. 

On  supposing  then  a  positive*,  Ci  must  be  negative  in  order 

that  ^  may  be  real  for  small  positive  values  of  1;,  but  then  the 

equation 

i;«+2ai;  +  6ci=0 (18) 

has  a  positive  root  A  and  a  negative  —  i,  and  we  may  get 
from  (15) 

|j  =  ±\/^i,(A-i;)(A+i;).    .    .    .     (19) 

By  substitution  in  this  equation  (19)  of  i;=/iCOs*x  ^^^  ^7 
integration,  we  find 

*  When  (T  negative,  let  then  /  be  equal  to  the  greatest  depth.  On 
substitating  v^—ir'j  i^sa  —  1;'  we  haye  again  Cx  negative, 

and,  finaUy, 

yr^^ft  A  and  -^  ure  the  roots  of  i^'^— 2«ii|4-6cia0, 
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which  is  the  equation  of  a  train  of  periodic  waves  whose 
wave-length  increases  when  k  decreases. 

For  jfe= 0  this  length  becomes  infinite,  and  the  equation  may 
be  shown  to  coincide  with  (17) . 

The  following  figure  (fig.  1)  represents  such  a  train  of 
stationary  waves  for  the  case  in  which  *=^A,  M=s0*8. 

Fig.l. 


III.  Staiionary  Periodic  Waves  {Cnoidal  Waves). 

Proceeding  now  to  a  further  investigation  of  the  waves 
determined  by  eouation  (20),  we  calculate  from  (10)  and  (11) 
the  value  of  7.    From  these  equations  we  get 

dx  ~      2r  9«  "^  \B'  "■  igpha*  ' 
or  by  integration, 

where  the  constant  of  integration  is  rejected  because  its 
retention  would  only  have  bad  the  effect  of  augmenting  in 
equation'  (9)  the  value  of  the  arbitrary  constant  a. 

On  substituting,  then, /from  (9)  in  (1)  and  (2),  observing 
that  in  virtue  of  (14) 

these  equations  are  replaced  by 

+iw-K] }  +  ^^/fi{h-f')v+m-^}t/'+....  (21) 

^- ^gvCf^-yXk+v)  ^ ,    .   .   .    (22) 
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When  k=0  tbej  determine  the  motion  of  the  fluid  for  a 
solitary  wave. 


In  the  first  place  we  now.  will  endeavoar  to  calculate  the 
velocity  of  propagation.  For  the  solitary  wave  this  is  simple 
enough.  If  we  consider  that  the  liquid  at  infinity  is  brought 
to  rest  when  a  uniform  motion  with  a  horizontal  velocity 

-9=-Vi,T(l+|) (23) 

is  added  to  the  motion  expressed  by  (21)  and  (22),  it  is  clear 
that  this  velocity,  with  reversed  sign,  must  be  taken  for  the 
velocity  of  propagation  of  the  solitary  wave. 

But  for  a  train  of  oscillatory  waves  Sir  G.  Stokes  has 
shown  •  that  various  definitions  of  this  velocity  may  be  given, 
leading  at  the  higher  order  of  approximation  to  different 
values.  It  seemed  to  us  most  rational  to  define  it  as  the 
velocity  of  propagation  of  the  wave-form  when  the  horizontal 
momentum  of  the  liquid  has  been  reduced  to  zero  by  the 
addition  of  a  uniform  motion.  This  deBnition  corresponds 
to  the  second  one  of  Sir  G.  Stokes.  According  to  it,  we  have 
to  solve  the  equation 

I  da\      (u-j)dy=0,     ....    (24) 
where  q  denotes  the  velocity  of  propagation,  and  where 

--m <«'> 

is  equal  to  the  wave-length. 
If,  then, 

V  =  JV=4>\/^  {  (A  +  *)E(K)-*k} 

=:x{(/ii-*)^^  -a}      .     .    .     (26) 

denote  the  volume  of  a  single  wave  reckoned  from  above  its 
lowest  point,  we  set  from  (24),  retaining  only  such  terms  as 
are  of  tne  first  order  compared  with  rj,  A,  and  k: — 

•  Math,  and  Phys.  PaperS;  vol.  i.  p.  202. 
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=  ^,l(,,*H^A.if*^) ,,,, 

On  subtracting  ibis  velocity  from  that  expressed  by  equa- 
tion (21)^  we  obiftin 

„'=„~j=-^f  („+*-(*+A)5W).=  _^|(,_  V^.  (28) 

and  it  is  obvious  at  once  that  in  this  manner  we  have  annulled 
the  velocity  of  the  particles  for  which 

V 

Tbis  last  equation  bas  a  simple  geometrical  meaning.  It 
designates  tbose  particles  E  Tfig.  1;  wbose  heigbt  above  the 
bottom  of  tbe  cbannel  is  equal  to  tbe  heigbt  where  the  surface 
of  the  liquid  would  stand  when  the  waves  were  flattened. 
Therefore  for  a  first  approximation  we  may  say  that  the 
various  particles  of  the  nuid  change  the  direction  of  their 
horizontal  motion  at  the  very  moment  when  one  of  these 
points  £  is  passing  over  them. 


We  now  proceed  to  the  calculation  of  the  path  of  a  single 
particle  of  fluid.  Let  Xqj  y^  denote  tbe  coordinates  of  such  a 
particle  at  the  origin  of  time,  and  a/ss^Cp+f,  ^=^0  +  5*  its 
coordinates  at  tbe  time  t,  v!  and  %f  its  horizontal  and  vertical 
velocity  at  that  time,  l-\'f/\i&  elevation  above  the  bottom,  then 
we  hav^ 

Hero  V  is  equal  to  the  value  of  ti  for  x^ifZ+gti  <^d  there* 
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fore  we  have  dx^(vl'^q)dtj  or  to  a  first  approximation 

rf^  = dx= 7=  dx  :  but  then 

q  Vgl 


5'=-7\   [r,-^)ds^^^/l--^\  cn'^dx. 


Or,  according  to  a  well-known  formula  *, 
g>=  --(^[Z f  ^^\^  ^^' ' ^^y-z(g|^)] .  .    (29) 
At  the  same  time  we  have 

-cn'.o^^*] (30) 

Of  course,  as  all  fluid  particles  with  the  same  y  describe 
congruent  paths^  these  formalse  may  be  simplified  by  sup- 
posing *o=0- 

IV.  Deformation  of  Ifon^Stationari/  Waves. 

In  order  to  study  the  deformation  of  non-stationary  waves, 
we  >vill  now  apply  our  formula  (12)  to  various  types  of  waves. 

Solitary  Waves, — As  a  first  example  we  choose  a  solitary 
wave  whose  surface  is  given  by 

fi:=hsecVpa (31) 

According  to  (12),  the  deformation  of  this  wave  is  expressed 

by 

g  =  ^^  (^iap^^h)  [  -sechV^ 

But  before  we  are  able  to  draw  any  conclusion  from  this 
expression,  it  is  necessary  to  separate  the  two  parts  of  ^,  of 

•  Z(ti)=ti(l-  E^)-Mm  BD^u.du,  Compare,  for  instance,  Cayley, 
^An  iSementary  Treatise  on  iSlHptic  Functions,'  1876,  ch.  ?L  $  187. 
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which  the  first  is  due  to  a  true  change  of  form  of  the  wave- 
surface,  whilst  the  second  may  be  attributed  to  a  small 
advancing  motion  of  the  wave,  which  is  lefbafter  the  addition 
of  the  uniform  motion  with  velocity  qo^s/gl*  To  this  effect 
we  have  still  at  our  dbposal  the  quantity  a,  whose  close  con- 
nexion with  the  uniform  motion,  which  we  have  added  in 
order  to  make  the  wave  nearly  stationary,  has  been  indicated 
above. 

One  of  the  best  ways  to  obtain  the  desired  separation  is 
certainly  to  make  stationary  the  highest  point  of  the  wave, 
and  this  is  eifected  by  fulfilling  the  condition 

2(a-h2cJ7>»)=i3(4<rp«-A), 
or 

for  in  that  case  equation  (32)  is  simplified  to 

^  =  -^^2|2^(4<rp»-A)sechVa?.tanhV;  •  (33) 
and  then,  for  ^=0, 

^      =  -^ —  is  zero  together  with  ^. 

In  discussing  this  equation  (33),  we  see  at  once  that  a 
solitary  wave  (31)  is  stationary  when  hsiicp^;  and  this  is  in 
accordance  with  the  equation  (17)  of  the  stationary  solitary 
wave  which  we  have  obtained  above.  When  /*>4<rp*,  the 
change  of  form  of  the  wave,  calculated  from  (33),  is  shown 
by  the  dotted  line  in  fig.  2. 

Fig.  2. 


Here  the  wave  becomes  steeper  in  front*,  whilst  for 
/i<4<rp*the  figure  would  show  the  opposite  change  of  form, 
when,  contrary  to  the  opinion  expressed  by  Airy  and  others, 
the  wave  becomes  less  steep  in  front  and  steeper  behind. 

*  The  left  ude  of  the  figiire  is  the  front  side  of  the  wave,  because  the 
wave  has  been  made  eUXioassj  bv  the  apptication  of  a  positive  velocity 
(t.  e.  from  left  to  right)  to  the  fldd. 
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If,  now,  we  take  account  of  the  fact  that,  as  may  easily 
be  inferred  from  (31),  the  wave-surface  becomes  steeper  in 
proportion  as  p  is  increased,  we  are  then  justified  in  saying 
that  a  solitary  wave  which  is  steeper  than  the  stationary  one, 
corresponding  to  the  same  height,  becomes  less  steep  in  front 
and  steeper  behind^  but  that  its  behaviour  is  exactly  opposite 
when  it  is  less  steep  than  the  stationary  one. 

Cnaidal  W^ay^^.— Applying  formula  (12)  to  the  cnoidal 
wave, 

fl^hon^pxy (34) 

we  get 

di iX^iSw^^iK^ 

^h)Bnpx .cnpx.dnpx*  .    .    .     (35) 
Supposing  then 

2[«-<r/(2-4M«)]=3(4<rMy-/0, 
we  have 

^«-£2je-f(4^My-.A)snVA'.cnp4?.dn^.   (36) 

Here  fig.  3  shows  the  change  of  form  calculated  for  the 
case  h  —  4<rM*^*  >  0. 


When  A— 4<rMM=0,  the  waves  are  stationary  in  accord- 
ance with  (20),  whilst  for  A— 4<rMy  <0  they  become  steeper 
behind;  and  this  last  result,  since  p  is  inversely  proportional 
to  the  wave-length,  may  be  stated  by  saying  that  cnoidal 
waves  become  less  steep  in  front  and  steeper  behind  when, 
for  a  given  modulus  and  a  given  height,  their  length  is  smaller 
than  the  one  required  for  tne  stationary  wave  of  this  modulus 
and  height 

In  proportion  as  M  is  taken  smaller  the  cnoidal  waves 
more  and  more  resemble  sinusoidal  waves.  They  would  take 
the  sinusoidal  form  for  M=0,  but  then  an  infinitely  small  wave- 
length would  be  required  for  the  stationary  case.  For  this 
reason  sinusoidal  waves  may  al^^ays  be  considered  as  cnoidal 
waves  whose  length  is  too  lar^e  to  be  stationary,  that  is,  they 
are  always  becoming  steeper  in  front. 
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^  Sinusoidal  Waves. — This  last  result  is  easily  verified  by 
direct  application  of  (12)  to  the  equation  of  a  train  of  sinu- 
soidal waves: 


for,  supposing 
we  obtain 


i7=Asm-^; 


2w»«r 


dt  ""  ~2ZXr  ^^°  "X"  ' 


and  from  this  the  change  of  form  indicated  in  fig.  4  is  easily 
calculated. 

Kg.  4. 


More  complicated  Cases. — For  the  sake  of  curiosity,  we 
represent  by  means  of  the  following  figures  the  change  of  form 
for  some  more  complicated  cases. 

Fig.  5. 


Tig.e. 


-- — — * -y-X 
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Figs.  5  and  6  refer  to  the  equation 

17= Ai  sm  -r-  +  JAi  sin  -^» 

In  fig.  5  -TT  is  supposed  to  be  small  compared  with  ( ^r)?  as 

is  the  case  with  waves  of  extremely  small  height.     In  fig.  6 

-r- J  to  be  small  in  regard  to  -j^.     Generally  for 

more^  complicated  forms  of  wave  these  two  cases  have  to  be 
discriminated.     When  there  is  a  moderate   proportionalitv 
between  the  two  fractions  the  result  is  still  more  complicated. 
Finally,  fig.  7  refers  to  the  equation 

*     .    27r.r     ,  .     .    4twx 
17= Ai  sm  — J  Ai  sm  -t—j 

in  case  that  (--)  is  the  smaller  fraction. 

It  is  worthy  of  remark  that  all  these  waves  grow  steeper 
in  front. 

V.  Calculation  of  the  Fluid  Motion  for  Stationary  Waves  to 
the  uigher  Order  of  Approximation. 

In  order  to  remove  every  doubt  as  to  the  existence  of 
absolutely  stationary  waves,  we  will  show  how  by  develop- 
ment in  rapidly  convergent  series  the  state  of  motion  of  the 
fluid  belonging  to  such  a  wave-motion  may  be  calculated. 

Expressing  again  the  horizontal  and  vertical  velocity  of  a 
particle  by  means  of  the  series  (1)  and  (2)  which  fulfil  all 
the  conditions  for  the  interior  of  the  fluid,  we  have  only, 
neglecting  capillarity,  to  satisfy  the  surface-conditions, 

"•="'11' (37) 

and  wi'  +  vi'+ 25^17=  constant (38) 

For  the  case  of  cnoidal  waves,  which  is  the  general  one, 
we  have  found  as  a  first  approximation, 

But  now,  to  obtain  higher  approximations,  we  assume,  indi- 
cating by  accents  diflferentiation  with  respect  to  a?, 

,;'«=ai;(A-i7)(*  +  i7)(l  +  6i7  +  ci7»  +  ...),   .     .     (39) 
/=j  +  n;  +  5i72  +  <i;«  +  ui7*  + (40) 


and 


Digitized  by 


Google 


Change  of  Form  of  Long  Waves.  439 

On  writing  out  (39),  neglecting  such  terms  as  are  of  a 
higher  order  than  the  fourth  compared  with  17,  A,  and  kj 
which  latter  quantities  are  of  the  same  order^  we  obtain 

i/«=aAJfci7+{a(/i-)t)+a6A)tb«+{-a+a6(A-*J}i;»-a6iy*;   .    (41) 

and  by  differentiation^ 

V'=JaA*+{a(A-*)  +a6Aife}i7  +  {-fa+|aJ(A-*)}i7«-2aJi;».  (42) 

From  (40),  by  successive  differentiations  and  substitutions, 
retaining  all  terms  up  to  the  third  and  the  3^^  order,  we 
deduce : — 

/=(r+2«7+3ft7«)i/; 
f:sz\arhk+{ar{h-k)  +airAA  +  3a*Aifc}i7 

+  {  -far + fa6r(A-ife)  +  4a«(A-ife)}i7«  +  (-2a6r-5(MV; 
yw  -  [ar(A-A) +a6rAi+3<MAA 

+  {-3ar  +  8aftr(A-ifc)  +  8a*(/i-*)}i7+(-6a6r-15a«)i7«]i/; 
/-= JaVA)t(A-*)  +  {a^T{h^Uf-la^hk)fi 

-^«r(A-*)i^+jy^aW; 
/-=[aV(A--A)«-|aVAi-15a«r(A-*)i7  +  ^aV]V; 

where  1/  is  a  quantity  of  the  order  f . 

Substituting  these  values  in  equation  (1),  where  y=/+i7, 
we  have,  retaining  terms  of  the  third  order  : — 

+  {r- JarP(A-jfe)  -^rJ?hk-^l*hh-\arlkk 

+  {i+\aPr-\abrP{h-h)-'ia»J?(h-k) 

-or/(A-*)-VVa*rP(A  -k)}f^ 

+  {<+aW»+5<«P+|ar/+,V»''-^W (43) 

We  find  in  the  same  way,  including  terma  of  the  3^* 
order : — 

=ffl-rl+\arP(Ji-k)-\-\abr1^hk-\-^1^hk-j^*rf{h-kY 

+|<MP(A-*)+iorP(A-A)  +\ci*rlf{Ji-k)\ii 

+  {-M-2<-air/»-5<MP-|arP-TV»'^^'}'»'].    •   (44) 
2G2 
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If  now  we  write,  in  accordance  with  (37), 

we  have  from  (43)  and  (44) : — 

A^q-iart'hk+^igaS-NJcih-k)  =  -W +iari»(A-  k) 

+jfabrP/Jc+^Phk-^^ffa*rl^{h-ky  +  i^*rfItk.  .  (46) 

B=:r-^arPih-k)-iabrPhk-iatPhk-^arlkk 

+^«rf«(/i-ifc)«— fta'»-^***=  -i»l-r-^P 

+  iabrP(h-k)  +  ^P{h-k)+^arP{h-k)  +  icflrP{h-k).     (47) 
(i=t+iaPr-iabrP{h-k)-2asP{h-k)  -arl{h-k)  -^h4*{h—k) 
=  -Ztl-2s-abrP-^P-iarP—^*rP.  .    (48) 
D=t  +  abrP  +  i<uP  +  iarl+i^*rP (49) 

Moreover,  since  (38)  may  be  written  in  the  form 
wi'(l+V')  +  2<^-(A+Bi7  +  C7«  +  Dij»)'(l+aA*5 

+o(A— *)i7*— aij')  +  2in;=con8tant, (50) 

we  readily  obtain 

2AB+aIikA*  +  2g=0,    ....    (51) 

2AC  +  B*+o(A-Jt)A«=0 (52) 

2AD+2BC-oA«=0 (53) 

From  the  equations  (46),  (47),  (48),  (51),  (52),  (53),  the 
six  quantities  q,  r,  $,  t,  a,  and  b  may  be  calcalated,  and  if  we 
had  retained  everywhere  terms  of  one  higher  order,  we  might 
have  got  eight  equations  with  eight  unknown  quantities,  &c. 

By  a  first  approximation  we  readily  obtain  from  (46)-(49) : — 

r=-ji  s=^+iaql;    <=-^-Ja?+i<%i-iVV; 
A=};     B=-^;    C^^-^ql; 

and  then  from  (51)-(53), 

q^=gl;    o=^;    6=^^ (54) 
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Proceeding  to  the  second  approximation,  we  find 

and  then  again  from  (51)  and  (52), 

s      /i  .  *-*\  3       15  h-k  ,,-, 

q*=^9l\l  +  -J- J ;  «=  ^-8  -  4- "1^ •     •     •     (5^) 

Finally,  a  third  approximation  leads  to : — 

„ J       ?     A-*      21y  (A-;fc)«      12  g     A* 

/  ■*"  i   •     /         20/      P  5  /  *  P  '      _ 

«      2/1  J.*-*       1(A-A)«      33A*\  ,--, 

By  means  of  these  results  we  may  now  readily  obtain  from 
(1)  and  (2)  expressions  for  u  and  v  inclnding  respectively 
the  terms  of  the  2»*  and  2^*  order. 

They  are : — 

r-Jf.  ^  h-k       3  {h-k)'>      33/i*\^  /,  ^  h-k\7i 
'^=?0-i^)(*-''X*+<l  +  |-?)  .  (59) 


where 


VI.   Calculation  of  the  Equation  of  the  Surface. 

We  will  now  show  how  for  the  equation  of  the  surface  of  a 
stationary  train  of  waves  a  more  correct  expression  than  (20) 
can  be  deduced.  For  this  purpose  we  nave  to  integrate 
the  differential  equation  (39),  or  rather  we  have  to  prove  that 
a  series  can  be  given  which  solves  this  equation  to  any  desired 
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degree  of  aocnracy.  Now  such  a  series  may  be  obtained  in 
the  following  manner.     Let 

i,i=Aicn«i*i/^(Ar+AO(M=\/j^)    •      (60) 

represent  the  solution  of  an  equation 

i7i«=af?i(Ai-i7i)(*i+f7i),  ....  (61) 
where  hi  and  ki  have  values  which  are  slightly  different  from 
those  of  A  and  k  in  (39);  then  these  values  and  the  coefficients 
Uj  fif  &G.J  of  a  series 

i;=ai;i  +  /3i7i«  +  ryi7i8  +  V+ (62) 

ma  J  be  determined  in  such  a  way*  that  this  series  (62) 
satisfies  the  equation  (39). 

Indeed,  substituting  (62)  in  (39)  and  taking  into  account 
(61),  equation  (39)  r^uces  to 

(«  +  2)8i7,  +  3yi7i«-h  . .  .nhi^vXh  +  Vi) 

=  (a+i8i7i  +  7i7i«+  ...)(A-ai7,-/8i7i«-</i7i«+  ...)(A  +  «i7i 

+i8i7i«  +  yi7i«+  ...)(l+fc«i7i  +  (6/8  +  C«)i?i«+  ...), 

and  it  is  only  necessary  to  equalize  the  coefficients  of  the 
corresponding  terms  of  both  members  of  this  equation.  ^ 

If  we  retain  all  terms  to  the  fourth  order,  we  find  in  this 
way,  after  some  reductions  : — 

ahA^hk^O (63) 

a«(Ai-A:i)-a«(A-A)-(6a«-3/3)Aifc=0 (64) 

-a»+a*-(Ja*-.2a«/8)(A-A)-(ca'-26a«i8-f8)8«-5«7)A*=0   (65) 

-4a)8+3a«j3+Ja*-(ca«+36««/8-3i8«-4«7)(A-*)=0     .    .    (66) 

-4)8«-6«7+ca*+4Wi8+3a)8«+3a«7=0.  » (67) 

To  a  Jirst  approximation  these  equations  are  satisfied  by 
taking 

Ai=A;  *i=A:;  «=1;  /8=J;  7=4*  +  i<?    •     -(68) 
If  then  we  substitute  in  (63),  (64),  (65),  and  (66) 
Ai=sA+6,    *!=*  +  «,  a  =  l  +  ai,  /8=6  +  i8i 

where  «!  and  fii  are  quantities  of  the  first,  €  and  cb  of  the 
second  order,  we  find  from  these  equations  by  second  approxi- 
mation:— 

•  The  coefficient  a  in  (Ql)  might  also  have  been  chosen  slightly 
different  in  value  from  a  in  (39),  but  this  would  only  have  introaucea 
an  unnecessary  indeterminateness  in  the  solution, 
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e^--bhk;   cB^bhk;  a,:= -'b{h'-k)  ;  /8i=(-2(^«  +  ic)(A-A).  .  (69) 
Snbstitutiiig  as  a  third  approximation  :— 

we  obtain  finally^ 

Hence  the  equation  of  the  sarface  of  the  waves  is,  including 
all  terms  of  the  third  order  : — 

i7=[l-6(A-*)  +  (6«-§(j)(A«-A*  +  **)]i7i  +  [6  +  (-26« 

+io)(A-*)]i,x«+(J»  +  HV  +  .     .     (71) 
where 

th=AiCnH^i/a(Ai+*i)(M=y^^jA_.).   .  .  (60) 

/ii«A-6A*+JoA*(-A+2*);  *i==*  +  &A*  +  icA*(2A -*).  (72) 
Here,  according  to  (59), 

whereas  the  value  of  c  and  more  correct  expressions  for  a  and 
b  could  only  have  been  obtained  by  means  of  still  more  tedious 
calculations,  which  we  have  not  executed. 

If  we  confine  ourselves  to  that  degree  of  approximation  for 
which  all  the  calculations  have  been  effected,  we  may  write 
for  the  equation  of  the  wave-surface  : — 

,.=*c„.j(l-'-<^))V?2+i).    .    .  (75) 

«=('-S)\/iS "«> 

For  the  solitary  wave,  when  A:=0,  we  have* 

"^Li-SJ'^+l"^* (^7) 

„=A8ech«i(l-|[')^>/f .        .    .     (78) 


January  1895, 

•  Another  cl( 
been  deduced  by  McUowan,  Phil  Mag.  [6]  voL  xxxiL  (1891),  p.  48, 


*  Another  close  approximation  of  the  sur&ce-equation  of  this  wave  has 
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XLII.  The  Tin- Chromic  Chloride  CM. 
By  S.  Skinnbb,  M.A.^ 

CELL  consisting  of  a  tin  and  platinum  couple  in  a 
solution  of  the  green  chromic  cnloride  was  described 
bjr  W.  E.  Case  m  the  Froc.  R.  S.  1886,  p.  345.  The  tin  is 
dissolved  by  the  chromic  chloride  at  a  hi^n  temperature  only, 
and  when  the  solution  is  cooled  the  tin  is  precipitated.  The 
chemical  changes  are  represented  by  the  following  state- 
ment : — 

Cr,Cl« + Sn^zfc  SnCl, + 2CrCl,. 

As  the  reaction  is  reversed  on  cooling,  the  cell  has  the 
interesting  feature  that  at  the  end  of  a  hot  and  cold  cycle  it 
is  in  the  same  chemical  condition  as  it  was  at  the  commence- 
ment It  thus  offers  a  method  of  deriving  electrical  energy 
directly  from  heat.  The  author  of  the  account  gives  a  curve 
of  electromotive  force,  and  finds  that  it  is  zero  at  60^  F.,  and 
increases  to  about  \  volt  at  200°  F,  I  shall  show  that  the 
E.M.F.  is  not  zero  at  the  ordinary  temperature,  but  is  about 
^  volt ;  however,  the  cell  will  not  give  any  current  at  these 
temperatures  on  account  of  polarization.  It  appears  that 
the  curve  given  by  Mr.  Case  is  not  an  E.M.F.  curve,  but  one 
which  was  probably  obtained  by  using  a  wire  voltmeter,  and 
therefore  really  represents  the  current  the  cell  is  capable  of 
producing. 

The  tin  is  precipitated  in  small  crystals  from  the  cooling 
solution  of  CrCl)  and  SnCI^,  and  does  not  then  form  a  satis- 
factory electrode.  I  have  therefore  arranged  the  cell  with  an 
amalgam  of  tin  in  place  of  the  solid  rod.  The  precipitated 
crystals  fall  into  the  mercury  and  dissolve  so  as  to  reconstitute 
a  suitable  electrode.  My  construction  of  the  cell  is  very 
much  like  that  of  a  Clark  celL 

A  test-tube  with  a  platinum  wire  through  the  base  has 
fluid  amalgam  in  it,  and  this  is  covered  with  a  solution  of 
pure  CrjCle,  made  by  dissolving  violet  sublimed  Cr^Cl^  in 
water  with  the  aid  of  a  fragment  of  tinfoil.  A  platinum  plate 
and  wire  form  the  positive  pole  of  the  cell. 

Connecting  such  a  cell  at  15°  C.  with  a  galvanometer, 
there  is  a  sudden  deflexion  which  very  rapidly  becomes  less 
until  some  small  steady  value  is  reached.  On  warming  the 
cell  the  deflexion  increases  until  it  is  relatively  large.  These 
observations  show  that  the  cell  cannot  produce  a  continuous 

»  Communicated  by  the  Physical  Society :  read  February  8, 1895, 
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current  ot  any  magnitude  at  low  temperatures,  but  at  high 
temperatures  it  does. 

+  pole. 

Platinum  electrode. 


Chromic  chloride  solution. 


Tin  amalgam. 


If  the  E.M.F.  of  the  cell  be  measured  on  a  potentiometer, 
or  by  means  of  a  ballistic  galvanometer  and  condenser,  by 
either  of  which  methods  the  cell  is  not  called  on  to  produce  a 
current,  it  is  found  that  the  E.M.F.  at  all  temperatures  is 
approximately  ^  volt,  and  that  the  E.M.F.  is  slightly  less  at 
the  boiling-point  of  water  than  at  the  ordinary  temperature. 

The  explanation  of  the  results  is  not  difficult.  The  cell 
polarizes  very  rapidly  at  low  temperatures,  and  the  opposing 
E.M.F.  of  polarization  increases  so  rapidly  and  so  largely 
that  almost  at  the  moment  of  connexion  the  effective  E.M.F. 
becomes  zero.  The  cell  behaves  like  a  condenser  which  is 
connected  to  a  battery  through  a  very  high  resistance.  Such 
a  condenser  would  discharge  itself  when  its  plates  were  con- 
nected, but  when  they  were  isolated  again  it  would  slowly 
become  charged  by  the  batterv  through  the  high  resistance. 

At  the  hign  temperature  tne  polarization  is  very  largely 
reduced,  ana  the  cell  will  produce  a  continuous  current. 

Another  interesting  feature  of  the  cell  is  that  it  may  be 
used  as  the  mechanism  of  a  heat-engine  for  the  production  of 
work,  and  we  can  trace  in  it  the  complete  cycle  of  Carnot. 
Let  the  cell  be  placed  in  a  hot  chamber,  and  work  may  be 
derived  from  it  until  all  the  CrjCle  or  the  tin  is  used.  Then 
let  the  cell  be  placed  in  a  cold  chamber,  it  will  give  up  heat, 
and  becomes  restored  to  its  original  chemical  condition. 

Measurements  of  the  electromotive  force  of  two  cells  are 
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given  in  the  following  tables.  The  first  cell  contained  tin- 
araalgam,  and  the  second  cell  contained  a  tin  rod.  Both  cells 
had  not  been  used  for  producing  current  within  the  24  hours 
immediately  preceding  the  measurements. 


Cell  No.  1. 

Tin-amalgam. 

Temperatare. 

E,M.F. 

15-5°  C. 

•44  volt. 

20-5 

•45 

490 

•43 

750 

•41 

93-0 

•40 

96-0 

•40 

97-0 

•40 

20-0 

•44 

Cell  No.  2.    Tin  rod 

• 

Temperature. 

E.M.F. 

16° 

•52  volt. 

30° 

•52 

97° 

•45 

Connexion  was  made  and  a  current  allowed  to  flow  for 
1  minute,  and  then  the  cell  was  allowed  to  rest  for  1  minute  : 

97°  I  -08  volt. 

At  end  of  second  minute  : 

97°  I  -11  volt. 

At  end  of  third  minute  : 

97°  I  -11  volt. 

These  results  showed  that  the  cell  had  polarized,  and  was 
only  slowly  recovering  its  electromotive  force. 

When  a  solution  of  the  green  chromic  chloride  at  the  ordi- 
nary temperature  has  silver  nitrate  added  to  it,  only  two- 
thirds  of  the  chlorine  is  precipitated.  This,  according  to  the 
theory  of  ionisation,  indicates  that  only  two  atoms  out  of 
three  act  as  negative  ions,  the  other  atom  apparently  being 
part  of  the  positive  ion.  On  the  other  hand,  if  a  solution  of 
chromic  chloride  near  100°  be  treated  with  silver  nitrate,  the 
whole  of  the  chlorine  may  be  precipitated.  This  indicates 
that  at  the  higher  temperature  all  the  chlorine  atoms  behave 
as  negative  ions. 

Taking  this  into  account,  the  Qrotthus  chain  representing 
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the  action  of  the  cell  about  15°  must  be  as  follows  : — 

Pt  i  ClCrCl,  I  ClCrOU  |  CICrCl,  |  Sn, 

becoming,  after  connexion^ 

Pt,ClCr  I  Cl,ClCr  |  Cl,aCr  |  Cl,Sn. 

This  view  of  the  action  leaves  the  ion  ClCr  polarizing  the 
cell.  Now  if  a  depolarizer  acts  so  as  to  remove  this  ion,  the 
cell  will  go  on  producing  a  current.  The  excess  of  chromic 
chloride  might  perform  this  function,  forming  with  this  ion 
chromous  chloride  : 

CrCl  +  CrCls=2Cra,. 

The  behaviour  of  the  cell  shows  that  this  does  not  take  place 
readily, 

A  similar  view  of  the  action  in  the  cell  at  about  100°  indi- 
cates the  presence  of  chromium  ions  as  the  polarizing  agent. 
At  this  temperature  there  is  not  much  polarization  ;  so  that 
it  appears  the  following  chemical  change  takes  place  readily  : 

Cr4  2CrCl3=3CrCls. 


XLIII.  Som£  Acoustical  Experiments.  By  Charles  V. 
Burton,  D.Sc.y  Demonstrator  in  Physics^  University  CoU 
legCy  London^. 

I.  Subjective  Lowering  of  Pitch. 

1.  A  YEAR  or  two  ago,  in  the  physical  laboratory  of 
J\.  Bedford  College,  London,  the  professor,  Mr.  Wo- 
mack,  called  mv  attention  to  the  fact  that  a  tuning-fork  which 
was  being  usea  by  a  student  appeared  to  rise  perceptibly  in 
pitch  as  the  vibration  died  away.  It  then  occurred  to  me 
that  the  effect  observed  might  be  a  subjective  one  :  that  one 
result  of  increasing  the  intensity  of  a  musical  note  without 
changing  its  frequency,  mi^ht  be  to  depress  the  pitch  as  esti- 
mated by  ear.  To  determme  this  point  I  have  made  experi- 
ments upon  myself,  and  on  others  whose  perception  of  musical 
intervals  was  known  to  be  reliable. 

2.  Let  a  tuning-fork  mounted  on  a  resonance-box  be 
strongly  excited  by  bowing,  and  inmaediately  let  the  open  end 
of  the  resonance-box  be  brought  very  close  to  one  ear,  the 
other  ear  being  preferably  closed.  After  a  second  or  so,  let 
the  fork  and  box  be  movea  away  from  the  ear  and  held  at 
arm^s  length,  then  brought  close  to  the  ear  again,  and  so  on, 
backwards  and  forwards,  two  or  three  times.  If  there  is  any 
^  Commomcated  by  the  Physical  Society :  read  March  22, 1695. 
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subjective  depression  of  pitch  accompanying  increase  of 
loudness  without  change  of  frequency,  tne  fork  will  appear  to 
be  lower  in  pitch  when  close  to  the  ear  and  higher  when 
further  away^  the  effect  becoming  less  marked  as  the  vibration 
gradually  dies  down.  This  is  what  observation  shows  to  be 
actually  the  case,  and  it  is  evidently  nothing  of  the  nature  of  a 
Doppler  effect  with  which  we  are  here  concerned.  In  the 
first  place,  the  motion  of  the  fork  from  one  position  to  the 
other  may  be  made  quite  slow;  and  in  the  second  place,  the 
diflference  of  pitch  is  observed,  not  between  the  fork  approach- 
ing and  the  fork  receding,  but  between  the  nearer  and  further 
positions  of  the  fork« 

3.  In  some  of  these  observations  a  fork  giving  the  note  (f 
(256  complete  vibrations  per  second)  has  been  used,  the  effect 
with  forks  of  higher  pitch  being  less  marked.  When  ihe 
vibration  was  made  as  strong  as  possible  by  means  of  bowing, 
the  lowering  of  pitch  was  found  to  amount  to  a  full  semitone 
(15  :  16).  Mr.  Womack,  Frof.  Ramsay,  and  Dr.  G.  F* 
McCleary,  who  repeated  the  experiment,  all  agreed  pretty 
nearly  with  my  estimate :  in  each  case  the  greatest  apparent 
flattening  observed  was  as  much  as  a  semitone. 

With  a  large  fork  giving  c  (one  octave  lower)  the  effect  was 
more  striking,  in  this  case  the  fork  with  its  resonance-box  was 
too  unwieldy  to  be  moved  bodily  to  and  fro,  so  it  was  allowed 
to  stand  on  a  table  while  the  observer's  head  was  lowered  so  as 
to  bring  one  ear  opposite  to  the  opening  of  the  resonance-box 
at  a  distance  of  a  few  inches.  Thus  the  fork  was  heard  with 
great  intensity,  while  on  raising  the  head  through  half  a  metre 
or  so  the  loudness  was  greatly  diminished.  Here  the  lowering 
of  pitch  due  to  the  greatest  intensity  of  vibration  which  I 
could  excite  in  the  fork  amounted  usually  to  a  minor  third 
(5  : 6)  or  even  more.  Thus,  repeating  the  experiment  on 
different  days,  I  have  estimated  the  interval  sometimes  as 
rather  more  and  sometimes  as  rather  less  than  a  minor  third. 
Mr.  Womack  heard  something  between  a  minor  and  a  major 
third  ;  Professor  Bamsay  a  full  tone  ;  Dr.  McOleary  more 
than  a  minor  third. 

4.  Before  saying  more  concerning  the  observations,  it  will  * 
be  convenient  to  mention  a  physiological  theory  by  which  I 
have  attempted  to  account  for  the  observed  effects.  Helm- 
holtz's  discussion  of  the  vibration  of  the  basilar  membrane  in 
the  cochlea  is  applicable  only  to  infinitesimal  amplitudes,  in- 
asmuch as  all  his  equations  of  motion  are  linear,  and  though 
the  introduction  of  terms  of  higher  order  would  have  made 
the  investigation  verv  lengthy  and  an  exact  solution  im- 
possible, it  is  not  difficult  to  see  on  general  grounds  what 
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modification  of  the  sense  of  pitch  is  to  be  expected  from 
increased  loudness.  If  the  basilar  membrane  may  be  regarded 
as  being  stretched  with  a  finite  tension  in  the  direction  of  its 
breadth,  and  as  having  no  appreciable  tension  in  the  perpen- 
dicular direction,  then  Helmholtz  shows  that  it  will  be 
vibrationally  equivalent  to  a  series  of  strings  stretched  side 
by  side  and' unconnected  with  one  another.  For  shortness,  I 
snail  speak  of  the  membrane  as  if  it  actually  consisted  of  such 
separate  strings,  and  thus,  following  Helmholtz^s  theory,  we 
are  to  suppose  that  a  disturbance  of  given  period  reaching 
the  ear  excites  the  strongest  resonance  in  those  strings  whose 
natural  period  is  most  nearly  the  same.  Now  when  a  string 
is  vibrating  freely  with  finite  amplitude,  the  period  of  its 
vibrations  is  shorter  than  if  the  amplitude  were  infinitesimal ; 
and  we  are  accordingly  led  to  enquire  whether  a  periodic 
force  of  considerable  intensity  would  not  excite  the  maximum 
resonance  in  those  strings  whose  natural  period /or  some  finite 
vibrationranwlitude  was  most  nearly  the  same. 

5.  As  sufficiently  representative  of  our  case  we  may  take  a 
sjrstem  with  one  degree  of  freedom,  in  which  the  positional 
force  contains  a  term  proportional  to  the  cube  of  the  displace- 
ment from  equilibrium,  as  well  as  one  proportional  to  the 
first  power*,  the  equation  of  motion  being  accordingly 
written 

F=tiM?  +  Ai+Aj/l+^\.    .    .    .     (1) 

where  F  is  the  external  force  impressed  on  the  system,  w  is 
the  displacement  from  the  equilibnum  position,  and  m,  Ar,  A,  a 
are  real  constants. 

If  we  take  F  to  be  a  simple  harmonic  function  of  the  time 
whose  character  has  been  maintained  long  enough  for  the 
whole  motion  to  have  become  periodic,  the  value  of  x  will  be 
expansible  in  a  Fourier's  series  in  which  the  constant  coeffi- 
cients have  to  be  determined.  But  the  expressions  thus  ob- 
tained are  very  unwieldy;  and  it  will  therefore  be  more  con- 
venient to  treat  x  instead  of  F  as  a  simple  harmonic  function 
of  the  time.  It  is  not  easy  to  say  definitely  which  assump- 
tion corresponds  most  nearly  with  the  actual  case,  and  from 
what  follows  I  think  it  will  be  evident  enough  that  whichever 
case  we  consider  the  general  conclusions  would  be  much  the 
same. 

*  Terms  of  even  degree  would  imply  that  the  free  vibrations  were  not 
symmetrical  with  reepect  to  the  equilibrium  position,  and  would  there- 
fore be  absent  in  the  case  of  a  stretched  string,  which  we  have  supposed 
to  agree  pretty  nearly  with  the  phydological  caae. 
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6.  If  we  put,  then,      x=Boo»pt, 
the  expression  for  the  impressed  force  is 

COS  pt-i — jCOs'pM; 

so  that 

^=  }  — mp*+Af  1+  J  -A  V cos pt'-kp sin pt  +  ^h-^cosfipL 

Let  Fi  denote  the  first  harmonic  term  of  F  (that  is,  the  sum 
of  the  terms  in  cos  pt  and  sinj»<),  while  F3  denotes  the  term 
in  cos  3pt.    Then,  since 

a?=  — Bpsinj»^, 
we  have 

Ff(max.)       If        ^_^Ji_^3B«\\«     ,, 

When  m,  A:,  A,  a,  and  B  are  given,  the  minimum  value  of  the 
right-hand  side  corresponds  to 

Also 

F;(max.)  ^  _1_  ^8  B* 
i*(max.)      16p*       a*' 

which  diminishes  continually  as  />'  increases.  Hence  in 
general  terms  we  may  say  that  to  produce  a  given  amplitude 
of  velocity  requires  tne  least  amplitude  of  impressed  periodic 
force  when  the  periodic  time  of  the  force  is  somewhat  shorter 
than  would  be  the  natural  period  of  the  system  for  infinitesimal 
vibrations  if  the  frictional  term  were  abolished.  And  return- 
ing to  the  case  of  our  strings,  we  may  infer  that  a  similar 
result  will  hold  good.  Hence  a  force  of  given  finite  ampli- 
tude will  excite  in  a  given  string  the  greatest  amplitude  of 
velocity  when  the  period  of  the  force  is  somewhat  shorter 
than  tne  ^^  natural  period  of  the  string,  and  hence  when  a 
periodic  disturbance  of  finite  amplitude  reaches  the  ear,  the 
string  whose  resonance  is  excited  most  strongly  will  have  a 
^'  natural''  period  longer  than  the  period  of  the  disturbance. 

7.  For  example,  let  the  note  c  be  sounded  with  very  small 
intensity,  and  let  tiiat  part  of  the  basilar  membrane  which 
responds  most  strongly  be  called  the  c-string.  If  then  the 
same  note  c  is  made  to  sound  close  to  the  ear  with  considerable 
intensity,  the  strongest  resonance  will  be  excited  no  longer 
in  the  c-string,  but  in  some  string  of  longer  natural  period, 
such  as  the  Bj^-string.    Now  according  to  Helmholtz's  theory 
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of  sound-perception  our  estimate  of  pitch  depends  entirely  on 
localization  of  the  most  strongly  agitated  portion  of  the  basilar 
membrane,  so  that  in  the  case  just  considered^  when  the  note 
c  was  made  to  change  from  a  very  small  to  a  very  much 
greater  intensity,  we  should  expect  to  hear  not  only  an  in- 
crease of  loudness,  but  also  a  lowering  of  pitch. 

8.  At  the  same  time  it  is  not  to  be  supposed  that  the 
agitation  of  the  "  c-string ''  is  lessened  when  the  intensity  of 
the  note  c  is  augmented.  The  effect  must  necessarily  be  in 
the  other  direction,  so  that  such  a  note  powerfully  sounded 
close  to  the  ear  must  perceptibly  excite  a  tract  of  the  basilar 
membrane  corresponding  to  a  considerable  range  of  pitch  (the 
place  of  maximum  disturbance  being  probably  not  far  from 
the  middle  of  this  range). 

9.  We  must  even  suppose  that  an  increase  in  the  intensity 
of  a  note  without  change  of  frequency  causes  the  "  range  of 
stimulation  "  (as  we  may  call  it)  to  extend  to  patches  a  little 
higher  than  before,  as  well  as  to  those  a  good  deal  lower. 

10.  In  connexion  with  §  8  it  may  be  remarked  that,  when 
the  ear  is  kept  close  to  the  resonant  cavity  of  a  strongly- 
vibrating  c-fork,  the  impression  of  pitch  obtained  is  far  from 
being  very  definite.  One  pitch  or  another  within  an  appre- 
ciable range  may  be  heard  oy  a  mere  effort  of  attention.  On 
the  other  hand,  a  more  definite  impression  is  obtained  on 
alternating  between  smaller  and  greater  intensities  of  the 
same  note.  Thus,  on  raising  or  lowering  the  head,  as  men- 
tioned in  §  3,  the  interval  between  the  soft  note  and  the  loud 
note  may  appear  at  first  to  be  about  a  minor  third,  when  the 
fork  is  sounding  strongly.  As  the  amplitude  of  vibration  dies 
down,  the  interval  diminishes,  and  it  is  possible  to  say  pretty 
definitely  when  it  is  just  a  whole  tone,  and  when  it  is  only  a 
semitone  ;  until,  as  the  note  in  either  position  of  the  head 
becomes  nearly  inaudible,  the  apparent  difference  of  pitch  is 
obliterated. 

11.  If  the  orifice  of  the  ear  remote  from  the  fork  is  left 
open,  the  sound  reaching  that  ear  will  be  less  intense  than  is 
heard  by  the  other  ear,  and  the  corresponding  pitch  will  be 
higher.  Though  of  course  beats  are  entirely  absent*,  it  might 
be  thought  that  two  distinct  pitches  would  be  heard  simulta- 
neously, but  this  requires  a  distinct  effort  of  attention.  The 
general  impression  is  of  a  pitch  intermediate  between  those 
which  would  be  heard  by  tne  two  ears  separately,  so  that  on 

*  In  the  discussion  Prof.  S.  P.  Thompson  suggested  that,  if  the 
observations  were  valid,  beats  should  occur  between  the  notes  ^heard 
by  the  two  ears ;  but  a  consideration  of  the  physical  conations  will  show 
that  nothlDg  of  this  kind  is  to  be  expected. 
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closing  the  farther  ear  a  distinct  lowering  of  pitch  takes  place. 
For  this  reason  the  effects  described  in  §  3  are  most  marked 
when  the  less  stimulated  ear  is  kept  closed. 

12.  I  have  not  yet  mentioned  an  effect  noticed  by  an  ob- 
server in  whom  hearing  with  one  ear  was  not  normal.  With 
the  less  sensitive  ear  the  usual  effect  was  reversed;  that  is,  on 
brining  the  ear  close  to  the  resonance-cavity  of  the  c-fork, 
the  pitch;  instead  of  falling,  appeared  to  rise  by  about  a  semitone. 
Even  taking  §  9  into  account,  this  result  seems  rather  ano- 
malous. 

13.  Though  variations  of  pitch  accompanjring  variations  of 
loudness  must  frequently  have  been  observed,  the  physiological 
influences  at  work  do  not  appear  to  have  been  suspected  *. 
And  yet  these  subjective  influences  must  be  by  no  means 
negligible  in  the  case  of  wind-instrument  players  ;  and  even 
from  players  of  stringed  instruments  I  think  I  have  heard 
that  it  is  easier  to  judge  of  another  player's  intonation  than 
to  be  quite  certain  about  one's  own.  On  the  other  hand,  as 
regards  the  tuning  of  the  intervals  of  consonant  chords,  it 
must  be  remembered  that  the  actual  criterion  is  usually  the 
obliteration  of  beats,  so  that  on  this  point  the  judgment  is  not 
disturbed  by  a  small  subjective  uncertainty  in  the  estimation 
of  pitch.  1  have  also  convinced  myself  tllat,  when  harmonic 
upper  partials  are  present,  the  sense  of  tonality  is  largely 
dependent  upon  them ;  and  harmonics  from  their  higher 
pitch  and  generally  feebler  intensity  will  suffer  less  subjective 
repression  of  pitch  than  the  fundamental. 

II.  Oljective  Demonstration  of  Combinationr  Tones. 

14.  When  two  notes  differing  in  frequency  are  powerfully 
sounded  in  the  neighbourhood  oi  one  another,  secondary  tones 
are  produced,  of  which  the  most  prominent  have  frequencies 
respectively  equal  to  the  sum  and  difference  of  the  frequencies 
of  the  parent  tones.  It  has  been  maintained  by  some  writers 
that  these  secondary  tones  are  purely  subjective,  and  have  no 
existence  external  to  the  ear,  and  the  following  experiment 
was  designed  to  show  that  in  some  cases  at  least  the  first 
difference-tone  has  a  real  physical  existence.  If  the  vibration 
of  the  air  external  to  the  ear  has  really  a  component  of  the 
frequency  in  question,  we  must  suppose  this  component  to 
have  arisen  from  a  failure  of  the  principle  of  superposition, 
that  is,  from  the  circumstance  that  as  the  parent  viorations 

*  For  example,  Lord  Rayleigh  mentions  (*  Theory  of  Sound,'  2nd  ed. 
vol  i.  §  67)  tnat  '*  tuniog-iorks  rise  a  little,  though  very  little,  in  pitch 
as  the  vibration  dies  away.'' 
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are  of  considorable  amplitude,  the  equations  of  motion  cannot 
be  regarded  as  sensibly  linear ;  and  accordingly  it  is  to  be 
expected  that  if  two  sources  of  sound  are  brought  closer  to- 
gether, the  intensity  of  the  difference-tone  will  increase.  I 
have  used  two  stopped  organ-pipes  of  white  metal  giving  the 
notes  e^  and  g^,  the  difference-tone  being  consequently  C.  The 
pipes  are  connected  to  a  well-weighted  organ-bellows  by 
flexible  rubber  tubes,  and  the  distance  between  them  can  l>e 
varied  at  will  from  a  few  feet  to  a  couple  of  inches  (the  walls 
of  the  two  pipes  being  then  in  contact).  It  is  best  for  the 
listener  to  be  stationed  in  a  distant  room,  so  that  the  sound 
which  reaches  him  is  only  of  moderate  intensity,  while  the 
comparatively  small  distances  through  which  the  pipes  are 
moved  does  not  appreciably  affect  the  sounds  which  they  indi- 
vidually send  to  nis  ear.  The  bellows  being  filled,  the  sound- 
ing pipes  are  held  alternately  far  apart  and  near  together, 
and  each  time,  as  they  nearly  approach  one  another,  the  dif- 
ference-tone Ci  is  heard  to  boom  out  with  greatly  increased 
intensity.  From  this,  I  would  suggest,  we  are  to  infer  that 
the  difference-tone  has  a  real  objective  existence. 

(Further  experiments  have  not  confirmed  this  result.  Even 
Prof.  Rucker's  very  sensitive  arrangement  of  interference- 
bands  failed  to  show  any  objective  difference-tone  from  the 
two  organ-pipes,  suitably  tuned.  An  attempt  will  be  made 
to  deal  with  the  subject  more  fully  in  a  subsequent  paper.) 


XLIV.  Glader-Chrains. 

To  the  Editors  of  the  Philosophical  Magazine. 

10  Ohamwood  Street,  Derby, 
Gentlemen,  April  3, 1886. 

IN  1888  I  communicated  to  the  February  No.  of  the  Phil. 
Mag.  a  short  paper  on  gfacier  motion.  Since  then  I  have 
had  an  opportunity  of  examining,  in  company  with  Mr.  G. 
Fletcher,  F.G.S.,  the  structure  of  some  of  the  largest  Swiss 
and  Norwegian  glaciers.  The  results  of  our  investigation 
are  given  in  a  paper  printed  in  the  April  number  of  the 
Geolo^cal  Magazine  for  the  current  year. 

In  it  we  show  that  the  small  granular  particles  of  ice 
resulting  from  the  partial  melting  and  refreezing  of  the  snow, 
and  also  the  minute  crystal  particles  collected  during  frosty 
sunless  days,  in  course  of  time,  when  they  have  becx)me 
welded  by  pressure  into  a  compact  mass,  undergo  a  striking 
change.  The  greater  number  of  the  granules  and  crystalline 
particles  disappear,  the  molecules  composing  them  going  to 
Duild  up  a  comparatively  small  number  of  large  crystajline 

Phil.  Mag.  S.  5.  Vol.  39.  No.  240.  May  1895.       2  H 
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imrticles.  In  our  paper  wo  remark*:  **  Although  it  is  not 
quite  clear  why  some  of  the  grains  should  increase  in  size 
and  others  disappear,  the  transference  of  the  molecules  from 
crystal  to  crystal  offers  no  difficulty '' 

Since  this  was  written  I  have  been  led  to  think  that  the 
known  laws  regulating  surface-tension  phenomena  perhaps 
afford  an  explanation  for  the  disappearance  of  the  smaller 
granules  and  the  growth  of  the  larger  ones. 

Glacier-ice  consists  of  a  kind  of  conglomerate  formed  of 
glacier-grains.     These  grains  have   very   irregular   outlines 

Fig.  1. 

(t)  Horizontal  slice  from  the  Eismeer  of  Untergrindelwald  Qlader. 


Fig.  2. 
(0  Vertical  section  from  Mer  de  Glace  Glacier. 


and  fit  closely  together.     Figs.  1  and  2  are  drawings  of  slices 
of  glacier-ice  as  seen  under  polarized  light. 

Fig.  2  is  a  sample  of  veined  ice^  the  crystalline  particles 
having  been  sheared  by  the  motion  of  the  glacier. 
*  GeoL  Mag.  April  1895,  p.  155. 
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Between  each  grain  and  its  neighbours  there  is  a  true 
sur/acej  the  tension  of  which  probably  depends  in  some 
measure  upon  the  relationship  of  their  axes  to  each  other. 

Now  we  know  that  a  by  no  means  unimportant  portion  of 
the  energy  of  a  solid  body  depends  upon  its  surface  area ; 
and  I  would  suggest  also  that  it  depends  in  some  measure 
upon  the  surfaces  separating  the  crystal  units,  of  which  it  is 
composed,  from  each  other,  even  when  they  are  of  similar 
composition. 

In  a  block  of  glacier-ice,  therefore,  or  in  a  block  of  granite, 
the  total  energy  depends,  not  only  upon  its  temperature  and 
volume,  but  also  upon  the  energy  of  the  surface-tensions  of 
its  component  grains,  whether  tney  be  similar  or  dissimilar 
in  composition. 

Now  it  is  an  important  theorem  of  Dynamics  that,  for  the 
stable  equilibrium  of  a  system,  the  potential  energy  of  the 
whole  must  be  a  minimum.  For  instance,  when  immiscible 
liquids  are  intimately  mixed,  work  is  done  in  increasing  their 
surface-energy,  and  the  energy  thus  rendered  potential  serves 
to  again  separate  them.  Glacier-ice  is  in  much  the  same 
condition.  Its  potential  energy  is  always  tending  to  a 
minimum,  a  condition  which  can  only  be  reached  oj  the 
disappearance  of  the  interfaces  between  the  crystal-grains. 
Being  viscous,  it  is  unable  to  do  more  than  delay  the  dis- 
appearance of  the  interfaces,  and  the  grains  would  continue 
to  grow  larger  and  larger  with  the  lapse  of  time  were  it  not 
for  the  fact  that  they  are  broken  in  the  production  of  the 
ribboned  or  veined  structure. 

For  the  same  reason  masses  of  all  liquids  possessing  struc- 
ture, whatever  their  viscosities  may  be,  eventually  become 
single  crystalline  particles. 

Yours  truly, 

R.  M.  Deelby. 


XLV.  On  the  Kinetic  Interpretation  of  the  Dissipation 
Function.  By  Dr.  Ladislas  Natanson,  Professor  of 
Natural  Philosophy y  University  of  Cracoio*. 

1.  TN  the  following  paper  we  consider  a  fluid  medium  from 
X  Maxwell's  point  of  view  (see  the  paper  "On  the 
Dynamical  Theory  of  Gases,"  *  Scientific  Papers,'  ii.  26)  ; 
we  suppose  it  to  be  composed  of  a  great  number  of  moving 
molecules.  Let  f ,  17,  (^  be  the  components  of  the  individual 
(or  "  molecular '')  velocity  of  a  molecule ;  and  let  u,  t?,  w  be 

*  Translated  from  *'  Rozprawy  *'  (TranBacdons)  of  the  Oracow  Academy 
of  Sciences,  Math,  and  Phys.  Section,  vol.  xtiz.  Comoianicated  by  the 
Author. 
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the  componente  of  the  mean  (or  "  molar  ^')  velocity  within  an 
element  dxdydz  of  volume;  ndxdydz  may  represent  the 
number  of  molecules  within  that  element.  The  mass  of  a 
molecule  being  M,  p=Mn  being  the  density  of  the  medium, 
the  kinetic  energy  of  a  molecule  is 

iM{(u+f)»+(«+vr+(t^+S)'};    ...   (1) 

and  the  total  kinetic  energy  of  a  portion  of  the  medium  con- 
sists of  the  two  following  parts  : — (1)  the  kinetic  energy  of 
the  visible  motion, 

K^^^pin^^-t^^-v?) dxdydz  I     ...     (2) 

it  is  this  energy  that,  in  Hydrodynamics,  is  taken  into  account ; 
(2)  the  molecular  or  heat-energy, 

E=iJ[jyp(P+^+?)Acrfyrf^.       ...     (3) 

In  these  expressions  the  integrations  are  supposed  to  be  per- 
formed throughout  the  volume  occupied  by  the  medium ; 
and  I*  and  similar  symbols  represent  the  mean  values  of  f "* 
&c.  for  the  molecules  within  an  element.     We  have 

f=0;     ^=0;     ;=0 (4) 

At  the  point  {^x^y^z)  we  have  the  normal  component 
pressures, 

Psm=p¥;    Pn=P^\    Pm-P^'^     .     .     •    (5) 
and  the  tangential, 

p9^=PzM=pv^;    P«=i>xc=pff;   Px9-P9'-P^'    •    ^^) 

Let  Q  be  any  property  of  the  molecule  which  can  be 
expressed  as  a  function  of  (w  +  f),  (t?  +  f;),  and  (uj  +  O-  Then 
writing  djdt  for  the_actual  or  total  variation  of  Q,  and  S/& 
for  any  alteration  of  Q  that  can  be  due  to  the  mutual  inter- 
ference of  molecules, 

X,  Y,  Z  denote  here  the  components,  at  {x,  y,  z) ,  of  accdera- 
tion  due  to  external  forces.  From  this  fundamental  equation 
(7)  the  equation  of  continuity,  as  well  as  the  equations  of 
motion,    j„      7\      ^       •>      .^       ">      ^ 

immediately  follow.    Let  as  now  put 

Q=(u+f)»+(c  +  i»)»+(w+S)*;    .    ...    id) 
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we  obtain 
f.J-(«»+r'+w»+f+^+f) 

=2p(tiX+t;Y+wZ)  +  p|(u»+t»»+u>»  +  p+^  +  f).   (10) 
6  J  (8)  this  equation  is  rednced  to 


+ 


+i^(pp+p^+plr)+il^(p^+pv*+p^) 

=ip|(«»  +  t;»+u>»  +  ?  +  ^+r) (11) 

All  these  equations  are  quite  independent  of  any  view  we 
may  entertain  as  to  the  intimate  nature  of  molecules  and  as 
to  the  law  of  force  between  them  ;  accordingly  they  may  be 
said  to  belong  to  the  Kinematical  Part  of  the  Iheory  of 
constitution  of  fluids. 

2.  If  we  suppose  that  the  molecules  of  the  fluid  do  not 
contain  any  internal  energy  (or  that  they  contain  such  energy 
in  absolutely  constant  amount)  the  energy  of  a  molecule  will 
be  only  that  which  depends  on  the  velocity  of  its  centre  of 


inertia.      Assuming  this  equation  (11)  may  be  transformed. 
Put  for  brevity, 

di^**'    5^=^'     Bl=''     •    •    •    •     ^^^^ 

|^+|!?=A;    |^  +  |^=B;    |^  +  |i=C;.(13 
^z     3y        '    B«     3«  3y     B» 

and  let  ns  add  to  the  lefUhand  side 

i(r  +  ?  +  r)^+iP(r-r1?+0<',        •      .      (14) 

where  ^=5 a + 6 + c.     Multiplying  by  da  dy  dz  and  integrating 
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throughout  the  volume  occupied  by  the  medium,we  have  then 
BE 


^  +4jyp(f +  '?'+  P){lu  +  mv^nw)d8 


+  jlJ[pfa+f>^6+p?c+pf;?A+p5fB+pfiyC]Apcfy£fe==0;  (15) 
here  the  direction-cosines  of  the  normal  to  the  element  dS  of 
the  surface  are  denoted  by  I,  m,  n.  If  the  medium  cannot 
flow  across  the  surface,  the  second  term  on  the  left-hand  side 
may  be  omitted.  Assuming  this  and  calculating  "dKfdt  from 
equations  (8)  in  a  similar  way  we  find 

^  -j]ff[pPa+P?6+pf^^+P^rA+p^B+pf;7C0Arrfy^ 

=  J5yp(wX  +  vY  +  trZ)d^dydx;    .    .   (16) 
hence 

^=  -^  +  ^p(uX  +  vY^tcZ)dxdydz,   .    .  (17) 

t.  €.  molar  energy  is  subject  to  change  from  two  sources,  the 
first  being  the  influence  of  external  forces,  the  second  being 
the  possible  transformation  of  molecular  energy  E  into  molar 
energy  K  or  vice  versd.  Let  us  denote  the  rate  of  change  of 
K  due  to  the  second  source  of  variation  by  3'K/Sf ;  we  have 

Let  us  put  _ 

Sp=P^+PV^+P^ (19) 

=(p-pl^('^-^)Hp-pn'W>-m+(p-p?Kc-m 

-pffA-pffB-pftlC. 
Eqnation  (18)  may  then  be  written 

•  ^  =  -^  =  j[ff(F-ptf)rfa-rf^rf.;     .     .   (21) 

the  molecular  energy  E  is  therefore  subject  to  change  from 
two  sources  :  first,  the  work  of  the  ordinary  average  pressure, 
and  second,  the  effect  of  a  disturbance  giving  rise  to  tangential 
pressures  and  to  inequality  of  the  normal  ones,  F  being  the 
rate  (per  unit  of  volume  and  time)  at  which  molecular  energy 
is  generated  by  the  effect  of  the  disturbance. 
Fut  in  (7) 

Q=(t^+f)';   Q=(t^+^)(t^+f);   -   •    (22) 
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if  the  disturbance  is  not  very  violent,  we  shall  find 

!(?-/>?)= -2/>(a-J^) (23) 

|(p^)=M, (24) 

and  other  eqaations  which  may  be  written  down  from 
symmetry.     Hence 

+2(pfro*+^m'+i{p^)%  '  (25) 

From  this  it  appears  that  the  direction  of  that  transformation 
of  energy  the  rate  of  which  is  F  depends  on  the  nature  of  the 
mutual  action  between  molecules.  Molar  energy  will  become 
converted  into  molecular  energy  if  molecular  interaction  is 
such  as  to_tend  to  diminish  the  absolute  values  of  the  terms 
p—p^,  pV^  and  similar  terms  ;  i.  e.  such  as  to  tend  gradually 
to  calm  the  disturbance  existing  :  F  is  then  always  a  positive 
quantity  and  the  opposite  transformation  of  molecular  energy 
into  molar  energy  is  impossible.  That  this  is  precisely  what 
is  realised  in  all  fluids  in  Nature,  as  attestea  by  the  phe- 
nomenon of  viscosity,  cannot,  however,  be  deduced  from 
Kinematical  Theorv.  We  have  ascertained,  as  it  were,  the 
path  of  change  of  the  molar  energy,  but  we  are  unable  to  say 
why  one  of  9ie  two  possible  directions  of  change  is  always 
selected* 

If  now  we  suppose  the  following  equations  to  be  given  :— 

p^pP^2Ka-W, (26) 

pv^=-/iA, .(27) 

(the  symbol  fi  denoting  a  constant,  the  coefficient  of  viscosity), 
and  four  other  equations,  to  be  written  down  from  symmetry, 
we  shall  find  it  possible  to  complete  our  solution.  Maxwell 
deduced  these  equations  from  his  well-known  assumption  as 
to  the  law  of  force  between  molecules ;  Poisson,  Sir  G.  G. 
Stokes,  and  others  have  given  them  in  the  ordinary  Theory  of 
Viscosity.     It  follows,  then,  that 

=/*{§(6-c)«+f(c-a)«+|(a-J)«+A«+B«+C«}, 


(28) 
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and  thns  F  can  never  assume  negative  values.    Also 

F=AA(2a»  +  2ft«  +  2c»-|^+A»  +  B'+C!»),  .  .  (29) 
this  IS  ihe  expression  for  the  "  Dissipation  Function "  F 
originally  given  by  Lord  Bayleigfa.  The  cause  for  this 
denomination  is  obvious.  Suppose  a,  J,  c,  A,  B,  C  to  have 
their  sign  changed  ;  the  sign  of  p0  will  change  but  that  of 
F  will  not ;  hence  the  term  p0  corresponds  to  a  reversible, 
the  term  F  to  an  irreversible  phenomenon.  Indeed  the 
conversion  of  molar  energy  into  molecular  energy  which 
goes  on,  of  whatever  kind  the  existing  disturbance  may  be, 
is  irreversible.  We  have  thus  before  us  an  example  of 
Dissipation  of  Energy  in  a  purely  dynamical  system. 

3.  If  we  now  suppose  tnat  every  molecule  possesses  an 
amount  MA  of  internal  energy  in  addition  to  that  which 
depends  on  its  motion  of  translation,  we  shall  have 

|[ip(ii«  +  r«+«^  +  P+i7^+r)+f>A]=0.      .     (30) 

Now  it  is  easily  seen  that  SA/&  and  dhjdt  are  equivalent,  since 
h  cannot  be  affected  by  external  forces  any  more  than  by  con- 
vection; therefore 

+i^(pF-^pf^'+f>r£*)+i|^(p^+f>?+f<) 
+i^(pSp+f>i7+pr*)=o (31) 

Maxwell  puts  p^=i()8-l)p(|*+?+?^);  if  this  relation  is 
adopted,  equation  (31)  will  be  that  numbered  (94)  in  Max- 
well's paper,  with  a  difference  of  factor,  however,  in  the  terms 
relating  to  conduction  of  heat.  The  foregoing  deduction 
will  not  be  subject  to  the  criticism  which  M.  Poincare  has 
offered  with  respect  to  Maxwell's  deduction  (see  Comptes 
Rendusy  vol.  cxvi.  p.  1017 ;  see  also  ibidem,  p.  1165,  where 
the  internal  energv  of  the  molecules  is  taken  mto  account  in 
the  same  way  as  that  here  adopted). 


XLVL  Experiments  on  the  Radiation  of  Heated  Gases. 

By  John  Evbrshkd*. 

[Plate  Vn.] 

THE   renewed   interest  aroused  in  certain   fundamental 
questions  in  spectroscopy  by  the  publication   of  the 
researches  of  Pringsheim,  Paschen,  and  Smithells  has  led  me 
recently  to  undertake  a  series  of  observations  on  the  visible 
♦  Communicated  by  the  Author, 
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radiations  of  certain  elementary  substances,  particularly  iodine 
and  sodium,  when  their  vapours  ore  subjected  to  external 
heating.  The  important  article  published  in  the  Philoso- 
phical Magazine  (March  1894),  by  Prof.  Smithells,  may  be 
said  to  have  furnished  the  main  incentive  in  this  work,  as  it 
likewise  determined  the  direction  followed  in  the  experiments. 
I  am  further  indebted  to  Prof.  Smithells,  tx)  whom  I  sub- 
mitted a  statement  of  my  results,  for  valuable  advice  and 
criticism,  which  has  enabled  me  to  anticipate  certain 
objections  that  might  have  been  raised  to  my  conclusions. 

The  experiments  were  undertaken  primarily  with  a  view  to 
obtaining  a  closer  personal  acquaintance  with  what  I  may 
call  the  "  spectroscopic  behaviour  "  of  heated  gases.     I  had 
no  idea  that  they  would  lead  to  results  which  could  throw 
any  new  light  on  the  questions  discussed  in  Prof.  Smithells 
paper.     Nevertheless,  after  continuing  the  experiments  in  a 
somewhat  desultory  fashion  for  some  six  months,  and  with 
very  simple  appliances,  certain  facts  have  presented  them- 
selves in  a  prominent  way,  which,  so  far  as  I  can  discover, 
have  not  been  sufficiently  noticed  by  previous  workers,  and 
which  would  appear  to  lend  a  strong  support  to  the  view  there 
advocated,  nnmelv,   that  the  luminosity  of  gases  in  flames 
may  be  directly  due  to  high  temperature,  and  that  external 
heating  is  in  itself  sufficient  to  make  a  gas  emit  visible  rays. 
The  fact  that  iodine  vapour   can  be  easily  made  incan- 
descent by  external  heating  was  noticed  by  Salet  (Spectro^ 
scopiej  p.  173)  ;  and  in  the  article  above  mentioned  Prof. 
Smithells  concludes  that  this  luminosity  can  only  be  due  to 
heat,  and  that  chemical  action  plays  no  part  in  the  phe- 
nomenon.    It  seemed,  therefore,  of  interest  to  determine, 
first,  the  character  of  this  iodine  emission,  and  then  to  dis- 
cover whether  the  property  of  glowing  by  mere  heating  was 
peculiar  to  iodine,  or  was  shared  in  greater  or  less  degree  by 
other  allied  elements  when  vaporized,  particularly  by  those 
which  exhibit  strong  absorptive  properties  on  light.     After 
having  thus  gained   some   experience  with   the   less  easily 
oxidizable  metalloids,   I   proposed   finally  to   approach  the 

Juestion  of  the  radiation  of  heated    metallic  vapours,   to 
etermine  whether  or  not  their  characteristic  spectra  can  be 
produced  by  mere  heating. 

It  will  perhaps  be  worth  while  at  the  outset  to  describe 
briefly  a  few  simple  experiments  made  to  determine  whether 
the  iodine  clow  is  affected  in  any  way  by  the  nature  of  the 
gas  in  which  it  is  heated.  I  will  describe  them  as  nearly  as 
possible  in  the  order  in  which  they  were  performed. 

Experiment  I. — A  little  iodine  was  placed  near  the  closed 
end  of  a  piece  of  hard  glass  tube  of  about  7  mm.  bore,  the 
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other  end  being  open  to  the  atmosphere.  This  was  suspended 
horizontally,  and  a  Bunsen  flame  Drought  under  the  central 
part ;  when  about  5  or  6  cm.  of  the  tube  had  become  nearly 
red-hot,  the  flame  was  held  for  a  few  seconds  under  the  part 
containing  the  iodine,  which  immediately  volatilized,  filling 
the  whole  tube  with  coloured  vapour.  A  bright  reddish 
glow  then  appeared  in  the  heated  portion  of  the  tube. 

Eap.  II. — Iodine  was  heated  in  a  tube  as  in  I.  but  closed  to 
the  atmosphere,  and  in  which  air  was  replaced  by  nitrogen. 
No  difference  was  seen  in  the  emission  of  light. 

Exp.  III. — The  same  as  II.,  excepting  that  hydrogen  was 
substituted  for  nitrogen.  In  this  case  also  3ie glowing  appeared, 
the  same  as  before,  but  it  could  not  be  maintained  as  combina- 
tion took  place  between  the  hydrogen  and  iodine,  and  the 
colourless  hydriodic  acid  formed  emitted  no  light. 

Exp.  IV. — In  COj  the  same  result  was  obtained  as  in 
nitrogen. 

Exp.  V. — A  thick  glass  tube  containing  iodine  was  exhausted 
with  an  air-pump  until  the  pressure  fell  to  about  20  mm.  It 
was  then  heated  so  as  to  expel  the  remaining  air  by  volatilizing 
a  portion  of  the  iodine,  and  then  sealed  off.  The  whole  length 
of  the  exhausted  tube  was  next  warmed  up  until  the  density 
of  the  iodine  vapour  was  sufficient  to  give  the  usual  deep 
violet  colour.  On  strongly  heating  a  short  section  of  the 
tube  at  this  stage,  the  usual  reddish-yellow  glow  appeared 
exactly  as  in  the  other  experiments. 

These  preliminary  experiments,  therefore,  as  far  as  they  go, 
entirely  favour  the  view  that  the  glowing  is  determined  oy 
heat  alone,  and  not  by  chemical  "  luminescence."  For  the 
phenomenon  appears  to  be  quite  independent  of  the  gas  in 
which  the  iodine  is  heated,  and  in  III.,  where  chemical  com- 
bination actually  occurs,  the  light,  instead  of  being  intensified, 
is  extinguished. 

To  determine  the  character  of  the  light,  things  were 
arranged  as  in  I.,  the  glowing  tube  being  observed  with  a 
spectroscope,  having  a  lens  in  n*ont  to  throw  an  image  of  the. 
hot  part  of  the  tube  across  the  slit  of  the  instrument.  Before 
heating  the  iodine  a  faint  streaky  spectrum,  due  to  glovdng 
opaque  particles  in  the  glass,  was  all  that  could  be  seen ;  but 
immediately  the  iodine  was  vaporized  a  bright  spectrum 
shone  out.  This  appeared  perfectly  continuous,  and  similar 
to  that  given  by  a  red-hot  iron  wire,  with  which  it  was 
directly  conjpared.  No  siffn  of  resolution  into  lines  could  be 
made  out  even  with  a  highly  dispersive  train  of  five  prisms. 

Next  a  ray  of  white  light  from  the  flame  of  a  paraffin  lamp 
was  made  to  pass  through  the  glowing  tube  and  enter  the  spec- 
troscope, lifter  having  suffered  absorption  by  the  heated  vapour. 
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The  dark  bands,  characteristic  of  cooler  iodine  vaponr,  were 
seen  to  be  unchanged;  and  there  was  no  sign  of  any  continuous 
absorption.  Thus  at  the  temperature  of  the  experiment 
iodine  emits  a  continuous  spectrum,  and  does  not  emit  only 
those  rays  which  it  absorbs. 

The  question  whether  iodine  is  the  only  element  having 
this  property  of  glowing  with  a  continuous  spectrum  at  com- 
paratively low  temperatures  was  next  investigated.  A  series 
of  experiments  vdtn  the  allied  element  bromine  immediately 
showed  that  this  was  not  so,  for  the  vapour  of  this  substance 
was  also  found  to  glow  brightly  under  similar  circumstances. 

The  bromine  glow  seems  indeed  to  be  quite  as  conspicuous 
as  that  of  iodine :  the  spectrum  also  was  found  to  be  perfectly 
continuous. 

It  was  then  thought  that  chlorine,  being  also  a  coloured  gas 
and  allied  to  the  others,  would  probably  be  found  to  emit 
light  in  the  same  way.  Accordingly  arrangements  were 
made  for  generating  and  thoroughly  drying  this  gas  and 
heating  it  in  a  glass  tube,  as  in  the  foregoing  experiments. 
The  fii-st  attempte  to  see  the  glow  were  made,  as  before,  from 
outside  the  tube ;  but  they  led  to  negative,  or,  at  the  most, 
very  doubtful  results.  A  very  slight  alteration  in  the  mode  of 
viewing  the  heated  gas  soon,  however,  revealed  a  distinct  and 
unmistakable,  though  faint,  luminosity.  The  experiment  was 
arranged  in  the  following. way  : — Chlorine  from  a  generating 
flask,  after  being  freed  from  HCl  and  dried  by  passmg  slowly 
through  a  long  tube  of  calcium  chloride,  was  led  into  a 
straight  piece  of  combustion-tube  of  about  7  mm.  bore, 
heated  strongly  in  the  middle.  This  tube  connected  on  to  a 
larger  glass  tube  containing  a  total-reflexion  prism  placed  in 
line  with  the  central  axis  of  the  heated  tube  :  this  enabled 
one  to  observe  the  heated  gas  "  end  on  "  without  the  interpo- 
sition of  the  red-hot,  glass,  and  a  dark  background  was 
obtained  by  covering  up  the  further  end  of  the  combustion- 
tube  with  opaque  matenal. 

In  this  way  observations  were  made,  first,  with  common  air 
only  passed  through  the  apparatus,  and  afterwards  with  dried 
chlorine,  about  5  cm.  of  the  tube  being  kept  meanwhile  at 
the  highest  temperature  attainable  with  an  ordinary  Bunson 
burner.  With  air,  the  centre  of  the  tube  remained  perfectly 
dark,  and  no  trace  of  glowing  solid  matter  in  the  form  of  dust 
could  be  seen.     With  chlorine,  on  the  other  hand,  a  faint 

greenish  glow  gradually  filled  up  the  previously  dark  central 
ore  of  the  tube,  appearing  first  on  the  lower  or  hottest  part. 
The  light,  although  brighter  on  the  lower  side,  appeared  per- 
fectly uniform  in  texture  so  to  speak,  unlike  the  glow 
produced  by  incandescent  solid  particles,  which  can  be  seen 
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under  certain  circnmstances  as  wreaths  and  streaky  olonds 
moving  with  the  convection-cnrrents  in  the  tnbe  *. 

Being  satisfied  by  repeated  trials  that  the  glow  was  really 
due  to  incandescent  chloriney  an  endeavour  was  made  to 
determine  the  spectroscopic  character  of  the  light.  It 
seemed  almost  hopeless  to  observe  the  spectrum  directly,  al- 
though with  a  spectroscope  of  very  low  dispersion  and  wide 
slit  tne  spectrum  appeared  to  be  continuous;  but  it  could 
only  be  traced  between  the  positions  of  D  and  F  of  the  solar 
spectrum,  probably  owing  to  the  greater  sensitiveness  of  the 
eye  to  that  region.  An  indirect  method  was,  however,  de- 
vised. The  depth  of  the  layer  of  cool  chlorine  traversed  by 
the  light  from  the  hot  gas  was,  in  the  first  instance,  about 
20  cm.,  thai  being  the  distance  between  the  prism  and  the 
hot  part  of  the  tube.  The  absorbing  effect  of  this  thickness 
of  gas  was  tested  by  var^'ing  the  distance,  heating  the 
tube  successively  at  15  and  30  cm.  from  the  prism.  If.  the 
spectrum  of  the  light  emitted  consisted  of  lines  or  bands  cor- 
responding to  the  absorption-lines  of  chlorine,  there  should 
be  a  marked  increase  of  absorption  after  traversing  30  cm.  as 
compared  with  1 5  cm.  But  no  difference  was  perceptible  in 
the  intensity  of  the  glow  whatever  the  distance  traversed, 
showing  that  the  cool  gas  exercises  very  little  absorption  on 
the  light  coming  from  the  hot. 

The  inference,  therefore,  is  that  chlorine,  like  iodine  and 
bromine,  emits  other  rays  than  those  absorbed,  and  probably 
shines  with  continuous  light ;  the  selective  absorption  of  the 
cool  gas  merely  giving  the  glow  a  greenish  tint. 

There  seems  no  reason  to  doubt  that  the  luminosity  of 
chlorine,  as  of  its  allied  elements,  is  directly  due  to  the 
heating,  and  that  chemical  changes  are  not  concerned  in  the 
phenomenon. 

The  Sulphur  Group. — Similar  results  have  been  obtained 
with  sulphur  and  selenium.  The  glowing  mav  be  observed 
either  "  end  on  "  in  a  red-hot  porcelain  tube  nlled  with  hy- 
drogen or  nitrogen,  or  the  element  may  be  simply  sealed  in 
a  hard  glass  tube  in  air.  If  a  small  portion  of  the  tnbe  be 
then  heated  strongly,  a  faint  glow  can  be  seen  while  distil- 
lation is  going  on,  and  the  heated  space  is  filled  with  vapour. 

Phosphorus. — Experiments  with  this  substance  have  so  far 
led  to  negative  results.  After  all  the  phosphorescence  due  to 
traces  of  oxygen  has  disappeared  from  the  tube,  the  vapour 
appears  to  give  no  light. 

♦  The  glowing  of  heated  chlorine  mav  be  more  conveniently  observed 
in  a  porcelain  tube  connected  with  a  T-tube  having  a  glass  plate  ce- 
mented in  one  end  of  the  T.  If  the  Bunsen  is  concentrated  on  the  tube 
by  means  of  a  fire-clay  arch  placed  over  it,  the  glow  uniformly  illuminates 
the  bore  of  the  tube, 
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Arsenic. — ^The  vapour  of  this  substance  glows  distinctly 
when  heated  in  nitrogen.  In  hydrogen  also  the  glow  is  dis- 
tinct, but  fainter  than  in  nitrogen. 

To  sum  up,  then,  it  appears  that  besides  iodine,  the  vapours 
of  bromine,  chlorine,  sulphur,  selenium,  and  arsenic  can  all 
be  made  more  or  less  incandescent  by  heating  to  the  tempe- 
rature at  which  glass  combustion-tube  softens,  and  the  light 
emitted  by  each  of  these  glowing  vapours  appears  to  give  a 
perfectly  continuous  spectrum;  whilst  the  corresponding 
absorption  spectra  are  selective.  Thus  there  is  no  such  close 
relation  between  emission  and  absorption  as  is  implied  by 
KirchhoflPs  law  of  radiating  bodies.  There  seems,  however, 
to  be  a  general  relation  between  the  total  absorbing  and 
radiating  power  for  the  visible  rays  :  those  vapours  which  are 
highly  coloured  and  absorb  strongly  in  the  visible  spectrum 
also  radiate  conspicuously  in  that  part  of  the  spectrum,  whilst 
colourless  non-absorbing  vapours,  such  as  phosphorus^  emit 
no  perceptible  light  when  heated. 

That  the  glowing  in  these  cases  in  no  way  differs  from  the 
glowing  of  neated  solids  seems,  to  say  the  least,  extremely 
probable,  for  there  is  no  evidence  whatever  that  chemical 
changes  accompany  the  luminosity;  and  there  is  besides  the 
fact  that  when  direct  combination  does  occur  between  the 
vapour  and  the  gas  in  which  it  is  heated,  as  in  the  case  of 
iodine  in  hvdrogen,  and  possibly  also  arsenic  in  hydrogen, 
there  is  no  luminous  effect  at  all. 

It  may  be  questioned,  however,  whether  molecular  disso- 
ciation may  not  be  concerned  in  the  radiation,  or  alternate 
dissociation  and  reaggre^ation  of  the  atoms  of  the  molecules. 
For,  according  to  the  kmetic  theory,  at  a  given  temperature 
and  pressure  the  vapours  may  contain  a  certain  proportion  of 
free  atoms  distributed  among  the  more  complex  molecular 
groups,  but  the  individuality  of  these  uncombined  atoms  will 
continually  change  whilst  the  proportion  remains  the  same, 
for  there  will  be  a  constant  reaction  or  interchange  going  on 
between  the  atoms  and  the  molecules.  The  emission  of  hght 
may  be  supposed  to  depend  on  this  act  of  union  or  disunion 
of  the  atoms,  the  radiant  energy  being  indirectly  derived  from 
the  heat  supplied  to  the  system  to  maintain  the  temperature. 

Thus  in  the  case  of  the  diatomic  gases  iodine,  bromine, 
and  chlorine,  a  proportion  of  the  molecules  Ij,  Brj,  CI,  may 
dissociate  into  21,  2Br,  2C1,  and  sulphur  vapour  may  similarly 
dissociate  from  Se  to  882,  and  so  on.  From  recent  determi- 
nations of  the  vapour  densities  of  the  halogens,  it  appears 
that  iodine  begins  to  dissociate  between  600°  and  700°  0.,  at 
a  pressure  of  1  atmosphere  *.  Chlorine,  on  the  other  hand, 
*  Crafts  and  Meier,  Ber.  deut,  chem,  Oe$.  xiii. 
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remains  at  a  normal  density  corresponding  to  Clj  between 
about  200°  and  1200°  C.  *  With  regard  to  the  former  element, 
the  temperature  at  which  dissociation  commences  (say  600°) 
is  not  much  above  that  at  which  the  glowing  is  first  seen,  and 
as  in  most  of  the  experiments  the  iodine  or  bromine  vapour 
is  largely  diluted  with  a  neutral  gas,  so  that  the  partial  pres- 
sure is  a  good  deal  less  than  one  atmosphere,  it  might  well  be 
supposed  that  dissociation  was  going  on  even  at  the  lowest 
temperature  at  which  the  glow  can  be  seen.  But  in  the  case  of 
chlorine  dissociation  begins  at  some  500°  above  the  temperature 
of  my  experiments  (assumed  at  about  700°)  :  moreover,  there 
is  no  dilution  of  gas,  which  is  observed  at  the  atmospheric 
pressure,  so  there  can  be  no  question  of  dissociation  here  ;  or 
at  any  rate,  as  there  is  no  independent  evidence  of  it,  we  have 
no  more  right  to  assume  it  as  a  cause  of  the  luminosity  than 
we  have  in  the  case  of  glowing  solids. 

But,  apart  from  the  fact  that  chlorine  can  be  made  incan- 
descent although  it  is  not  dissociating,  it  appears  to  me  that 
the  general  relation  mentioned  above  between  radiation  and  ab- 
sorption of  the  visible  rays,  and  the  fact  that  the  intensity  of 
the  glowing  of  the  more  absorptive  vapours  (the  others  being 
too  difficult  to  observe)  appears  to  closely  follow  that  of  a 
solid  raised  simultaneously  tnrough  the  same  range  of  tempe- 
rature fi  gives  strong  support  to  the  view  that  there  is  no 
essential  difference  between  gases  and  solids  in  the  manner 
in  which  they  radiate,  at  any  rate  under  the  conditions  of  the 
foregoing  experiments.  If  dissociation  were  concerned,  say, 
in  the  case  of  glowing  iodine,  one  would  expect  the  intensity 
of  the  light  to  rapidly  increase  when  the  temperature  is  made 
to  approach  the  actual  temperature  of  dissociation,  where  the 
maximum  interaction  of  the  atoms  occurs.  It  should  in  fact 
increase  in  a  much  greater  ratio  than  in  the  case  of  a  glowing 
solid.  But  I  have  failed  to  detect  any  evidence  of  such  rela- 
tive increase  on  the  part  of  either  iodine  or  any  other  glowing 
gas.  Further,  a  decrease  of  density  (by  exhaustion  or  dilu- 
tion) will  facilitate  dissociation,  and  thus  should  tend  to 
counteract  the  reduction  of  luminosity  due  to  a  smaller 
number  of  molecules  concerned.  But  no  such  effect  is  in 
fact  to  be  seen  under  these  conditions. 

*  J.  M.  Grafts,  ibid.  xvi. ;  also  Jahn,  ibid.  xv. 

t  The  radiation  from  iodine  may  be  easily  compared  with  that  of  a 
solid  at  the  same  temperature,  by  placing  a  small  piece  of  carbon  inside 
the  heated  portion  of  tue  glass  tube  descnoed  in  exp.  I.  Also  when  the 
glass  contams  opaque  particles,  these  are  seen  to  glow  with  the  same 
intensity  as  the  iodine,  whatever  the  temperature,  when  the  vapour  is  of 
sufficient  dennty  to  give  the  maximum  luminosity. 
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The  Sodium  Radiation, 

Having  thus  far  failed  to  produce  discontinuous  spectra  hv 
external  heating,  I  next  tried  what  could  be  done  with 
metallic  vapours.  Sodium  was  the  metal  chosen  for  the 
initial  experiments,  the  powerful  absorption  produced  by  the 
vapour  of  this  element  on  "  D  "  light  seeming,  on  KirchnoflTs 
hypothesis,  to  give  the  best  chance  of  success  at  the  very 
moderate  temperatures  I  could  command  with  a  single  large 
Bunsen  flame. 

The  form  of  apparatus  used  in  the  earlier  experiments  was 
designed  with  a  view  to  excluding,  as  far  as  possible,  from 
the  tube  in  which  the  sodium  was  to  be  heatea  any  gaseous 
substances  that  might  be  expected  to  react  chemically  with 
the  vapour  of  the  metal :  the  emission  phenomena  produced 
under  these  conditions  being  then  compared  with  that  pro- 
duced when  traces  of  oxygen  or  moisture  were  purposely 
allowed  to  remain  in  the  neutral  gas  in  which  the  sodium  was 
volatilized.  In  the  diagram  (Plaiie  VII.  fig.  1)  A  and  B  are 
two  similar  gas-holders  ;  a  rubber  tube  leads  from  A  to  a 
couple  of  wasb-bottles  S',  S'',  containing  strong  sulphuric 
acid ;  from  S''  a  long  tube  of  hard  glass,  P,  containing  a 
little  phosphorus  leads  into  the  drying-tube  C,  which  is 
packed  witn  calcium  oxide  and  calcium  chloride— the  former 
to  remove  carbonic  acid,  and  the  latter  traces  of  water  which 
may  remain  in  the  gas  used  after  passing  the  sulphuric-acid 
bottles.  The  drying-tube  connects  on  to  the  porcelain  heating- 
tube  H  through  a  metal  T-piece,  one  end  of  the  T  having  a 
glass  plate  carefully  cemented  in  so  that  one  may  look  along 
the  inside  of  the  heating-tube,  to  which  the  T  is  connected  by 
rubber  tube  tightened  with  wire,  both  connexions  being  also 
buried  in  sealing-wax.  At  the  other  end  of  H,  which  is  covered 
in  the  centre  by  a  fireclay  arch,  is  a  second  T  of  glass,  one  limb 
connecting  with  a  glass  gland  or  stuflSng-box,  G,  with  pierced 
rubber  ends,  and  filled  with  mercunr.  A  long  steel  rod  passes 
through  the  gland,  the  end  being  flattened  to  a  spoon-shape ; 
this  can  be  pushed  along  to  the  centre  of  H,  or  drawn  out 
past  the  entrance  of  the  side  tube  of  the  T.  This  side  tube 
is  closed  by  a  perforated  rubber  stopper,  through  which  a 
small  glass  tube  passes  bearing  a  small  reflecting  prism 
cemented  to  the  end,  which  is  thus  closed  up  ;  but  m  order 
to  allow  of  the  escape  of  the  gases,  so  that  a  current  may  be 
set  up  in  the  apparatus,  a  hole  is  blown  in  the  side  of  this 
tube  near  the  prism.  The  outer  end  of  the  tube  is  connected 
by  rubber  tubing  to  another  wash-bottle  S'^'  containing  sul- 

Ehuric  acid,  and  frojn  this  again  a  tube  leads  to  the  gas- 
older  B,    Thus  the  entire  apparatus  forms  a  closed  circuit 
and  has  no  inlet  or  outlet.     The  gas-holders  have  each  a 
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Y-tubo  attached,  one  branch  of  the  Y  leading  to  the  appa- 
ratus and  the  other  connecting  A  with  B  by  means  of  a 
rubber  tube  carrying  a  clip.  Tne  S  at  the  foot  of  the  diagram 
is  a  small  direct-vision  spectroscope,  and  L  is  a  lens  focussing 
the  central  parts  of  the  tube  H  on  to  the  slit  of  the  instru- 
ment ;  both  are  attached  to  a  strip  of  hard  wood  movable 
horizontally  about  an  axis  placed  between  the  lens  and  the 
slit.  This  enables  one  to  instantly  push  aaide  the  spectro- 
scope into  the  position  shown  by  dotted  lines  and  observe  the 
glowing  tube  airectly. 

To  observe  the  sodium-spectrum,  one  fills  the  gas-holder  A 
with  some  indifferent  gas  containing  no  oxygen,  or  only  a  trace 
of  that  element,  such  as  nitrogen  or  hydrogen,  or  ordinary 
coal-gas.  When  full  it  is  disconnected  with  the  gas-generator 
or  gas-main,  as  the  case  may  be,  and  connexion  is  made  with 
the  apparatus.  Next,  weignts  are  put  on  A  until  suflScient 
pressure  is  obtained  to  drive  a  current  of  gas  through  the 
wash-bottles,  drying-tube,  &c.  into  B.  Then  the  Bunsen  is 
lighted  under  the  porcelain  tube,  which  it  presently  heats  up 
to  a  bright  incandescence  for  abont  two  inches  of  its  length. 
After  sufficient  dry  gas  has  passed  through,  and  all  trace  of 
moisture  Las  gone,  the  current  is  stopped  by  closing  the 
stopcock  on  A,  and  a  small  pellet  of  sodium  is  dropped  into 
the  steel  spoon  through  the  side  tube  of  the  glass  T^  the 
stopper  witn  the  inner  tube  and  prism  being  removed  for  this 
purpose  and  quickly  replaced.  The  current  is  then  restarted, 
to  drive  away  any  oxygen  that  may  have  diffnsed  in  by  the 
operation,  and  at  the  same  time  the  tube  P  is  gently  heated 
by  a  spirit-lamp  flame  until  a  small  faintly  luminous  flame  is 
seen,  indicating  combination  of  the  last  traces  of  oxygen  with 
the  phosphorus.  After  this>has  gone  on  a  sufficient  length  of 
time,  and  the  apparatus  may  be  considered  to  be  free  from 
oxygen,  water,  and  carbonic  acid,  the  stopcock  on  A  is  again 
closed  and  the  steel  spoon  c^irrying  the  sodium  is  pushed 
into  the  hot  part  of  the  tube  H,  turned  over,  the  sodium  shaken 
out,  and  the  spoon  again  withdrawn  past  the  entrance  of  the  side 
tube.  Now  the  tube  carrying  the  prism  is  pushed  down  into 
line  with  the  tube  H,  and  the  white  flame  of  a  paraffin-lamp 
is  placed  close  alongside  the  glass  T,  so  that  a  ray  of  white 
light  can  be  made  to  traverse  the  glowing  vapour  in  H.  One 
may  now  observe  at  will  the  absorption  or  emission  spectrum 
of  the  glowing  sodium  by  the  simple  operation  of  turning  the 
lamp-flame  up  or  down. 

Tne  experiments  actually  performed  with  this  apparatus 
may  be  thus  briefly  described  : — 

1.  With  the  porcelain  tube  strongly  heated,  a  slow  current 
of  coal-gas,  not  specially  freed  from  oxygen,  was  allowed  to 
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circulate  in  the  apparatus,  no  sodinm  being  aduiittod.  A 
distinct  and  fine  sodium  line  was  visible  in  tne  spectroscope, 
which  increased  in  brightness  when  a  little  air  was  mixed 
with  the  gas,  but  which  gradually  faded  to  invisibility  when 
the  phosphorus  tube  was  heated  so  as  to  eliminate  oxygen. 

The  explanation  of  this  result  appears  to  be  simple  enough. 
The  trace  of  oxygen  remaining  in  the  coal-gas  combines  with 
the  hydrogen  when  it  reaches  the  hot  part  of  the  tube,  and 
the  "  fiame "  so  formed  (which,  however,  is  not  visible  as 
such,  except  when  a  large  quantity  of  0  is  present)  becomes 
tinted  by  the  salts  of  sodium,  which  in  excessively  minute 
quantity  are  known  to  be  driven  off  from  the  porcelain  at  a 
red  heat^ Just  in  the  same  wav  as  the  Bunsen  flame  outside  is 
tinted.  This  fine  double  D  line,  therefore,  may  not  be  the 
result  of  heat  alone,  since  it  is  developed  as  a  consequence  of 
chemical  reactions. 

II.  A  pellet  of  clean  sodium  was  placed  in  the  steel  spoonj 
and  the  gas — coal-gas — allowed  to  circulate,  the  phospnorus 
being  heated.  The  line  seen  in  Experiment  I.  was  watched, 
and  some  time  after  it  had  quite  disappeared  the  current  was 
stopped  and  the  sodium  pushed  into  the  hot  part  of  the  tube. 
Instantly  the  central  bore  of  the  porcelain  was  filled  with 
light,  which  in  the  spectroscope  was  found  to  be  perfectly 
continuous,  but  crossed  by  a  very  wide  black  line  at  D. 
Gradually  the  continuous  spectrum  faded,  and  as  it  became 
&inter  the  dark  D  line  was  seen  to  be  bordered  with  a  fringe 
of  light  on  each  side  ;  and  as  the  vapour  became  less  dense, 
owing  to  the  distillation  of  the  sodium  into  cooler  parts  of  the 
tube,  the  D  line  went  through  the  changes  represented  in 
fig.  3,  in  the  order  a,  6,  c,  d,  finally  persisting  as  a  rather 
wide  bright  line  in  which  a  very  fine  dark  line  could 
usually  be  made  out  *.  But  at  any  stage  of  the  experiment, 
the  dark  central  line  could  easily  bo  extinguished  by  allowing 
a  gentle  current  of  gas  to  push  back  the  cooler  absorbing 
layer  into  the  hotter  regions.  Now  the  question  to  be  decided 
was  whether  this  broad  bright,  hazy  D  line  was  or  was  not 
the  result  of  chemical  activity. 

III.  In  this  experiment  the  phosphorus  tube  and  the 
drying-tube  were  cut  out  of  the  circuit,  the  gas-holder  A 
being  connected  directly  with  the  heating-tube.  With  the 
current  of  gas  stopped,  the  D  line  appeared  as  in  the  last 
experiment,  but  ooservations  were  somewhat  impeded  by 
opaque  clouds  of  oxide  which  hung  about  the  cooler  parte 

*  The  dispersion  of  the  spectroscope  employed  in  all  the  sodium 
experiments  being  insafficient  to  separate  the  two  coniponents  of  thi 
D  line,  it  is  evident  that  when  this  line  appeared  widened  the  two 
were  really  fused  into  one  broad  band. 
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of  the  tube.  When,  however,  a  slow  current  of  the  undried 
gas  was  allowed  to  impinge  on  the  sodium  vapour,  by  partly 
opening  the  stopcock  A,  tne  absorption-line  vanished  and  an 
intensely  brilliant  but  fine  line  appeared  in  its  place  in  the 
centre  of  the  broad  but  relatively  faint  emission-line.  This 
sharply-defined  narrow  line  resembled  the  ordinary  D  lino 
seen  in  flames.  It  was  brighter  than  the  continuous  spectrum 
of  the  glowing  sides  of  the  tube^  on  which  it  appeared  to  be 
superposed. 

IV.  Atmospheric  nitrogen  was  substituted  for  coal-gas  in 
the  gas-holders,  and  was  freed  from  traces  of  oxygen  and  dried 
before  entering  the  heating-tube  ^  Passing  over  heated 
phosphorus  and  through  a  tube  of  OaCl2.  '±ne  phenomena 
observed  on  volatilizing  the  sodium  in  this  gas  were  in  every 
way  the  same  as  in  coal-gas.  It  was  subsequently  found  that 
the  same  results  could  be  obtained  with  unpurified  nitrogen,  or 
even  with  common  air,  the  sodium  itself  effecting  the  purifica- 
tion almost  immediately  on  vaporizing,  producing  at  the 
same  time  a  brilliant  flash — in  the  spectroscope  a  brilliant 
but  sharply-defined  and  narrow  D  line — and  clouds  of  oxide ; 
afterwards  showing  the  broad  hazy  emission-line  and  the 
central  black  absorption-line,  when  all  the  oxygen  in  the  tube 
had  been  consumed  and  the  oxide  had  subsided. 

These  results  appear  to  me  to  show  that  impurities  in  the 
neutral  gases  used  are  not  concerned  in  the  production  of  the 
broad  hazy  emission-line,  for  when  traces  of  tnese,  particularly 
oxygen  and  moisture,  are  known  to  be  present  and  are  allowed 
to  impinge  on  the  sodium  vapour,  a  line  is  seen  which  is  fine 
and  snarp,  showing  that  the  region  of  chemical  action  is  only  a 
surface-layer  of  no  great  density,  whilst  the  fainter  but  broad 
and  diffuse  D  line,  always  seen  when  the  vapour  is  undisturbed, 
evidently  originates  at  a  great  depth  where  the  vapour-density 
is  considerable  and  in  a  region  protected  from  chemical  action 
by  the  outer  relatively  cool  layers  giving  the  absorption-line. 

While  this  central  region  of  the  vapour  may  be  considered 
to  be  well  protected  by  the  outer  layers  from  impurities  in 
the  neutral  gas  employed,  there  stilf  remains  the  possibility 
that  the  porcelain  tube  itself  reacts  with  the  sodium  through- 
out its  heated  part,  thus  furnishing  a  continual  supply  of 
chemical  energy  ;  and  some  support  is  given  to  this  view  of 
the  case  from  the  fact  that  the  bright  line  cannot  be  maintained 
as  a  wide  line  indefinitely  without  a  continual  addition  of 
fresh  sodium,  also  the  tube '  becomes  much  corroded,  black 
silicon  being  deposited  inside :  thus  proving  a  reaction  between 
the  silicates  of  the  porcelain  and  the  sodium. 

In  the  experiments  which  follow,  the  effect  of  such  reactions 
between  the  tube  and  the  sodium  is  eliminated  by  the  use  of 
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iron  tubes  in  place  of  porcelain.  The  first  trials  were  made 
with  a  short  piece  of  iron  tube  about  6  cm.  long  and  8  mm. 
bore,  bevelled  at  the  ends  and  fitted  between  two  bard  glass 
tubes  of  the  same  diameter,  the  joints  being  ground  to  fit. 
This  made  good  joints  when  the  iron  became  red-hot  and  the 
glass  in  contact  with  it  was  softened  and  pressed  up  tight ; 
but  although  satisfactory  results  were  obtained  in  two  or 
three  experiments,  consent  trouble  was  experienced  in  the 
cracking  of  the  glass  while  cooling.  Finally  the  glass 
was  discarded  and  a  long  iron  tube  prepared  (a  piece  of 
ordinary  i-inch  hydraulic  tube).  In  order  to  diminish  as  far 
as  possible  the  loss  of  heat  by  conduction,  so  as  to  maintain 
a  high  temperature  for  about  8  cm.  in  the  central  part,  a 
number  of  deep  necks  were  cut  in  the  metal,  as  shown  in 
fig.  2,  and  around  these  necks  a  thick  ring  of  asbestos-packing 
was  wound  and  a  fire-clay  arch  placed  over  all.  Thus  the 
Bunsen  flame  could  be  concentrated  entirely  on  the  central 
piece  of  the  tube  and  the  temperature  could  be  maintained 
inside  the  tube  above  the  fusing-point  of  fluor-spar  and 
aluminium,  but  not  reaching  that  of  silver.  The  rubber 
connexions  between  the  ends  of  the  iron  tube  and  the  two 
T-pieces  gave  trouble  at  first,  but  subsequently  it  was  found 
that  when  buried  in  a  thick  kyer  of  plaster  of  Paris  they 
were  completely  protected  from  destruction  by  heat,  the  large 
surface  afforded  dj  the  plaster  of  Paris  forming  an  effectual 
radiator  and  preventing  the  ends  from  becoming  too  hot. 

Experiment  V. — With  the  iron  tube  at  a  bright  red  heat, 
the  sodium  was  tipped  out  from  the  steel  spoon  as  before, 
in  an  atmosphere  of  carefully  dried  coal-gas.  Now,  if  in  the 
previous  experiments  the  D  radiation  was  due  to  chemical 
action  taking  place  between  the  sod'um  and  the  oxygen 
compounds  of  tne  porcelain,  one  ought  in  this  experiment  to 
find,  if  not  an  entire  suppression  of  the  bright  line,  at  least 
a  striking  difference  in  the  radiation.  No  such  difference 
was,  however,  to  be  observed,  the  intensity  remaining  pre- 
cisely the  same  as  before  and  the  sequence  of  phenomena 
closely  resembling  that  shown  in  fig.  3.  The  various  phases 
there  shown  were,  however,  prolonged  almost  indefinitely  in 
time,  as  the  sodium  never  became  used  up  as  before,  and  the 
distillation  into  cooler  parts  of  the  tube  proceeded  so  slowly 
that  it  was  necessary  to  allow  a  gentle  current  of  gas  to  drive 
away  the  denser  vapour  giving  a  continuous  spectrum  before 
the  D  line  itself  could  be  studied.  Also  throughout  the 
experiment  the  dark  absorption-line  was  more  intense  than 
in  porcelain,  and  it  could  easily  be  observed  after  six  hours 
of  continuous  heating,  when  even  the  emission-line  had 
1)3Come  relatively  narrow.    This  naturally  follows  from  the 
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consideration  that  in  the  iron  the  temperature-gradient  on  each 
side  of  the  central  red-hot  part  of  the  tube  is  much  less  steep 
than  is  the  case  when  porcelain  or  glass  is  used,  and  con- 
sequently there  is  a  much  greater  thickness  of  relatively  cool 
vapour  through  which  the  emission-line  is  seen. 

Under  the  conditions  of  these  experiments,  therefore,  the 
bright  D  line  appears  to  be  quite  uninfluenced  either  by  the 
nature  of  the  neutral  gases  used  and  the  impurities  they  may 
contain,  or  by  the  material  of  which  the  heating-tube  is 
composed :  iron  giving  exactly  the  same  results  as  porcelain. 
It  would  hardly  be  safe,  however,  at  this  stage  of  the  inquiry 
to  infer  that  chemical  reactions  are  not  concerned  in  the  pro- 
duction of  the  light ;  for  it  would  be  argued  that,  as  iron 
becomes  slightly  porous  at  a  red  heat,  oxygen,  or  at  any  rate 
some  of  the  gaseous  constituents  of  the  Bunsen  flame,  might 
find  their  way  into  the  tube  by  difiiision  from  outside,  and  in 
this  way  maintain  a  continual  reaction  with  the  sodium  vapour. 

In  order  to  diminish  the  possibility  of  this  diffusion  inwards 
affecting  the  results,  a  constant  pressure  of  a  few  millimetres 
above  atmospheric  pressure  is  maintained  within  the  tube, 
and  if  gases  difluse  in  at  all  it  must  be  in  opposition  to  the 
outward  diffusing  hydrogen.  It  has  been  pointed  out  to  me, 
however,  by  Prof.  Smimells  that  in  dealing  with  the  D  line 
we  are  dealing  with  a  reaction  that  is  sensitive  to  leoimooo 
of  a  grain  of  sodium.  It  is  only  necessary  to  suppose,  therefore, 
an  equivalent  amount  of  oxygen  or  other  reacting  body  to  be 
continually  present  in  the  tube  to  determine  the  D  radiation. 

While  1  am  not  prepared  to  deny  the  possibility  of  such 
minute  traces  of  oxygen  or  other  bodies  constantly  finding 
their  way  into  the  middle  of  the  sodium  vapour,  1  consider 
that  any  reactions  so  caused  could  under  no  circumstances 
produce  the  broad  ill-defined  line  actually  observed.  At  the 
most  a  fine  double  D  line  would  be  seen  similar  to  that  of  a 
flame  tinted  with  a  salt  of  sodium,  where  the  density  of 
the  reacting  molecules  is  not  great.  Moreover,  if  reacting 
bodies  were  diffusing  in  from  outside  the  tube — the  absorbing 
layer  of  the  sodium  vapour  itself  forming  an  effectual  barrier 
in  other  directions — the  action  would  be  greatest  in  an  annular 
region  in  contact  with  the  sides  of  the  tube  where  the  in- 
coming molecules  first  encountered  the  sodium.  This  should 
cause  a  brightening  or  widening  of  the  D  line  at  each  end  *. 
But  there  is  no  such  inequality  seen :  the  line  is  quite  uniform 
in  width  and  brightness  throughout  its  length ;  showing  that 
if  chemical  reactions  are  producing  the  light,  the  reacting 

*  The  D  line  with  the  optical  arranja^ment  employed  represents  » 
eection  of  the  space  inside  the  hot  part  ofthe  tul^e. 
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molecules   mnst  be  uniformly  distributed  throughout    the 
mass  of  vapour. 

The  most  telling  argument^  however,  and  one  which,  taken 
alone,  appears  to  me  to  prove  beyond  a  doubt  that  the  D 
radiation  under  these  conditions  is  the  direct  result  of  the 
heating,  is  that  derived  from  a  comparison  between  the 
emission  and  absorption  spectra. 

To  effect  this  comparison,  the  lamp  and  reflecting  prism 
previously  described  are  brought  into  operation,  and  a  beam 
of  white  light  is  made  to  traverse  one  side  of  the  heated  tube, 
so  that  one  portion  of  the  slit  of  the  spectroscope  is  illuminated 
by  transmitted  white  light,  whilst  another  contiguous  portion 
is  illuminated  by  the  D  radiation  alone.  Under  these  cir- 
cumstances the  absorption  and  emission  spectra  appear  side 
by  side  in  the  field  of  view,  and  may  be  readily  compared. 

Figs.  3  and  4  show  the  corresponding  phases  of  these  spectra 
(denoted  by  letters  of  the  alphabet).  It  will  be  noticed  that 
i\iQ  emission-line  or  band  in  c,  d,  and  e  is  represented  as  of 
the  same  width  as  the  absorption-band.  Careful  observa- 
tion under  various  conditions  as  to  density  shows  that, 
excepting  for  the  dark  line  in  the  centre,  the  bright  D  line  is 
in  every  respect  the  exact  counterpart  of  the  absorption-line, 
whether  the  broad  hazy  band  of  tne  dense  vapour  is  studied, 
or  the  relatively  narrow  line  seen  with  more  attenuated  vapour. 

Assuming,  then,  that  the  width  of  both  absorption  and 
emission  lines  is  determined  by  the  molecular  density  of  the 
absorbing  and  emitting  vapour,  it  follows  that  in  the  densest 
region  every  molecule  that  is  concerned  in  the  absorption  is 
also  concerned  in  the  radiation.  In  other  words,  practically 
every  molecule  in  the  hot  part  of  the  tube  contributes  its 
share  to  the  radiation.  But  it  is  surely  impossible  to  sup- 
pose that  every  molecule,  or  even  a  large  proportion  of  the 
molecules,  is  continually  undergoing  chemical  change.  The 
supply  of  oxygen  or  other  reacting  bodies — supposing  they 
do  gain  access  to  the  sodium — will  never  be  equal  to  even  a 
small  fraction  of  the  demand;  also,  if  oxidation  is  proceeding, 
one  would  expect  to  find  traces  of  oxide  forming  after  several 
hours.  But  the  heating  may  be  continued  for  six  hours  at 
the  least  without  touching  the  apparatus,  and  at  the  end  of 
this  time  the  D  line,  with  its  central  absorption-line,  is  seen 
as  clearly  as  at  the  beginning,  there  being  no  trace  of  any 
opaque  clouds  of  oxide  such  as  are  always  seen  when  traces 
of  oxygen  are  known  to  be  present  in  the  tube. 

There  seems  no  possible  alternative,  therefore,  to  the  obvious 
and  simple  explanation  which  ascribes  the  radiation  to  heat 
alone.  If  it  were  assumed  that  there  exists  difiFused  through- 
out the  sodium  vapour  some  substance  capable  of  setting  up 
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chemical  reactions,  it  might  indeed  be  imagined  that  a  kind 
of  cyclical  process  of  alternate  combination  and  dissociation 
tjikes  place,  the  energy  supplying  the  radiation  being  derived 
indirectly  from  the  heated  walls  of  the  tube :  these  alternate 
changes  being  determined  by  differences  of  temperature  in 
the  reacting  molecules,  the  cooler  combining  and  the  hotter 
dissociating,  or  vice  versd.  But  it  is  practically  certain  that 
under  the  conditions  of  these  experiments  there  must  always 
be  a  large  excess  of  sodium  molecules  over  any  others  likely 
to  produce  such  reactions,  unless,  indeed,  hydrogen  or  nitrogen 
were  to  behave  in  this  way  towards  sodium,  and  the  spectro- 
scopic evidence,  as  just  explained,  implies  that  all  the  free 
sodium  molecules  are  concerned  in  the  radiation. 

Or  perhaps  it  may  be  further  argued  in  support  of  the 
"  chemical  ^'  origin  of  the  radiation,  that  the  sodium  molecule 
is  itself  undergoing  alternate  dissociation  and  recombination. 
The  reasons  already  given  against  this  view  in  the  case  of 
iodine  apply  even  more  forcibly  in  this  instance.  Thus,  if  the 
radiation  were  due  to  such  action,  the  intensity  should  follow 
the  curv9  representing  the  change  of  relative  vapour-den?ity 
with  temperature,  rising  to  a  maximum  at  the  turning-point 
in  this  curve — indicating  the  greatest  interaction  between  the 
atoms  and  the  molecules — but  falling  away  to  zero  when  the 
point  of  complete  dissociation  is  reached.  Now  the  most 
reliable  recent  determinations  of  the  vapour-density  of  sodium 
indicate  that  at  about  the  temperature  of  melting  cast-iron 
the  vapour  is  entirely  monatomic  * :  therefore,  if  we  assume 
that  at  the  lowest  temperature  of  my  experiments  the 
atoms  are  more  or  less  aggregated,  the  relative  intensity  of 
the  D  line,  compared  with  the  continuous  spectrum  of  the 
glowing  sides  of  the  tube,  should  change  as  the  temperature 
is  increased, — it  should  get  brighter  or  fainter  according 
as  the  actual  temperature  of  dissociation  is  above  or  below 
the  initial  temperature  of  my  experiments;  and  it  should 
cease  altogether  if  the  temperature  be  raised  to  the  point 
where  the  vapour  becomes  entirely  monatomic. 

But  as  a  matter  of  fact  there  is  no  such  change  of  relative 
intensity.  As  the  temperature  is  increased  from  the  point 
where  the  radiation  begins  to  be  seen,  the  D  line  follows 
strictly  the  continuous  spectrum  of  the  glowing  tube  :  from 
the  lowest  to  the  highest  temperature  (a  range  of  some  300  C. 
degrees) ,  the  gaseous  radiation  increases  in  intensity  exactly 
in  correspondence  with  the  radiation  from  the  solid,  always 
keeping  the  same  intensity  (so  far  as  the  eye  can  judge)  as 
the  spectrum  of  the  glowing  tube. 

♦  A.  Scott,  Proc.  Roy.  Soc  Edinb.  xiv.  p.  410, 
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Ongin  of  the  Continuous  Spectrum. 

There  reiuiiins  to  be  considered  the  continuous  light  seen 
when  the  sodium  is  first  volatilized,  and  before  the  broad 
D  emission-line  appears  (fig.  3,  a).  After  a  number  of  ex- 
perimeni<»,  made  under  various  conditions  as  to  the  purity  of 
the  coal-gas  or  nitrogen  employed  and  density  of  the  sodium 
vapour,  I  conclude  that  this  radiation  is  really  due  to  free 
sodium,  and  that  it  always  appears  when  the  vapour  is  above 
a  certain  density.  It  is  well  known  that  dense  sodium  vapour 
gives  a  remarkable  banded  absorption -spectrum  *.  In  the 
experiment  alluded  to,  I  have  studied  the  continuous  emission- 
spectrum  in  relation  to  this  banded  absorption,  and  find  that 
they  are  intimately  connected :  thus,  when  the  sodium  is  first 
volatilized  and  a  bright  glow  fills  the  tube,  the  vapour  appears  a 
splendid  violet  colour  by  transmitted  light ;  it  is  in  fact  opaque 
to  all  rays  except  the  violet ;  gradually,  however,  green  rays 
begin  to  be  transmitted  (fig.  4,  a) ,  then  red  (fig.  4,  b) ;  the  dark 
space  between  the  green  and  the  violet  is  now  seen  to  be  made 
up  of  a  large  number  of  black  lines  (close  together  with  the  low 
dispersion  employed),  these  rapidly  decrease  in  intensity  as 
the  vapour  diffuses  along  the  tube  and  becomes  less  dense, 
while  the  black  band  blotting  out  the  yellow  assumes  the 
usual  appearance  of  the  wide  D  absorption-band  f.  The 
continuous  emission  glow  persists  through  these  progressive 
changes  in  the  absorption,  but  becomes  gradually  fainter, 
and  as  the  last  traces  of  the  absorption-lines  in  the  blue  dis- 
appear it  fades  away  almost  entirely,  lejiving  behind,  so  to 
speak,  the  broad  bright  emission-band  at  D,  the  exact  reverse  of 
the  absorption-band,  except  for  the  black  lino  filling  up  the 
centre,  due  to  relatively  cool  vapour  in  the  nearer  part  of  the  tube. 

It  seems,  therefore,  that  dense  sodium  vapour,  like  iodine 
and  other  coloured  vapours  giving  banded  absorption-spectra, 
emits  when  in  this  stiit^  light  of  all  wave-lengths,  and  that 
the  change  to  discontinuous  emission  is  detennined  by  a 
reduction  of  density.  There  are  indications,  however,  that 
at  higher  temperatures  the  continuous  light  would  give  place 
to  bands  corresponding  with  the  absorption-bands,  just  as 
iodine  is  said  to  give  a  banded  emission  spectrum  when  heated 

♦  Vide  Roscoe  &  Schuster,  Proc.  Roy.  Soc.  xxii.  p.  362. 

t  A  curious  phenomenon  may  be  seen  when  a  current  or  gust  of  gas 
is  allowed  to  drive  the  dense  vapour  along  the  tube.  The  colour  of  the 
vapour  seen  by  transmitted  light  suddenly  changes  from  green  to  a 
splendid  ruby-red.  This  i^  not  due  to  a  change  in  the  character  of  the 
aDsorption-spectrum,  but  may  be  explained  as  an  effect  of  refraction : 
the  sodium  vapour,  Wng  blown  out  more  in  the  centre  than  along  the 
sides  of  the  tube,  acts  uke  a  prism,  refracting  the  blue  and  ^reen  rays 
radially  from  the  centre,  the  rod  alone—baing  least  deviated— passing 
oat  at  the  end  of  the  tube.  This  effect  is  more  obvious  with  hydrc^a 
than  with  nitrogen. 
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externally  to  a  high  temperatare  TSal^t,  TraitS  sur  SpectrO' 
scopie,  p.  174)  *.  For  if  the  continuous  light  is  watched  at 
the  highest  temperature  attainable  with  this  apparatus,  it  is 
seen  not  to  fade  equally  in  all  parts  of  the  spectrum, — a  stage 
is  reached  (see  fig.  3,  b)  when,  in  addition  to  the  D  emission- 
line,  a  green  line  appears  in  the  place  of  a  conspicuous  absorp- 
tion-line, and  a  faint  fflow  remains  in  the  blue  corresponding 

to  the  absorption-banos  in  that  region  (figs.  3-4,  b), 

f 

XLVII.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  ROTATIONAL  C0EFFICIENT8  OF  THERMAL  CONDUCTIVITY 
IN  CRYSTALS.      BY  M.  CHARLES  SORBT. 

The  method  used  has  been  pointed  out  in  a  previous  note 
(Archives  de  Qenhve^  1893,  xxix.  p.  355). 

Heating  by  the  method  of  Jannettaz  a  point  on  a  face  not 
perpendicular  to  the  axis  of  rotation  in  a  crystal  in  which  the 
coefficients  in  question  are  not  zero,  isotherms  should  be  obtained 
which  are  not  symmetrical  in  reference  to  that  diameter  which 
coincides  with  the  projection  of  the  axis  of  rotation. 

The  crystals  were  mounted  and  centred  at  the  end  of  a  vertical 
axis  provided  with  screw  motions  for  setting  the  face  horizontal. 
A  small  platinum  sphere  heated  by  an  electrical  current  is  applied 
against  this  face  at  a  point  A  on  the  prolongation  of  the  vertical  axis. 

Isotherms  were  obtained  in  the  usual  way,  taking  care  to  turn 
the  crystal  steadily  and  regularly  during  the  heating  so  that  this 
was  symmetrical  about  the  point  A.  This  point,  the  intersection 
of  the  face  investigated  and  the  axis  of  rotation,  was  thus  without 
any  possible  error  in  the  centre  of  heating. 

After  obtaining  the  isotherm  it  was  examined,  without  touching 
the  adjustment,  by  means  of  an  eyepiece  with  a  micrometric  scale. 
The  crystal  being  first  placed  with  its  rotational  axis  in  the  plane 
of  incidence,  a  rotation  of  180°  about  A  should  modify  the  points 
of  intersection  of  the  micrometer  and  the  isotherm,  if  this  was 
symmetrical  as  regards  the  centre  of  heating. 

Now  no  appreciable  disymmetry  could  be  observed  any  more 
than  by  the  other  methods  previously  employed.  Small  variations, 
evidently  accidental,  alter  the  direction  from  one  observation  to 
another  on  the  same  crystal,  amounting  to  ^^^  to  ^^  of  the  diameter 
'  of  the  curves.  Irregularities  of  the  same  order  were  observed  on 
isotropic  plates  and  on  faces  of  crystals,  in  which  no  constant 
deformation  of  the  isotherms  could  be  foreseen. 

The  researches  were  made  on  crystals  of  dolomite  of  Binu  (face 
of  the  prism),  and  of  Traverselle  (face  of  the  rhombohedron) :  on 
crystals  of  erythrite  and  on  apatite  of  the  Ffitschthal  (face  of  the 
prism).  The  existence  of  coefficients  of  rotation  in  the  crystals 
appears  therefore  more  and  more  improbable. — Frwn  the  Archives 
de  Geneve,  communicated  by  the  Author. 

*  If  iodine  is  heated  in  a  hard  glass  tube  in  a  furnace  until  the  glass 
beffins  to  fuse,  the  colour  of  the  glowing  vapour  changes  from  yellow  to 
pale  greenish  white.  This  probably  indicates  the  change  to  a  discontinuous 
emission. 
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XLVIII.    On  the  Scale-Value  of  the  late  Dr.  Joule*9 
Thermometers.    By  Arthur  Schostbr,  F.R.S.^ 

[Plates  V.  &  VI.] 

N  order  to  bring  the  results  of  Joule's  researches  on  the 
mechanical  equivalent  of  heat  into  relation  with  more 
modem  experiments  on  the  same  subject^  it  is  necessary  to 
determine  the  scale-value  of  Joule's  thermometers  in  terms 
of  some  easily  reproducible  standard. 

Wo  possess  already  a  comparison  by  Joule  himself  of  his 
thermometer  with  one  used  by  Rowland,  who  has  corrected 
Joule's  result  to  the  scale  of  his  own  air-thermometer. 

Some  doubt  may  still  exist,  however,  as  to  the  true  scaler 
value  of  these  instruments,  partly  owing  to  the  fact  that  we 
have  no  information  how  the  comparison  between  Joule's  and 
Rowland's  thermometers  was  conducted;  and  partly  because 
we  do  not  know  to  what  de^ee  of  accuracy  Rowland's  air- 
thermometer  would  agree  with  that  of  the  Bureau  International 
des  Poids  et  Mesures,  which  for  the  present  most  be  con- 
sidered as  the  standard. 

The  historical  importance  of  the  instruments  used  by 
Joule  seemed  to  make  it  desirable  therefore  to  subject  them 
to  a  more  extended  investigation.  The  request  which  I  made 
to  Mr.  B.  A.  Joule  to  allow  me  the  use  for  a  short  time  of  his 
iate  father's  thermometers  was  met  by  a  most  ready  compliancoi 

*  Oommumcated  by  the  Author. 
Pldl.  Mag.  8.  5.  Vol.  39.  No.  241.  June  1895.       2  K 
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and  J  beg  to  ofiFer  him  my  best  thanks  for  the  opportunitj^ 
which  he  has  given  me  of  examining  these  interesting  relics* 

The  two  thermometers  which  I  had  at  my  disposal  were 
those  called  A  find  D  in  Joule^s  published  papers  ;  they  were 
made  and  calil)rated  by  Dancer  in  1844.  The  thermometer 
D  includes  both  the  freezing-  and  boiling-point,  while  A  only 
reaches  to  a  little  above  30°  C. 

In  order  to  show  to  what  extent  Joule  trusted  these  instru- 
ments; I  quofe  the  i>aHsages  iu  his  papers  in  whjcji  hp  refers 
to  them  : — 

"My  thermometers  were  constructed  by  a  method  very 
similar  to  that  employed  by  Begnault  and  Pierre.  The 
calibre  of  the  tube  was  first  ipaasured  in  every  part  by 
passing  a  short  column  of  mercury  along  it.  The  surface  of 
the  glass  having  then  been  cpvered  with  a  thin  film  of  bees- 
wax, the  portions  of  tube  previously  measured  were  each 
divided  into  the  same  number  of  parts  by  a  machine  con- 
structed  for  the  purpose.  The  divisions  were  then  etched  by 
means  of  the  vapour  of  fluoric  acid.  Two  thermometers 
were  employed  in  the  present  research,  in  one  of  which  the 

value  of  each  space  was  -^^  ,  in  the  other  ^^^g  of  a  degree 

Centigrade.  A  practisied  eye  can  easily  estimate  the  tenth 
part  of  each  of  tnese  spaces  ;  consequently  I  could  by  these 
thermometers  observe  a  diflerence  of  temi>erature  not  greater 
than  0°005.''  (Phil.  Mag.  [4]  vol.  iii.  p.  481  ;  Collected 
Works,  vol.  i.  p.  214.) 

'*  The  thermometers  employed  had  their  tubes  calibrated 
and  graduated  according  to  the  method  first  indicated  W 
Begnault.  Two  of  them,  which  I  shall  designate  by  A  and  B, 
were  constructed  by  Mr.  Dancer  of  Manchester  ;  the  third, 
designated  by  C,  was  made  by  M.  Fastrd  of  Paris.  The 
graduation  of  these  instruments  was  so  correct,  that  when 
compared  together  their  indications  coincided  to  about  -j^^ 
of  a  degree  1^  ahr.  I  also  possessed  another  exact  instrument 
made  by  Mr.  Dancer,  the  scale  of  which  embraced  both  the 
freezing-  and  boiling-points.  The  latter  point  in  this  standard 
thermometer  was  obtained,  in  the  usual  manner,  by  inuners- 
ing  the  bulb  and  stem  in  the  steam  arising  from  a  considerable 
quantity  of  pure  water  in  rapid  ebullition.  During  the  trial 
the  barometer  stood  at  29*94  inches,  and  the  temperature  of 
the  air  was  50°,  so  that  the  observed  point  required  very  little 
correction  to  reduce  it  to  0*760  metre  and  0°  C,  the  pressure 
used  in  France,  and  I  believe  the  Continent  generally,  for 
determining  the  boiling-point,  and  which  has  been  employed 
by  me  on  account  of  the  number  of  accurate  thermometrical 
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researehes  which  have  been  constructed  on  that  basis.  The 
values  of  the  scales  of  the  thermometers  A  and  B  were 
ascertained  by  plunging  them  along  with  the  standard  in  large 
volumes  of  water  kept  constantly  at  various  temperatures. 
The  value  of  the  scales  of  thermometer  C  was  determined  by 
comparison  with  A.  It  was  thus  found  that  the  number  of 
divisions  corresponding  to  1°  Fahr.  in  the  thermometers  A, 
B,  and  C were  12*951,  9829,  and  11-647  respectively.  And 
since  constant  practice  had  enabled  me  to  read  off  with  the 
naked  eye  to  -^  of  a  division,  it  followed  that  ^jU  of  a  degree 
Fahr.  was  an  appreciable  temperature."  (Phil.  Trans.  1850, 
pt.  i.;  Collected  Works,  vol.  i.  p.  302.) 

On  the  Centigrade  scale  tne  figures  given  in  the  last 
quotation  would  be  23-812,  17-692,  20*965.  This  allows  us 
to  identify  the  second  thermometer  of  the  first  quotation  with 
the  one  called  A  in  all- subsequent  papers. 

"  The  thermometer  used  to  indicate  the  t.emper^ture  of  the 
calorimeter  was  the  same  which  I  employed  in  my  former 
experiments.  Those  designated  A  and  D  were  calibrated 
with  great  care.  I  have  recently  compared  them  together  at 
50  different  temperatures  between  32°  and  80^  Fahr.,  the 
result  being  that,  if  the  less  sensitive  was  assumed  to  be 
correct,  the  other,  or  A,  nowhere  appeared  more  than  0°'023 
in  error ;  but  taking  averages  for  each  consecutive  10°,  this 
error  amounted  to  no  more  than  0^*008."  (Phil.  Trans. 
1878,  part  ii.;   Collected  Works,  vol.  i.  p.  636.) 

Descriplion  of  t/ie  Thermornetei's. 

The  two  thermometers  which  I  had  at  my  disposal  were 
those  called  A  and  D.  The  form  and  size  of  their  bulb  and 
the  width  of  the  stem  are  shown  in  figs.  1  and  2,  the  former 
representing  in  natural  size  the  bulb  and  beginning  of  the 
stem  of  the  thermometer  A,  and  the  latter  that  of  D.  The 
diameters  of  the  two  stems  are  0*7  centim.  (A)  and  0-75 
centim.  (D).  The  length  of  the  stems  87  centim.  (A)  and 
86  centim.  (D).  The  volumes  of  the  bulbs  maybe  calculated 
approximately  from  their  shape,  and  are  found  to  be  4-9 
CUD.  centim.  and  3-8  cub.  centim.  respectively. 

As  the  thermometer  A  was  the  one  always  employed  in 
calorimetric  measurements,  it  is  this  instrument  which  is  of 
chief  interest  to  us  now.  From  the  pressure  coefficients  of  the 
thermometer,  we  may  approximately  calculate  the  thickness  of 
the  glass  walls  of  the  bulb,  in  the  manner  indicated  by 
Guillaume.  The  calculation  can  te  carried  out  if  the  bulb  is 
cylindrical  or  spherical,  and  cannot  strictly  be  applied  to  such 
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a  shape  as  that  shown  in  fig.  1.     But  I  find  that,  assuming 
the  bulb  to  be  cylindrical,  the  pressure-coefficient  gives  a 


Pip.  1. 


Pig.  2. 


thickness  of  0*09*,  while  on  the  assumption  that  it  is  spherical 
the  calculated  thickness  of  glass  is  0*076;  so  that  the  result  is 
almost  the  same,  and  we  are  not  probably  far  wrong  in  taking 
*08  as  the  approximate  thickness.  Taking  account  of  this 
value  and  the  external  volume,  I  find  the  volume  of  mercury 
to  be  about  4  cub.  centim.,and  from  the  length  of  one  degree 
of  the  stem  obtain  the  radius  of  the  bore  approximately  as 
•009.  These  numbers  do  not  lay  claim  to  any  accuracy,  but 
they  are  sufficient  to  give  us  an  idea  of  the  principal  quantities 
involved  in  the  construction  of  this  thermometer. 

As  the  thermometer  was  calibrated  before  graduation,  the 
distance  between  the  divisions  will  give  us  some  idea  as  to 
the  regularity  of  the  bore.  In  Table  1.  the  first  column  gives 
the  division  of  the  thermometer,  and  the  second,  in  millimetres, 
the  corresponding  distance  from  the  centre  of  the  reservoiri 
the  third  column  gives  the  differences  between  the  numbers 
of  the  second,  and  the  numbers  of  this  column  are  therefore 
inversely  proportional  to  the  mean  area  of  the  bore  at  different 
points  of  the  thermometer. 

•  All  results,  unless  otherwise  stated,  are  given  in  centimt. 
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Table  I. 


! 

BiTirion. 

Diftanoe  from 
centre  of  bulb. 

Distance  between 

•uooeeeiTe  interrals 

of  50  diyiriona. 

Pressare 

correction  in 

degrees. 

0 

9-2 

0-0234 

23-3  (xero) 

111 

•••••• 

•0284 

60 

13-4 

4-2 

•0343 

100 

17-7 

4-3 

•0463 

160 

22-2 

4-6 

•0667 

200 

26-7 

4-5 

•0683 

260 

81-4 

4-7 

•0802 

300 

361 

4-7 

•0922 

360 

40*8 

4-7 

•1042 

400 

45-6 

4-8 

•1165 

460 

60-6 

5-0 

•1292 

600 

65-7 

61 

•1423 

650 

60-9 

6-2 

•1666 

600 

66-0 

61 

•1686 

660 

71-2 

6-2 

•1819 

700 

76-6 

6-3 

•1966 

760 

81-8 

6-3 

•2089 

To  calculate  the  pressure  correction  we  require  the  dis- 
tances  from  the  centre  of  the  bulb,  but  there  must  of  course  be 
some  uncertainty  as  to  the  point  which  is  chosen  as  centre. 
The  figures  in  the  third  column  were  obtained  by  direct 
measurement  and  are  not  affected  by  the  same  uncertainty. 
It  will  be  seen  that  the  bore  is  conical,  gradually  diminishing 
in  diameter.  The  mean  cross-sections  near  the  two  ends  of 
the  tube  diflFer  by  about  20  per  cent. 

In  addition  to  the  differences  in  the  length  of  division 
intended  to  correct  for  the  changes  in  the  bore,  there  are  also 
not  inconsiderable  inequalities  which  are  evidently  due  to 
faults  of  graduation.  These  irregularities  are  Qtiite  visible 
with  the  naked  eye,  two  successive  intervals  differing  occa- 
sionally by  as  much  as  the  tenth  part  of  their  own  length. 
Owing  to  this  fact  the  error  of  a  single  reading  of  this 
thermometer  A  may  amount  to  0^*004  C.  quite  independently 
of  the  general  errors  of  calibration.  It  must  be  remembered 
of  course  that  at  the  time  the  thermometers  were  made  such 
a  quantity  was  not  considered  to  be  of  any  importance,  so 
that  the  divisions  were  suificiently  accurate  for  tne  purposes 
for  which  they  were  originally  intended. 
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The  Fundamental  Points. 

Asnregards  the  thermometer  D,  Joule  has  supplied  os  with 
the  following  information  : — 

"  The  freezing-point  of  the  standard  D  had  risen  from  13'3 
divisions  of  its  scale  in  1844  to  15-14  in  1877.  I  think  it 
probable  that  the  boiling-point  of  this  thermometer,  if  kept 
constantly  at  this  temperature,  would  in  the  course  of  time 
fall  as  much.  The  five  careful  determinations  of  this  boiling- 
point  referred  to  30  bar.  and  60**  are  respectively  706,  706*4, 
706,  705-9,  and  706-15 -mean  706-09.  Subtracting  1-84, 
704-25  will  be  the  probable  ultimate  reading,  from  wnich  if 
we  take  15*14  we  shall  have  689-11  as  the  range  between  the 
fixed  points  cleared  from  the  effects  of. imperfect  elasticity  of 
the  glass.  Mr.  E.  Hodgkinson  has  pointed  out  (Brit.  Assoc. 
Eeport,  1843,  p.  23)  that  the  *set'  of  imperfectly  elastic 
boaies  is  proportional  to  the  square  of  the  force  applied, 
therefore  me  effect  of  imperfect  elasticity  in  the  glass  of  the 
thermometers  will  be  insensible  for  the  small  ranges  used  in 
the  experiments,  and  the  factor  3*3822  for  r^ucing  the 
indications  of  D  to  those  of  A  may  be  confidently  relied  on. 

'*  We  have  therefore 

^^^  .=0^-07723 


689-11x3-3822 


as  the  most  probable  value  of  one  division  of  A.  In  my 
former  papers  the  number  was  taken  as  0°*077214,  which  is 
so  near  that  I  shall  continue  to  use  it,  trusting  by  long- 
continued  observations  of  the  fixed  points  to  give  it  ultimately 
greater  accuracy,  and  also,  by  experiments  above  indicated, 
to  state  it  in  terms  of  the  absolute  interval  between  these 
points.''  (Phil.  Trans.  1878,  part  ii.;  Collected  Works,  vol.i. 
p.  636.) 

It  will  be  noticed  that  the  actually  obsei^ved  difference 
between  the  freezing-  and  boiling-point  is  690*95  divisions, 
but  that  Joule  somewhat  arbitrarily  reduced  this  by  1*84 
divisions,  thus  altering  the  fundamental  interval  by  over  a 

Juarter  per  cent.  It  seems  curious  that  no  one  should  have 
irected  his  attention  to  this  point,  which  to  all  appearance 
causes  an  error  in  the  scale-value  of  his  thermometer,  and 
would  make  his  equivalent  eome  out  too  low  by  *0027  of  its 
own  value. 

If  we  collect  together  the  scale-values  of  the  thermometer 
A,  given  by  Joule  in  different  places,  we  find : — 


Digitized  by 


Google 


the  late  Dr.  Joule's  Thermometer*.  483 

In  the  paper  read  before  the  Boyid  Society  1  .a.<ooot 

in  Junri849 )  -          ^>*2897 

In  the  paper  read  before  the  Batjnl  Society  1  .njooao 

inJa*n.*1878 |  "          ^^902 

In  the  hi8t  mentioned  paper,  calculated  1  042^91 

from  the  actaally  obserred  boiHng-point  J  *'          u  ^<   i 

It  will  be  seen  that  the  last  value  nearljr  agrees  with  the 
first;  the  point  to  be  explained  therefore  is  the  high  value  of 
the  second  number.  It  is  possible  that  a  correction  similar 
to  that  of  the  last  paper  was  already  then  applied,  and  as  we 
have  reason  to  believe  that  a  great  part  of  the  change  of  zero 
took  place  in  the  first  four  years,  we  may  account  for  certainly 
half  tne  difierence  in  this  way.  The  point  is  not  now  of  great 
importance,  because  the  scale-value  of  A  must  be  obtained 
quite  independently  of  Joule's  assumed  interval  for  his 
standard.  Joule's  own  value  depended  not  only  on  that 
interval  but  also  on  the  correct  calibration  of  his  standard. 
From  the  method  of  calibration  employed,  an  error  quite  as 
large  as  that  caused  by  the  wrong  value  of  the  boiling-point 
might  easily  be  introduced.  Nevertheless  a  re-determination 
of  the  distance  between  boiling-  and  freezing-points  seemed 
to  me  to  be  of  interest,  especially  as  the  depression  of  the 
zero  might  give  some  indication  as  to  the  nature  of  the  glass 
of  which  the  thermometer  is  made. 

When  the  thermometer  came  into  my  possession  there 
was  a  large  bubble  of  air  in  the  bulb,  and  the  mercury  in 
the  stem  uroke  into  pieces  when  attempts  were  made  to 
drive  the  bubble  into  the  upper  reservoir.  I  finally  suc- 
ceeded, however,  in  removing  it,  but  the  experiments  on  the 
boiling-point  were  always  a  little  difficult  as  the  mercury 
when  placed  in  steam  had  a  great  tendency  to  distil  into  the 
upper  parts  of  the  stem.  In  order  to  see  that  the  thread  was 
continuous  the  thermometer  had  to  be  inverted  occasionally, 
the  mercury  running  into  the  reservoir,  and  small  pellets 
sometimes  remained  there  on  re-inverting,  so  that  no  value 
is  to  be  attached  to  the  actual  position  of  the  zero  points 
observed ;  though  the  quantity  of  mercury  separated  was 
always  so  small  that  the  distance  between  the  freezing-  and 
boiling-points  could  not  be  affected.  Table  II.  gives  the 
observations  made: — 


Digitized  by 


Google 


484 


Prof,  A.  Schuster  on  the  ScaJe^Vahie  of 


Table  IL 


Date. 

Height 

ofBaro- 

meter. 

Freezing-   Freexing- 
point  b^  i>oint  after 

Interral. 

Depres- 
sion of 
zero. 

fore  ex- 
periment. 

experi- 
ment. 

a» 

h. 

April  7,1892. 
May  11,     .. 
May  30.      „ 
June  22, 1894. 

7591 
7691 
769-7 
766-0 

16-04 

16-68 

4-97 

9-88 

14-36 

16-04 

4-46 

9-08 

69079 
689-63 
690-97 
690-69 

691-48 
690-17 
691-48 
691-49 

•69 
64 
•61 
•80 

Mean -64 

The  agreement  between  the  experiments,  excepting  the 
second,  is  better  than  could  have  been  expected,  ana  accident 
must  have  played  some  part  in  ^ving  these  practically 
identical  numbers.  The  first  and  third  determinations  were 
made  by  myself,  the  fourth  by  Mr.  J.  R.  Ashworth,  the 
second  6y  another  observer,  and  there  must  be  some  error  in 
it  which  could  not  afterwards  be  traced.  The  intervals  are 
given  in  2  columns — (a)  is  tlie  interval  calculated  on  the  old 
method  of  taking  the  freezing-point  first,  while  (6)  is  that 
now  generally  employed,  the  reading  at  the  boiling-point 
being  compared  with  the  reading  at  the  freezing-point 
taken  immediately  afterwards.  The  difference  between  the 
number  so  obtained  and  Joule's  interval  (690*95)  gives  the 
depression  of  zero  as  '53,  agreeing  fairly  well  with  that  found 
directly  by  the  above  experiments.  The  interval  (a)  is  also 
seen  to  agree  with  Joule's  value.  The  time  the  thermometer 
was  kept  exposed  to  the  temperature  of  boiling  water  varied 
from  a  quarter  of  an  hour  to  several  hours.  In  the  first 
three  experiments  the  depression  seemed  to  increase  with  the 
time  of  exposure,  but  in  the  last  experiment  that  time  was 
only  about  fifteen  minutes,  t.  ^.  shorter  than  in  the  other 
cases  ;  the  large  depression  may  be  due  to  a  diminution  of  the 
column  by  distillation. 

It  appears,  therefore,  that  the  depression  of  the  zero  is  less 
than  O*"*!.  It  approaches  that  observed  in  Jena  or  French 
hard-glass  thermometers,  and  is  considerably  smaller  than 
that  found  with  modem  English  glass. 

The  Tket*niometer  A. — This  thermometer  does  not  include 
the  boiling-point,  but  its  freezing-point  is  of  interest,  as  it  i^ 
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probably  unique  in  having  been  watched  for  a  period  of  over 
50  years.  Joule  furnishes  us  with  data  showing  the  gradual 
rise  of  the  zero  from  April  1844  to  March  4,  1873  (Collected 
Works,  vol.  i.  p.  558).  In  the  coinmumcation  he  presented 
to  the  Manchester  Literary  and  Philosophical  Society,  he 
refers  the  rise  to  the  first  observed  zero  without  civing  the 
actual  readings,  so  that  this  short  paper  dees  not  allow  us  to 
judge  how  far  the  present  zero  is  above  that  of  1873.  For- 
tunately, we  can  indirectly  supply  the  deficiency.  For  in  his 
comparison  with  Kowland's  thermometer  (Proc.  Amer.  Acad, 
vol.  xvi.  p.  38)  the  reading  of  the  zero  is  stated  to  be  22*62. 
Rowland  s  thermometer  was  sent  to  Joule  in  the  summer  of 
1879,  and  the  results  were  communicated  to  the  American 
Academy  in  March  1880.  The  comparison  must  have  been 
made  at  an  intermediate  date,  and  can  therefore  be  identified, 
for  in  the  above-mentioned  communication  only  one  com- 
parison  is  mentioned  between  Januarj'  1877  and  December 
1882,  and  that  one  in  November  1879,  when  the  zero  stood 
12*92  divisions  above  that  of  the  first  observation.  Taking 
the  original  zero  to  be  9*7,  the  complete  series  now  is  as 
follows : — 

Table  III. 


) 

1           Date. 

Zero. 

Date. 

Zero. 

April  1844    

February  1846... 
January  1848  ... 

April  1848    

February  1863... 

April  1856    

December  1860... 

March  1867 

February  1870... 

9-7 
162 
16-3 
16-6 
18-6 
192 
20-8 
21-5 
21-8 

February  1873... 
January  1877   ... 
November  1879... 
December  1882... 

•:2-2 

2241 
22-62 
2296 

April  1892 

23-36  (17°) 
23-31  (170-6) 
23-36  (17°) 

April  1893 

June  1894 

I  have  taken  a  considerable  number  of  readings  of  the 
zero-point  since  the  beginning  of  the  year  1892.  They  var}- 
of  course  with  the  temperature  to  which  the  thermometer  was 
exposed.  The  determinations  were  made  in  an  apparatus 
similar  to  that  described  by  Guillaume,  the  thermometer  being 
immersed  in  a  mixture  of  scraped  ice  and  distilled  water.  Great 
care  must  be  exercised  in  the  readings,  for,  owing  to  the  large 
size  of  the  bulb  and  the  long  time  taken  by  the  thermometer 
to  reach  a  steady  state,  the  results  are  easily  vitiated  by  an 
accumulation  of  water.  No  correction  was  made  for  the 
pressure  due  to  the  surrounding  mixture,  as  probably  Joule 
took  no  account  of  that  pressure,  nor  would  the  correction  be 
significant  for  our  purpose.     The  readings  are  arranged  iq 
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groups  according  to  the  temperature  at  which  the  thermometer 
had  been  kept,  and  I  have  divided  them  into  three  periods. 

First  Period, 
March  30  to  April  7,  1892. 
Average  temperature  to 


thermometer 
exposed. 

Number  of 
Obserrations. 

Mean  zero. 

o 

8-6 
12-9 
17-1 
30-9 

2 
4 
2 
1 

28-47 
28-41 
28-36 
23-05 

0 

13-7 
17-6 
23-3 

Second  Period. 
March  to  June  1898. 
1 
3 
3 

23-19 
23-81 
28-32 

o 
17 

Third  Period. 
June  22,  1894. 
1 

23-35 

The  first  observation  of  the  second  series  does  not  fit  in 
very  well  with  the  others,  but  if  it  is  remembered  that  a  tenth 
part  of  a  division  means  only  0°'004,  the  general  agreement 
must  be  considered  satisfactory,  and  the  first  series,  which  is 
perhaps  the  one  in  which  the  greatest  care  was  exercised, 
shows  the  gradual  lowering  of  the  freezing-point  very 
decidedly.  The  numbers  show  that  the  changes  of  zero  are 
no  longer  appreciable.  I  have  added  to  Table  III,  those  of 
my  observations  which  were  taken  after  the  thermometer  had 
been  exposed  to  about  17°. 

21ie  Pressure  Correction. 

As  the  chief  object  of  this  investigation  was  to  find  the 
scale-value  of  the  tnermometer  A  under  the  conditions  holding 
in  Joule^s  experiment,  the  most  natural  manner  of  proceeding 
would  have  oeen  to  compare  it  in  the  vertical  position  with 
some  standard  instrument.  Owing  to  the  great  length  of  the 
thermometer  it  was  not  found  possible,  however,  without 
much  inconvenience  to  construct  a  vessel  into  which  it 
could  entirely  be  plunged  vertically,  and  if  only  partially 
immersed  the  uncertain  stem   corrections  would  taKe  away 
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considerably  from  the  accuracy  of  the  comparison.  After  a 
few  trials  which  gave  no  satisfactory  results,  it  Mas  resolved 
to  carry  out  the  comparisons  in  a  horizontal  position  and  to 
determine  independently  the  correction  which  has  to  be 
applied  in  order  to  reduce  the  readings  to  the  vertical.  This 
correction  owes  its  origin  to  the  expansion  of  the  thermometer- 
bulb  through  the  internal  pressure  of  the  mercury  column. 
It  is  determined  by  measuring  the  eflfect  of  external  pressure. 
If  the  addition  of  an  external  pressure  p  produces  a  rise  of 
the  column  of  mercury  equal  to  i)/8,  degrees,  and  an  equal 
internal  pressure  produces  a  fidl  2?pi,  then  two  equal  pressures 
p  applied  from  both  sides  would  produce  a  rise  equal  to 
pG^t— )8<)j  but  this  rise  may  be  calculated  in  another  way.  A 
hydrostatic  pressure  p  will .  alter  the  volume  of  the  vessel  by 
pitg^  but  the  apparent  contents  of  the  vessel  as  measured  by 
the  mercury  thread  will  only  diminish  by  p{/Cg^Km)  where 
tCg  and  Km  are  the  coefficients  of  cubical  compression  of  glass 
nnd  mercury  respectively. 
We  thus  obtain  the  equation 

=/3.  +  0-000154       J'^';'' *. 

centim.  oi  mercury 

This  equation  is  deduced  by  Guillaume  for  the  case  of 
thermometers  with  cylindrical  bulbs,  but,  as  is  shown  by  the 
preceding  deduction,  it  holds  quite  generally. 

The  apparatus  used  for  the  determination  of  the  pressure 
corrections  is  shown  in  PI.  V.  fig.  3,  and,  as  will  be  seen,  is 
almost  identical  with  that  described  in  Guillaume's  book.  The 
thermometer  is  suspended  in  a  long  glass  tube  T,  into  which 
sufficient  mercury  is  introduced  to  cover  the  bulb ;  the  rest 
of  the  tube  is  filled  with  glycerine  in  order  to  reduce  the 
air-space  as  much  as  possible.  Side  tubes,  with  stop-cocks 
A  and  B,  are  led  into  tne  upper  end  of  T — one  communicates 
with  the  outer  air,  the  other  with  a  pressure-gauge,  a  Win- 
chester quart  vessel  K,  and  a  water-pump.  If  the  cocks 
A  and  B  are  closed  and  the  pump  set  to  work,  it  will  gradually 
exhaust  the  vessel  K,  and  when  the  pressure  is  sufficiently 
reduced  B  is  suddenly  opened.  Owing  to  the  large  volume 
of  K,  compared  to  the  air-space  in  T,  the  pressure-gauge 
remains  sensibly  unaltered,  and  the  reduction  of  pressure  can 
at  once  be  observed  on  the  thermometer,  which  is  read  off  by 
a  kathetometer  telescope.  The  pressure  can  be  restored  to 
the  atmospheric  pressure  by  closing  B  and  opening  A. 

•  Guillaomei  ThermomHrie,  p.  103, 
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1  have  found  it  convenient  to  proceed  in  the  observations 
rather  differently  from  the  manner  indicated  by  Guillanme. 
The  tube  T  is  placed  in  a  calorimeter  containing  about  a  litre 
and  a  half  of  water^  and  that  acain  is  surrounded  in  an  outer 
jacket.  The  latter  is  filled  with  water  about  2°  above  that  in 
the  calorimeter,  so  that  the  thermometer  is  kept  slowly  rising. 
The  air-space  in  T  being  exhausted,  a  few  observations  are 
taken  at  measured  intervals  of  time,  air  is  suddenly  admitted, 
and  a  further  series  of  readings  are  taken,  as  in  the  following 
example  : — 


Observation. 

Time. 

Beadbg. 

Beading 
Presaure  Gauge. 

h  in 

1. 

2  16-5 

158-85 

72-6 

2. 

16 

168-85 

3. 

16-5 

159-06 

4. 

17 

15917 

5. 

17-5 

159-80 

6. 

18 

159-85 

7. 

18-6 

159-40 

8. 

19 

168-60 

0 

9. 

19-6 

163-70 

10. 

20 

163-75 

11. 

20-6 

163-86 

12. 

21 

163  95 

18. 

21-6 

16405 

14. 

22 

164-20 

Taking  the  arithmetical  mean  between  the  first  seven  ob- 
servations, it  is  found  that  the  average  temperature  corre- 
sponding to  the  time  17°^  was  159'139,  and  by  combining 
the  observations  in  pairs  in  the  usual  fashion  we  deduce  the 
average  rate  of  rise  per  interval  as  '108.     Hence 

159'139  +  4xlO-8=159-571 

gives  the  calculated  reading  at  2**  19",  but  after  the 
seventh  reading  the  air  was  admitted,  so  that  the  last  seven 
observations  were  taken  at  full  atmospheric  pressure.  The 
reduction  being  mode  in  exactly  the  same  fashion,  another 
reading  is  deduced  for  the  time  2**  19",  viz.,  163-583. 
The  difference  betwen  the  two  gave  4*012  divisions  of  the 
thermometer  as  the  effect  of  a  change  of  pressure  of  72*6  centim. 
A  number  of  observations  of  a  similar  character  were  taken 
and  are  collected  in  Table  IV.  They  were  always  so  com- 
bined that  the  observation  at  almospheric  pressure  followed 
that  at  reduced  pressure.     Otherwise  9  fall  of  the  thermometer 
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would  have  taken  place,  and  owin^  to  tbe  sticking  of  the 
thread  the  first  few  observations  would  have  been  uncertain. 

Table  IV. 
■pv  .  Fall  in  divisious  per  cm. 

of  mercury  pressure. 

April  28,  1892 -0564 

„        „  -0567 

Feb.  22,  1894 -0563 

•0559 
•0548 


Mean    .         *0560 

Mean  excluding  last  number  •    *0563 

The  observation  which  is  (jnoted  in  full  above  is  tiie  one 
which  shows  greater  irre^uknties  in  the  rise  than  the  others, 
and  it  Mve  the  result  (•0548)  which  diflFers  most  from  the 
mean.  Part  of  the  discrepancies  between  the  different  ob- 
servations is  no  doubt  due  to  the  irregularities  in  the 
graduation  of  this  thermometer,  but  the  result  is  sufficientiy 
accurate  for  the  purpose  for  wluch  it  is  intended. 

Reduced  to  degrees,  the  final  results  are  as  follows  : — 

In  degrees  per  cm. 
of  mercury. 
Coeflicient  of  external  pressure  ....     0*002400 
„  internal         „       .     .     .     •    0*002554 

Knowing  the  distance  of  any  scale-division  from  the  centre 
of  the  reservoir,  we  may  calculate  the  corresponding  pressure 
correction.  A  table  was  calculated  once  for  all,  giving  in 
this  way  the  difierences  between  the  readings  of  tbe  ther- 
mometer in  the  horizontal  and  vertical  positions  for  every  50 
divisions.  The  numbers  are  given  in  the  last  column  of 
Table  I.  It  will  be  noticed  that  an  error  of  1  per  cent,  in 
the  pressure  correction  would  cause  a  difference  of  less  than 
0°*002  on  a  range  of  over  30^,  which  difference  of  course 
would  be  quite  inappreciable. 

Some  experiments  were  made  to  find  how  much  the 
thermometer  A  lagged  behind  when  placed  in  water  the 
temperature  of  which  was  uniformly  rising.  They  were 
carried  out  according  to  the  manner  described  by  Thiesen^, 
and  gave  sufficiently  consistent  results  showing  the  time 
constant  to  be  12*. 

•  Quillaume,  Th^nnof)iHne,  p.  187. 


Digitized  by 


Google 


490  Prof,  A.  Schuster  on  the  Scale-Value  of 

Tlie  Apparatus  used  in  the  Comparison  of  Thermometets^ 

The  comparison  of  the  thermometers  was  carried  out  in  a 
bath  made  of  sheet-iron  having  a  length  of  114  centim.  and 
width  and  depth  of  20  centim.  This  bath  was  placed  for  pro- 
tection inside  a  wooden  box,  on  the  bottom  of  which  it  rested 
upon  two  ribs  covered  with  guttapercha^  so  that  the  inner 
vessel  was  practically  insulated  thermally.  The  wooden  box  K 
is  shown  in  PI.  VI.  fig.  4,  placed  on  two  stooli}  ^pdin  front  of 
a  table  T.  A  frame  FF  fitted  into  the  bottom  of  the  bath  and 
carried  38  turns  of  No.  21  nickel  wire,  the  ends  of  the  wire 
being  brought  \0  binding-screws  placed  at  two  of  the  corners 
of  the  outer  box.  With  a  suitable  electric  current  passing 
through  the  wire,  the  temperature  of  the  watpf  in  the  bath 
could  either  be  tept  constant  or  increasing  at  a  desired  rate 
within  a  range  f^om  1°  to  15°  above  the  temperature  of  the 
^rppip/  ^Tie  whole  of  the  interior  of  the  bath,  also  the  frame, 
and  \yire  were  coated  with  white  paint.  A  tank  of  water  of 
this  kind  containing  over  40  litres  cannot  with  any  reasonable 
amount  of  stirring  oe  kept  at  a  sufficiently  uniform  tempera- 
ture. The  bulbs  of  the  thermometers  were  therefore  placed 
into  a  small  copper  box  B,  within  which  the  stirring  was 
much  more  efficient.  The  box  was  15  centim.  in  breadth 
and  10  centim.  deep,  and  was  rigidly  suspended  from  a 
wooden  cross-bar  resting  on  the  side  of  the  case.  Vertically 
down  the  centre  of  the  box  passed  a  spindle  carrying  a  double 
3-bladed  screw-paddle ;  one  of  these  paddles  was  fixed  just 
below  the  bottom  of  the  box,  and  the  other  just  inside  the 
box,  as  shown  in  the  figure.  There  was  a  further  paddle  at 
the  other  end  of  the  bath,  the  i>ower  being  supplied  by.  two 
Cuttriss  motors.  The  stirring  was  sufficient  to  secure  a  very 
approximately  uniform  temperature  all  over  the  bath.  The 
box  U  sheltered  the  thermometers  from  outside  radiation, 
and  protected  them  against  jets  of  hot  water  coming  from  the 
heated  water,  the  paddle  below  the  box  being  specially  intended 
to  prevent  irregular  beating  of  the  box.  The  water  inside  B 
was  thoroughly  stirred,  a  mere  rotation  of  the  water  being 
prevented  by  oblique  diapiiragms  fixed  to  the  sides.  One 
further  precaution  was  found  advisable.  Owing  to  evapora- 
tion and  radiation  the  water  lost  heat  at  its  upper  surface,  and 
the  thermometers  had  to  be  protected  against  an  inflow  of  cold 
water  through  the  opening  through  which  the  spindle  passed. 
This  was  done  by  a  horizontal  disk  H  fixed  to  the  spindle,  and 
by  covering  the  whole  box  as  far  as  possible  with  asbestos, 
lie  thermometer  bulbs  passed  through  a  window  W  3'S 
centim.  wide,  cut  into  one  side  of  B,  and  a  sliding  shutter  of 
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thin  brass  served  to  close  the  window  partially  so  that  there 
was  only  very  little,  if  any,  circulation  of  water  between  the 
inside  and  the  outside  of  the  box. 

The  thermometers  were  read  by  a  small  microscope  M 
which  coidd  be  moved  parallel  to  itself  along  the  upper  edges 
of  the  outer  vessel.  The  micrpspope  was  mouuteu  so  that  it 
also  had  a  free  motion  at  right  angles  to  the  length  of  the 
box.  This  double  motion  allowed  it  to  Jbe  moved  quickly 
above  the  enfU  of  the  threads  of  any  two  therinoipeters  to  be 
compared.  Latterly  two  microscopes  were  used,  one  for  each 
of  the  thermometers.  The  water  was  covered  by  a  sheet  of 
glassj  "which  kept  the  surface  calm  in  spite  of  the  disturbance 
set  up  by  the-stirring.  The  thermometers  were- supported  in 
triangular  grooves  cut  into  two  adjustable  brass  ^iprights  P,  P. 
Care  was  always  taken  to  set  them  horizooially  by  first 
placing  a  straight  edge  across  the  uprights  and  levelling. 
This  horizontal  position  is  not  necessary  when  the  thermo- 
meters are  transparent,  so  that  their  divisions  can  be  read 
either  from  the  front  or  from  the  back,  as  errors  of  parallax 
are  thus  eliminated.  But  when  this  cannot  be  done  the 
reading  microscope  must  be  placed  at  right  angles  to  the 
thermometer,  and  then  it  is  most  convenient  to  have  one  ver- 
tical and  the  other  horizontal.  The  optic  axis  of  M  was  put 
into  the  vertical  position  by  keeping  at  a  proper  distance  in 
the  bath  a  horizontal  glass-scale  silvered  at  the  back.  When 
the  adjustment  is  correct  the  two  images  of  the  division 
which  is  in  the  centre  of  the  field  of  view  should  cover  each 
other,  otherwise  there  is  parallax.  As  the  object  of  the  ad- 
justment is  to  avoid  parallax  in  the  reading  of  the  thermo- 
meters, this  method  answers  very  well  if  the  glass-scale  is 
about  2  millim  thick.  It  is  instructive  to  notice  how  great 
the  danger  of  error  due  to  parallax  is  when  sufficient  care  is 
not  taken  to  re^d  only  in  the  centre  of  the  field  of  view. 

The  Method  of  Comparison  and  Reduction, 
Two  observers  were  found  necessarv  to  carry  out  a  satis- 
factory comparison,  one  calling  out  the  time  at  regular  in- 
tervals and  taking  the  notes,  the  other  reading  the  thermometer. 
An  example  will  show  the  method  adopted. 

On  June  20, 1893,  a  coniparison  was  made  between  Joule  A 
and  a  Tonnelot  Standard  ^o.  4929  •  Both  thermometers  were 
kept  in  the  bath  at  a  temperature  of  18^  for  several  hours, 
then  their  freezing-point  was  determined  and  found  as 
follows : — 

Tonnelot,  No.  4929  :    00082  (mean  of  4  observations).    , 
Joule  A  :  28'23     (       ,,       6         „  ). 
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The  air  of  the  room  was  above  that  of  the  bath,  the 
temperature  of  which  was  slowly  rising  without  the  use  of  an 
electric  current.  The  thermometers  being  replaced  in  the 
bath,  readings  were  taken  alternately  every  quarter  minute, 
first  with  the  divisions  in  front  of  the  thread,  and  finally  with 
the  divisions  behind.   The  numbers  obtained  were  as  follows: — 

TonneloU 
(Divisions  in  ft'ont.) 


4    9    16 

18-609 

46 

11 

10    16 

14 

46 

16 

11    15 

21 

Mean 

.    18-6142 

^Divisions 

behind.) 

h     m     • 

4    12    46 

18-551 

13    16 

53 

45 

61 

14    16 

72 

46 

74 

Mean  .... 

..    18-5622 

General  Mean  .... 

..    18-5382 

Joule. 

(Divisions  in  front.) 

h    m    8 
4    9    30 

468-61 

10     0 

•63 

10    30 

•66 

11      0 

•69 

Mean  

468-648 

(Divisions 

behind.) 

h    m      • 
4    13      0 

469-08 

13    30 

•16 

14      0 

•39 

14    30 

•48 

Mean    

459-273 

General  Mean  

458-961 

The  zeros  were  now  again  determined  and  fonnd  : — 
Tonnelot      0*0075  (mean  of  4  observutions). 


Joule  A      23-192    ( 


). 


A  small  correction  is  applied  to  the  Joule  thermometer  for 
the  lagging  behind^  and  we  thus  got  for  corresponding  tem- 
peratures : — 


Tonnelot 
Zero  .    • 


18-538 
•008 


Joule 


458-99 
23-21 


In  the  first  series  of  comparisons  the  Joule  A  was  com- 
pared in  this  way  with  the  Tonnelot  thermometer.  The  latter 
had  been  calibrated  and  investigated  at  the  Bureau  Inter- 
national des  Poids  et  Mesures,  so  that  its  indications  could  at 
once  be  reduced  to  the  normal  scale.  The  results  of  the 
comparison  are  given  in  Table  V.     The  first  column  gives 
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+  1 
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'i^ 


8   M 

11  .- 


.•i 
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►i^ 
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L  ^ 
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the  actual  temperature  on  the  French  hard-glass  mercury- 
scale  as  determined  by  the  Tonnelot.  The  second  column 
gives  the  corresponding  readings  of  "  Joule  A/'  As  Joule, 
in  his  work,  assumed  a  fixed  zero  of  his  thermometer,  we 
must  reduce  the  observations  here  also  in  the  same  way. 

Any  convenient  position  may  be  assumed  as  zero,  as  the 
scale-value  which  is  to  be  deduced  from  the  observations  will 
only  depend  on  the  differences  of  readings,  so  that  the  zero 
is  really  eliminated.  But  it  is  convenient  to  take  as  zero  that 
corresponding  to  the  average  temperature  of  the  air,  which 
in  our  case  was  about  23*33.  The  third  column  gives,  there- 
fore, the  numbers  obtained  by  subtracting  23*33  from  the 
readings  given  in  the  second  column.  If  Joule's  scale-value 
is  correct  these  figures  should,  when  multiplied  by  his  factor, 
give  the  temperature  as  determined  by  a  thermometer  made  of 
glass  having  the  composition  of  these  thermometers.  Joule's 
reducing  factor  is  0*077214,  which  for  the  Centigrade  scale 
becomes  '042897.  For  convenience  of  calculation  I  have 
taken  it  as  '0429.  The  fourth  column  gives  the  numbers  so 
reduced.  Columns  V.  and  VI.  give  the  corrections  to  the 
vertical  position  and  the  corrected  readings.  The  last  column 
gives  the  differences  between  the  temperatures  as  determined 
by  the  Tonnelot  and  Joule's  thermometer  respectively.  These 
numbers  show  no  very  marked  increase  or  diminution  between 
the  temperatures  of  10°  and  30°.  If  the  numbers  in  column  VI. 
were  constant  throughout,  it  would  mean  that  the  two  ther- 
mometers read  alike  as  regards  differences  of  temperature. 

In  order  to  obtain  the  greatest  possible  information  from 
the  numbers  obtained  they  were  reduced  by  the  metiod  of 
least  squares,  all  comparisons  below  13°  and  above  22°  being 
left  out  of  account  as  lying  outside  the  range  within  which 
Joule  worked.  If  Ty  represents  the  reading  on  the  Joule 
thermometer,  Tt  that  on  the  Tonnelot,  and  we  wish  to  form 
an  equation 

Tx — Ty = a  -f-  6Tx 

we  may  do  so,  substituting  for  Tt — Tj  the  number  in  column  VI., 
and  for  Tt  those  in  column  I.  The  constants  a  and  b  were 
thus  found  to  be 

a= 0-0081,     b = 0-000933  ±  -00068. 

If  we  denote  by  fj  and  tj  intervals  on  the  two  thermometers 
we  finally  find 

/y=«T  (1-0-00093). 
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The  result  of  this  calculation,  therefore,  would  be  that  the 
scale  of  the  Joule  thermometer  is  about  one  part  in  a  thou- 
sand smaller  than  that  of  the  Tonnelot,  the  difference  being 
due  either  to  a  difference  in  the  glass  or  to  faulty  cali- 
bration. 

In  order  to  compare  the  observed  differences  in  the  read- 
ings of  the  two  thermometers  with  the  values  calculated  from 
the  most  probable  scale-value  of  the  Joule,  I  have  added 
columns  VIII.  and  .IX.,  the  former  giving  the  calculated 
value  of  Tt— T/,  and  the  latter  the  difference  S  which  is  either  » 
due  to  errors  of  observation  or  to  irregular  errors  of  gradua- 
tion of  one  or  other  of  the  thermometers.  Although  the 
obvious  fault  in  this  respect  shown  by  the  Joule  prepares  us 
for  occasional  differences  of  about  0°'01, 1  was  not,  for  several 
reasons^  satisfied  with  the  results  of  this  series  of  comparisons. 
The  apparatus  had  not  reached  its  final  form  during  these 
experiments,  the  stirring  was  not  as  good,  and  the  thermo- 
meter had  not  yet  been  protected  agamst  the  inflow  of  cold 
water  through  the  opening  in  the  roof  of  the  inner  box.  A 
great  difiicuTty  was  also  found  in  comparing  together  directly 
the  Joule  thermometer,  which  was  rather  sluggish  in  its 
motion,  with  the  Tonnelot,  which  answered  very  ouickly  the 
smallest  change  of  temperature.  Unless  care  was  taken,  there- 
fore, to  make  the  rise  exceedingly  uniform  errors  were  easily 
made.  Additional  uncertainty  was  introduced  by  the  frequent 
redeterminations  of  the  zero  of  the  Tonnelot.  The  probable 
error  of  the  calculated  coefficient  was  too  great  to  allow  me 
to  be  satisfied  with  its  value. 

A  second  series  of  experiments  was  therefor^  decided  upon, 
and  as  in  a  joint  research  in  the  equivalent  of  heat  I  had 
occasion,  together  with  Mr.  GJannon,  to  determine  with  con- 
siderable accuracy  the  scale-value  of  a  Baudin  thermometer 
graduated  directly  to  a  50th  of  a  degree,  I  made  use  of  the 
latter  in  the  second  series. 

The  experiments  were  made  exactly  in  the  same  way  as 
before,  the  Joule  being  directly  compared  with  the  Baudin, 
and  zero  readings  being  dispensed  with.  The  results  are 
embodied  in  Table  VI.  The  first  column  gives  the  tempera- 
tures according  to  the  Joule  thermometer,  the  coefficient 
•0429  being  again  used,  and  the  readings  being  converted  to 
the  vertical  position.  The  second  column  gives  the  reading 
according  to  the  Baudin  thermometer,  after  the  proper  cali- 
bration correction  had  been  applied  and  the  reading  also 
reduced  to  the  vertical  position.  The  third  column  gives  the 
difference  between  the  numbers  in  the  two  first. 

2L2 
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Tablb  VI. 


I. 

n. 

in. 

T  -T 

IV. 

1 

T  -T 

V. 

^/ 

^B- 

B    y 

obsenred. 

B     y    1 

calculated. 

i. 

13-9339 

13-9452 

+•0113 

+•0111 

-•0002 

14-2114 

14-2206 

•0092 

•0113 

+•0021 

14-4258 

144359 

•0101 

0115 

+O014 

14-6886 

14-7005 

•0120 

0118 

-O002 

14-9996 

15-0120 

•0124 

0121 

-•0008 

15-8201 

15-3348 

•0147 

0124 

-O023 

15-7703 

16-7866 

•0163 

0128 

-0035 

16-1221 

16-1399 

•0178 

0131 

-O047 

16-5334 

16-5413 

O079 

0135 

+  0056 

16-9247 

16-9383 

•0136 

0138 

+•0002 

17-2941 

17-3103 

•0162 

0142 

--0020 

17-4847 

17-4981 

•0134 

0143 

+•0009 

17-7266 

17-7380 

•0124 

0146 

+-0022 

18-0034 

180170 

•0136 

0148 

+O012 

18-2883 

18-3015 

•0132 

0151 

+O019 

18-6528 

18-5795 

•0169 

0153 

-O016 

18-7501 

18-7660 

•0159 

0155 

-•0004 

19-0095 

19-0186 

•0091 

•0157 

+•0066 

192720 

19-2907 

•0187 

O160 

-•0027 

19-5116 

19-5318 

•0202 

0162 

-•0040 

19-7012 

19-7174 

•0162 

0164 

+•0002 

19-9254 

19-9427 

•0173 

0166 

—0007 

The  figures  of  this  table  were  reduced  in  the  same  way  as 
those  of  the  first  series  of  measurements.    If  we  write 

T3-T^  =  a  +  6T3, 

we  find  by  the  method  of  least  squares 

a=:--0017, 

i=+ -00092  ±-00022. 

The  values  of  Tp— Ty  calculated  by  this  formula  are  entered 
into  the  fourth  column  of  Table  VI.  The  differences  S  between 
the  calculated  and  observed  values,  which  are  also  given,  are 
seen  to  be  as  small  as  can  be  expected,  never  rising  to  more 
than  0°006.  This  series  having  yielded  a  satisfactory  com- 
parison, we  must  reduce  the  scale-values  obtained  by  applying 
the  scale-correction  of  the  Baudin  thermometer.  Denoting 
the  intervals  as  read  off  by  the  thermometers  by  the  smtm 
letter  t^  the  above  reductions  give 

A  small  correction  is  necessitated  by  the  fact  that  a  slight 
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error  was  discovered  in  the  pressure-coefficient  of  the  Baudin 
thermometer  after  all  the  aoove  reductions  had  been  made. 
The  corrected  interval  equation  becomes 
^^  =  ^3(l--00084). 

The  comparison  between  the  Baudin  and  Tonnelot  thermo- 
meters made  by  Mr.  Gkmnon  and  myself  had  given 

tr^-t^-  - -00089 <B» 
Hence,  by  combining  the  last  two  equations, 
<^.  =  e^(l  + -00005). 

This  comparison  would  therefore  show  that  the  Joule  and 
Tonnelot  thermometers  read  exactly  alike. 

In  all  these  measurements  the  Baudin  and  Joule  were  alwavs 
read  like  calorimeter  thermometers,  without  regard  to  tne 
change  of  the  freezing-point,  while  the  Tonnelot  was  referred 
in  every  case  to  its  proper  zero.  The  equality  of  the  scale- 
value  of  the  two  thermometers  does  not  hold  when  they  are 
both  read  in  the  same  way,  but  the  same  interval  read  on  the 
Tonnelot  would  be  about  one  part  in  a  thousand  smaller  than 
if  read  on  A. 

We  may  combine  the  results  of  the  two  series  of  com- 
parisons by  giving  each  weights  inversely  proportional  to  the 
probable  error  of  the  quantity  denoted  by  b. 

We  therefore  find  as  the  most  probable  value  for  t^ 
^.  =  ^^(1—00027). 

Without  attaching  undue  unportance  to  this  number,  we 
may  say  that  it  represents  the  relation  between  the  Tonnelot 
standard  and  Joule's  thermometer  as  accurately  as  the  divi- 
sions and  calibration  of  the  latter  will  allow  us  to  judge.  The 
number  seems  certainly  not  to  be  in  error  by  more  than  one 
part  in  a  thousand,  and  probably  by  less. 

The  transition  to  the  nitrogen  and  hydrogen  scale  may  now 
be  made.  Using  Chappuis'  experimental  investigation  on  the 
French  hard-elaes  thermometers,  it  is  found  that  a  temperature 
of  16^*5,  to  wnich  Joule's  last  equivalent  determination  refers 
the  interval  on  the  Tonnelot  thermometer,  is  to  be  diminished 
by  '00268  or  '00305  *,  according  as  we  want  to  obtain  the 
interval  on  the  nitrogen  or  hydrogen  scale.     Thus  writing 

<jj=  ^(l--00268), 

^^^^^(l -'00305), 

we  find  t^  =  ^(1  +  '0024), 

^i=^(l+'0028>. 
♦  See  Schuster  aiid  Ghuuion,  Froc.  Ro^.  Soc.  Iyu.  p.  28 
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There  is  a  marked  difference  between  the  results  of  this 
investigation  and  that  deduced  by  Rowland  ♦  from  the  com- 

? arisen  of  Joule's  thermometers  with  his  Baudin  No.  6166. 
ables  VII.  (referring  to  the  first  of  the  above  series  of 
comparisons)  and  YIII.  (to  the  second)  are  intended  to  bring 
out  this  difference. 

The  numbers  entered  into  thedifferent  columns  of  Table  YIL 
are  as  follows  : — 

Column  I.  T^  or  the  reading  on  the  Tonnelot  thermo- 
meter. 
„     II.  T^—  Ty  or  the  corresponding  difference  in  the 
reading  on  the  scale  used  by  Joule  and  the 
Tonnelot  scale. 
„    III.  Tjy—T,p,  the  correction  to  the  Chappuis  nitrogen- 
scale  as  interpolated  between  the  numbers 
given  in  the  table  at  the  end  of  Guillanme^s 
Thermomitrie. 
„    IV.  The  calculated  difference  (Ty— Tj^)  between  the 

Joule  and  Chappuis  nitrogen-scale. 
„     V.  The  corresponding  difference  (Ty—Tjf)g  between 
the  Joule  and  Rowland's  air-thermometers. 
„    VI.  The  difference  B  between  the  numbers  given  in 
Columns  IV.  and  V. 
A  word  of  explanation  is  necessary  as  to  how  the  numbers 
of  Column  V.  nave  been  obtained.     Rowland  gives  in  his 

Eaper  the  difference  in  the  readings  between  Joule  A  and  what 
e  calls  the  "  perfect  '*  air-thermometer  at  a  great  number  of 
points,  none  of  them  corresponding  of  course  exactly  to  those 
of  Column  I.,  for  which  they  are  here  required.  I  liave  taken 
the  average  between  the  value  riven  for  the  temperature  which 
lies  nearest  to  that  of  Column  I.  and  the  two  which  lie  imme- 
diately above  and  below  it.  The  figures  alter  sufficiently 
slowly  and  with  sufficient  regularity  to  allow  us  to  consider 
the  numbers  thus  found  as  substantially  correct. 

We  may  deal  more  simply  with  the  numbers  obtained  in 
the  second  series.  The  comparison  between  the  Tonnelot  and 
the  Baudin  thermometer  already  referred  to  gave,  for  the 
connexion  between  the  two,  the  equation 

Tt-Tb=-0194--00089T3. 

Combining  with  this  the  experimental  connexion  between  the 
Joule  and  Baudin^ 

TB-Ty=  --0017  + •00084  Tb, 

TT-Ty=-0177--00005TT ; 
♦  Ptoc  Amer.  Acad.  xvi.  p.  88, 
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and  from  this  we  may  calcnlate  for  the  temperatures  lying 
between  14°  and  22°  the  difference  between  the  Tonnelot 
and  Joule  readings.  These  are  entered  in  Column  II.  of 
Table  YIII. ;  the  remaining  columns  have  the  same  meaning 
as  those  in  Table  YII. 

Table  VII. 


1 

I. 

n. 

m. 

IV. 

V. 

VL 

Tt. 

Tt-T,. 

Tn-Tt. 

Ty-Tj,. 

(Ty-Tj,)H. 

i. 

7-828 

--001 

--037 

•038 

•052 

•014 

9-375 

+•009 

•043 

•034 

•058 

•024 

12-293 

•010 

•054 

•044 

•077 

•033 

12-534 

•014 

•055 

•041 

•079 

•038 

13127 

•015 

•056 

•041 

•080 

•039 

13-310 

-024 

-057 

•033 

•083 

•050 

13-324 

•015 

-057 

•042 

•083 

•041 

13-737 

•031 

•058 

•027 

•085 

•058 

14-186 

-016 

•059 

•043 

•085 

•042 

15-416 

-014 

•063 

•049 

•094 

•045 

15-843 

-024 

•064 

•040 

•094 

•054 

18-291 

•039 

•069 

•030 

•104 

•074 

18-577 

•020 

-072 

•052 

•104 

•052 

18699 

-032 

-072 

•040 

-104 

•064 

18-777 

•036 

•070 

•064 

•104 

•040 

,    21-145 

-013 

•077 

-064 

-108 

•044 

23954 

-010 

•083 

•073 

•112 

•045 

24-761 

-006 

•084 

•078 

•116 

•038 

30-894 

•013 

•092 

•079 

Table  VIH. 


I. 

n. 

in. 

IV. 

V. 

VI. 

Tt. 

Tt-t,. 

Tk-Tt. 

Ty-Tj,. 

(t>-Tj,)h. 

a. 

1§ 

+•0171 

-•053 

•036 

•077 

•041 

14 

•0170 

-•059 

•042 

•085 

•043 

16 

•0169 

-•065 

•048 

-094 

•046 

18 

-0168 

-•070 

•054 

•101 

•047 

20 

•0167 

-075 

•058 

•109 

•051 

22 

•0166 

-079 

•062 

•110 

•048 

The  two  series  of  measurements  agree  in  showing  a  differ- 
ence of  nearly  0°'05,  which  must  be  either  due  to  a  real 
difference  between  Rowland's  **  perfect "  air-thermometer  and 
that  of  Chappuis,  or  to  some  error  in  one  or  other  of  the 
comparisons. 

We  have  no  information  at  all  as  to  how  Joule  woceeded 
in  comparing  together  his  thermometer  with  that  of  Kowland. 
The  numbers  furnished  by  Joule  are  obviously  not  those 


Digitized  by 


Google 


500      Scale-Value  of  the  late  Dr.  Joule's  Thermometers. 

obtained  directly  by  experiment,  as  they  are  given  to  the 
thousandth  part  of  a  division.  Joule  probably  only  gave  the 
mean  between  a  certain  number  of  successive  observations 
ranging  over  several  divisions  of  his  scale.  He  would  in  this 
way  eliminate  the  errors  of  division,  and  the  regularity  in  the 
difference  between  his  and  Rowland's  thermometer  shows  that 
some  such  process  must  have  been  adopted.  There  are  certain 
corrections  also  no  doubt  applied  by  Joule,  such  as  that  due  to 
the  emergent  stem,  about  wnich  it  would  be  necessary  to  have 
further  information,  before  any  definite  conclusions  can  be 
drawn. 

The  important  question  as  to  a  possible  difference  in  the 
air-thermometers  of  Rowland  and  Chappuis  can  only  be  set  at 
rest  by  a  direct  comparison  of  one  of  Rowland's  thermometers 
with  one  compared  at  the  Bureau  International  des  Poids  et 
Mesures. 

But  as  regards  the  main  point  of  the  present  investigation, 
this  question  does  not  arise.  We  are  only  concerned  with 
Joule  s  thermometer,  and  the  comparison  between  it  and  the 
Paris  standard. 

The  relation  between  the  intervals  obtained  by  combining 
the  two  series  of  comparison  was  found  to  be,  in  terms  of  the 
Tonnelot  nitrogen  and  hydrogen  scales, 

/^  =  fy(l- -00027) 

=  fjy(l  +  -0024) 

=  ^h(1  +  *0028). 

Joule's  final  value  for  the  equivalent  of  heat  therefore 
reduces  as  follows  : — 

Joule's  value  for  a  temperature  61°-69  F.  {W'5  C).  772-65 

On  the  scale  of  the  French  hard-glass  thermometer.  772*44 
On  the  scale  of  the  nitrogen  thermometer  of  the 

Bureau  International  des  Poids  et  Mesures  .  .  774*51 
On  the  scale  of  the  hydrogen  thermometer  of  the 

Bureau  International  des  roids  et  Mesures      .     .  .  774*81 

Rdwiand  applies  a  small  correction  to  Joule's  value  of  the 
heat-capacity  of  his  calorimeter.  This  would  raise  the  eoui- 
valent  by  '2.  Taking  account  of  this,  and  considering  tnat 
Joule's  thermometer  was  never  intended  to  measure  tem- 
peratures nearer  than  one  part  in  a  thousand,  and  is  not 
Graduated  sufficiently  well  to  allow  the  decimal  place  to  be 
etermined  with  any  certainty,  we  may  state  it  as  the  result 
of  this  investigation  that 

Joule's  equivalent  of  heat  resulting  from  his  ovm  investigations 
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and  reduced  to  the  nitrogen  thermometer  of  the  Bureau  Inter- ^ 
national  des  Poids  et  Mesures  is  to  the  nearest  unit  lH  fool- 
pounds  at  the  sea-level  and  the  latitude  of  Greenwich.    The 
number  refers  to  a  pound  of  water  weighed  in  vacuo  at  a 
temperature  of  6r-7  F.  (16^-5  C). 

The  equivalent  reduced  to  ergs  becomes  4*173  X  lO"*^. 

It  is  not  necessary  to  discuss  tne  older  observations  of  Joule, 
or  to  modify  his  numbers  by  attaching  weights  to  his  experi- 
ments different  from  those  which  he  gave  to  them  himself. 
The  result  of  Joule's  last  paper,  as  reduced  by  himself,  should 
be  taken  as  his  final  judgment.  Rowland's  value  at  16°'5  is 
4*186  X 10^,  but  the  results  of  this  paper  open  out  the  pos- 
sibility that  this  number  might  have  to  be  reduced  somewhat 
when  referred  to  the  Paris  air-thermometer.  It  seems  most 
probable  that  the  correct  value  of  the  equivalent  lies  some- 
where between  Joule's  value  and  that  of  Rowland.  The  higher 
values  obtained  by  Mr.  Griffiths  and  myself  and  Gannon  by 
the  electrical  method  are  not  easily  accounted  for,  but  for  the 
present  they  cannot  in  my  opinion  be  put  into  competition  with 
the  direct  determinations  of  Joule  and  Rowland.  The  dis- 
crepancy no  doubt  will  be  cleared  up.  In  the  meantime 
a  comparison  between  one  of  Rowland's  thermometers  and 
the  Paris  standard  would  be  of  great  interest. 


XLIX.  On  the  Kinetic  Energy  of  the  Motion  of  Heat  and 
the  corresponding  Dissipation  Function.  By  Dr.  Ladislas 
Natanson,  Professor  of  Natural  Philosophy ^  University  of 
Cracow** 

1.  TN  the  following  the  fundamental  assumptions  of  the 
JL  former  paper  ("  On  the  Kinetic  Interpretation  of  the 
Dissipation  Function  ")  will  be  adopted.  A  fluid  medium  is 
considered  which  is  supposed  to  consist  of  a  multitude  of 
moving  molecules.  Let  w,  v,  i/?  be  the  components  of  the 
"  molar  "  velocity,  i.  e.  of  the  mean  velocity  of  the  molecules 
within  an  element  dx  dy  dz ;  and  let  f ,  ^,  (T  be  the  components 
of  the  individual  velocity  of  any  given  molecule  m  that 
element.  We  will  employ  the  symbol  p  to  denote  the  density 
of  the  medium  ;  and  Q  to  denote  any  property  of  a  molecule 
which^  depends  on  the  values  of  (w+f),  (t?  +  ^),  and  (ii;+5)« 
Let  Q  indicate  the  mean  value  of  Q  for  all  molecules  within 

♦  Translated  from  "  Eoxprawy  "  (Transactions)  of  the  Cracow  Academy 
of  Sciences,  Matht  and  Pbys.  Section,  rol.  xxvii.  Communicated  by  t^e 
Author, 
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an  element,  and  X,  Y,  Z  the  components  of  acceleration  _dae 
to  external  forces  at  the  point  (x,  y,  z).  We  will  write  dQjdt 
the  total  or  actual  variation  of  Q  5  and  by  hQJht  we  will 
represent  such  variation  of  Q  as  can  be  due  to  the  mutual 
interference  between  molecules.  Then  (Maxwell,  "  On  the 
Dynamical  Theory  of  Gases,''  Scientific  rapers,  ii.  p.  26), 

If  we  give  to  Q  in  this  equation  consecutively  such  si^ifi- 
cations  as  are  consistent  with  definition  and  tnen  eliminate 
terms  including  X,  Y,  Z  and  S/S^,  a  set  of  propositions  will 
be  obtained,  constituting  what  may  be  called  a  Kinematical 
Theory  of  Fluids,  a  theory  of  ratner  high  degree  of  gene- 
rality which  must  not  be  confounded  with  special  molecular 
theories  of  usually  very  hypothetical  character.  It  is  with 
Hydrodynamics  that  the  kinematical  theory  seems  to  be  most 
intimately  connected,  the  fundamental  hydrodynamical  equa- 
tions (or  possibly  some  generalizations  thereof)  being  simple 
deductions  from  the  equations  of  that  theory. 

2.  In  equation  (1)  put 

Q=('Hf){(u  +  f)«+(t;+i;)«+(tr  +  &«};    .     .     (2) 
and  let  us  write  for  brevity, 

f(f  +  «;«  +  n=r. (3) 

Neglecting  small  terms  we  obtain 


+ 


+pX(3M*+t)«+M'«+3|«+^+  ^)  +  2pYuv+2pZuv>.     (4) 

We  shall  simplify  this  equation,  being  satisfied  with  a  first 
approximation.  Putin  (1)  Q=  («+{)';  put, again,  Q=tt  +  f, 
multiply  by  2u,  and  to  a  first  approximation  it  follows, 
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Similarly  eqaation  (11)  of  the  former  paper  becomes  here 

p|(?+,-5+n+2pr^«+2p^*|+2p?|f=0.     (6) 

From  (5),  (6),  and  from  (8)  in  the  fonner  paper  we  obtain 

+  (3u« + »« + w» + 3p + ^«  +  ?)  ^  (p|5)  +  2m»|- (p?)  +  2uw^  (p?) 

=2pu^+  (3«» +v*+w*  +  8p+v*+  S^^X  +  2uvpY -I- 2uwpZ,  .  (7) 
whence,  comparing  with  (4), 

If  the  disturbance  is  not  a  very  violent  one,  the  first,  the 
fourth,  and  the  fifth  member  on  the  left-hand  side  may  be 
omitted.     Hence 

P^'  =  |^(pr(|MV+?^)-(3P+?+f*)^  (/>?),     (9) 

an  eqaation  which  (under  somewhat  particular  assumptions) 
was  given  by  Maxwell.     Let  us  write 

T).=r¥W+^-e-(.SS'+^+^);  .    .    (10) 
equation  (9)  becomes 

^l^'=^(''^')+''^'^.(3F+?+?).      .     (11) 

Now  this  equation  would  lead  at  once  to  results  contrary  to 
experience,  as  shown  by  Maxwell,  unless  D,=0  ;  accordingly 
the  first  term  on  the  right-hand  side  may  be  dropped.  And 
if  p,  ^,  and  ^  can  be_  replaced  each  with  sufficient  approxi- 
mation by  KF+^+^)>  ^®  ^^^^  ^^v® 

P^^iP^T^(^+^+^h    .    .    .  (1^) 

an  approximate  equation  which  is  of  secondary  importance 
only  in  the  subsequent  calculation. 

3,  Let  us  now  proceed  to  prove  our  principal  eqnatioi\. 
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Putting  in  (1)  Q=(M+f)«  and  again  Q=tt  +  f  and  multi- 
plying by  2w  we  obtain  (without  neglecting  any  term) 

Again,  let 


+ 
and 


^-tCs + 1)  -'«(^:  -^  s)-'S(l  ^  g>"' 


'-,='?(?+'»*  +  ?'), (15) 


r,=^{^W  +  t^ (16) 

Then 

Assuming  D:c=0: 

|(P(p+'?'+r))=(5p+f«+?*)^+p|(r+^+n;  (is) 

whence,  by  (13)  and  (17), 

pjf(p(r+^'+n)= 

-(5F+^+n(^(pP)+|;(pi,f)  +  ^(prF))(19) 
From  this  and  similar  equations  we  have 

i'|((Ff?+W)= -2(?+?+?)* 

-(r+?+r)(^'+^+^)+i.-2M-N,  (20) 


Digitized  by 


Google 


of  the  Motion  of  Heat.  505 

the  symbols  L,  M,  N  being  defined  as  follows  : — 

4-(F+,H5r')(pf|g+,5^|+,^|f)-    .     .     .    (22) 

+  (P+5?+f)(^(p^*)+|0'^)+  |w)) 
+  (?+?+5?5)(^(pf?)  +  |^(p,T.)  +  |-(pH).     .  (23) 
We  easily  find,  to  a  first  approximation,  L=0,  and 

M=Kf^+^+r)% (24) 

N=3(l^+^Hn(^+^^'  +  ^>.    (25) 
thus  equation  (20)  becomes 

=-W«+?+T')^-y(F+^+n(^'+  ^+  ^').  (26) 

To  the  left-hand  side  let  us  add 

calling  

ip(r+«J»  +  r)'=A. (28) 

we  obtain 

=-KP+?+"?)^-Mr'+^+?)(^'  +  ^'  +  ^).  (29) 

If  we  make  8^=^(1^ +^  +  (^  and  introduce  Lord  Rayleifich's 
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Dissipation  Function  F  defined  as  follows  : — 

-^(1+ 1)-'«{|!^  3-:)-  ^""'(1^  I)'  w 

we  shall  have 

Returning  to  (29),  multipl^g  by  dxdi/dz  and  integrating 
throughout  the  volume  occupied  by  the  medium, 

%^^kda:dydz=  -J5'A(Ztt+mi>+»iio)  dS 

+pr.*^(|»+?+f*)}d*dydc.     (32) 

Here  the  direction-cosines  of  the  normal  to  the  element  dS  of 
the  surface  are  denoted  by  Z,  m,  n. 

4.  In  order  to  interpret  equation  (32)  let  us  adopt  a  some- 
what generalized  definition  of  "  Kinetic  Energy/'  Suppose 
C  (a  vector)  to  represent  any  current  or  flux^  and  let  q  be  its 
velocity.  We  denne  then  the  kinetic  energy  per  unit  volume 
to  be  the  scalar  product 

iS(Cq)=KCV  +  aV'  +  CV),  •  .  •  (33) 
C,  C",  and  C'  being  the  components  of  C,  and  ^',  <fj  and  <f' 
the  components  of  q.  Thus,  if  C  means  an  ordinary  flux  of 
mattel-,  of  density  p,  then  C=/3q,  and  the  "kinetic  energy" 
of  matter,  i.  e.  the  kinetic  energy  in  the  case  of  a  matter-flux, 
is  found  as  usually  given.  But  we  are  now  enabled  to  form 
an  idea  df  '*  kinetic  energy  '*  in  other  cases  as  well.  Thus  in 
the  case  we  are  dealing  with,  the  motion  of  a  molecule 
through  space  may  be  said  to  be  equivalent  to  a  ^^  molecular 
cut*rent "  of  the  quantity  Q  carried  about  by  the  molecule  ; 
and  then  f  Q,  lyQ,  and  (^  will  be  the  values  of  the  compo- 
nents of  that  current.  From  (33)  we  conclude  that  the 
kinetic  energy  of  such  a  molecular  current  of  Q  is 

i(f»+^  +  f)Q,     ." (34) 
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ftnd  the  total  kinetic  energy  of  such  currents  per  unit  volume  is 

mww+m), (35) 

N  being  the  number  of  molecules  per  unit  volume.  Calling 
now  M  the  mass  of  a  molecule,  let  us  consider  the  flux  of  the 
quantity  Q=iM^f^-f  ly'-f  O  :  we  see  that  (35)  becomes 
equal  to  A  as  denned  by  (28)  ;  A  therefore  rejpresents  the 
total  kinetic  energy  of  molecular  currents  of  (ordinary) 
molecular  energy  in  unit  volume,  u  e.  the  kinetic  energy  of 
the  motion  of  heat-energy  in  unit  volume,  and^Adxdj/dz 
represents  the  same  quantity  for  the  total  fluid,  xhe  idea  of 
"  molecular  currents  is  likely  to  conserve  a  definite  meaning 
even  when  the  idea  of  "molecules"  will  be  found  to  be 
superseded. 

5.  The  energy  of  motion  of  the  heat-energy  is  susceptible 
of  several  kinds  of  variation,  from  various  sources,  to  which 
the  consecutive  terms  of  the  right-hand  side  of  (32)  refer. 
The  first  term  represents  the  loss  by  convection  across  the 
surface ;  the  second  the  gain  due  to  viscosity ;  the  third 
expresses  the  reversible  effect  of  the  mean  pressure  doing 
work.  The  fourth  term  relates  to  the  communication  of  heat 
through  the  surface,  since  ^prx,  ip^y,  and  ^/wv  are  the  values 
of  the  total  component  fluxes  of  energy.  In  order  to  find  the 
meaning  of  the  fifth  term,  let  us  substitute  for  the  differential 
coeflBcients  values  from  (12)  and  two  other  equations  which 
can  be  written  down  from  symmetry  ;  then  that  term  will  be 

iJJJtr^((^''^)')^^«-l  ^^>y)^yjti-^')')Y^^y^^^  (3'>) 

and  represents  therefore  the  source  of  variation  due  to  inter- 
action between  molecules.  This  we  shall  call  the  '*  interior  " 
source  of  variation,  whereas  the  foregoing  will  be  described 
as  "exterior"  sources  :  in  feet  the  "interior"  source  remains 
active '  even  in  a  fluid  at  rest  when  contained  in  a  surface 
impermeable  to  heat.  We  now  see  that  the  direction  of  the 
interior  variation  depends  on  the  nature  of  the  mutual  action 
between  molecules.  Since  the  quantities  {prxY,  (p^y)'?  ^^d 
{prgy  are  positive,  the  energy  of  the  motion  of  heat-energy 
will  be  always  decreasing  if  molecular  interaction  is  such  as 
to  tend  to  diminish  the  absolute  values  of  prx,  pr^,  and  pr,  ; 
in  the  opposite  case  that  energy  will  be  always  increasing. 
That  it  is  the  first  case  only  that  is  realized  in  all  fluids  in 
Nature,  as  attested  by  the  phenomenon  of  conduction  of  heat, 
cannot  be  deduced  from  Kinematical  Theory.  We  have 
ascertained,  as  it  were,  the  path  of  change  of  the  energy  of 
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the  motion  of  heat-energy,  but  we  are  unable  to  say  why  one 
of  the  two  possible  directions  of  change  is  invariably  selected. 
6.  It  may  be  well  to  point  out  that  the  problem  here  dis- 
cussed bears  distinct  analogy  to  the  problem  of  our  former 
paper,  where  the  Dissipation  Function  F  represented  what 
may  now  be  called  the  "  interior  "  variation  of  molar  fluid- 
energy  and  was  seen  to  depend  on  the  eflfect  of  molecular 
interaction  on  the  values  of 

yz=/>^— p    and    Sx=fyn^^      ....     (37) 

and  similar  quantities,  in  analogy  to  the  present  proposition 
concerning  the  fifth  term  of  (32),  right-hand  side,     rut 

it  Bt 

and  let  /ly,  /i^,  vy,  Vg  be  defined  by  similar  equations.  Suppose 
the  Kinematical  Theory  of  the  Viscosity-problem  to  be  given  ; 
then  what  we  have  to  do  in  order  to  complete  the  solution  is 
simply  to  prove  that  the  /i's  and  the  v's  have  constant  and 
equal  values :  the  results  indeed  given  at  the  end  of  §  2  of 
the  former  paper,  and  likewise  the  well-known  equations  of 
motion  of  viscous  fluids,  can  then  be  easily  deduced.  The 
common  value  of  the  /i's  and  the  v's  is  the  coeflScient  of 
viscosity  and  is  positive  if  the  mutual  action  between  mole- 
cules is  such  as  to  tend  always  to  dissipate  the  disturbances 
q  and  s.    Again,  put 

*■=-'#■•  ■■■■■■  m 

"ST  ■ 
and  let  kg  and  k,  he  defined  by  similar  eqnations.     It  foUows 
from  (12)  and  (39)  that 

''*■•=  "**'^(^+^'+^)-     •    •     •      (^0) 
From  (17)  therefore  we  obtain,  calling  ^(1*+^*  +  ^*)=^, 

»'f -^*- (l.(*-iV|('^|VI('-g))-»-'"> 

the  equation  of  conduction,  as  usually  given,  following  from 
this  for  a  fluid  at  rest,  if  it  is  conceded  that  0  means  the 
temperature  at  {a:i/z).  The  value  of  the  last  term  of  equation 
(32)  is  now 
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In  order  to  complete  our  solution  we  have  to  prove  that  the 
k's  have  constant  and  equal  values.  It  will  be  observed  that 
the  rSle  of  the  expression 

in  Conduction  is  much  the  same  as  that  played  by  Lord 
Rayleigh's  Dissipation  Function  F  in  Viscosity;  and  we 
therefore  propose  to  call  this  expression  '^  the  Dissipation 
Function  of  Conduction." 

In  his  great  paper  "  On  the  Dynamical  Theory  of  GUses,'* 
Maxwell  practically  confined  himself  to  the  case  of  a  force 
between  molecules  varying  inversely  as  the  fifth  power  of 
their  distance.  It  may,  wo  think,  be  legitimately  assumed 
that  the  Theory  of  Matter  will  progress  in  the  future  without 
the  aid  of  any  such  hypothesis.  Whatever  may  be  the  law 
of  molecular  force,  whatever  may  even  be  the  opinion  we 
hold  as  to  the  existence  of  molecules,  we  shall  be  justified  in 
seeking  to  find  a  general  law  of  subsidence  of  disturbances 
in  fluids  or  possibly  in  all  bodies — a  general  Ijaw  of  Relaxatum 
in  Maxwell's  sense  of  the  term.  Let  a,  /3,  y  denote  ccmstants, 
being  the  reciprocals  of  time-periods  ;  we  have 

oox  osx  Srx         Q  /AA^ 

and  it  does  not  seem  unlikely  that  these  equations  should 
be  special  and  no  doubt  approximate  expressions  of  some 
general  relation. 

The  subsidence  of  disturbances,  to  which  we  alluded,  forms 
a  characteristic  feature  of  phenomena  which  are  going  on  in 
matter,  as  contrasted  with  those  of  which  the  sether  is  tiie 
seat.  Now  this  property  of  gradually  calming  every  kind  of 
disturbance  (which  seems  to  be  a  fundamental  property  of 
matter)4s  in  formal  contrast  with  another  property  attributed 
to  matter,  t.  e.  with  inertia.  It  seems  therefore  legitimate  to 
suppose  tnat  it  is  with  the  properties  of  the  sether  that  we  are 
ultimately  concerned  in  oroinary  dynamics  ;  and  if  we  adopt 
the  well-known  doctrine  which  asserts  that  matter  may  consist 
in  some  kind  of  disturbance  in  the  sether,  we  shall  find  nothing 
to  surprise  us  in  such  an  assumption. 
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L.  Tli£  Heat  of  ComUnation  of  Substances  in  tJie  Liquid 
and  Solid  Condition.  By  Spencer  Umfrbvillb  Pickering 
F.R.S^ 

IF  it  were  found  that  the  heat  of  formation  of  a  solid 
hydrate,  or  analogous  compound,  from  its  solid  con- 
stituents were  the  same  as  that  evolved  when  these  constituents 
were  mixed  in  the  liquid  condition,  we  should  have  a  strong 
argument  in  favour  of  the  view  that  the  same  substance  was 
formed  in  the  two  cases — ^that  the  liquid  mixture,  just  as 
much  as  the  solid  hydrate,  consisted  of  a  definite  compound. 
The  only  instance  in  which  sufficient  data  exist  for  the 
calculation  of  the  heat  of  formation  in  the  two  conditions 
gives  results  indicating  that  this  may  be  the  case  :  taking  the 
author's  values  for  the  monohydrate  of  sulphuric  acid,  it  is 
found  that  solid  water  and  solid  sulphuric  acid  in  combining 
to  form  the  solid  monohydrate  evolve  6533  cal.  at  17°'9, 
whereas  the  liquid  constituents  in  combining  to  form  the 
liquid  hydrated  acid  at  the  same  temperature  evolve  6667  cal., 
practically  the  same  amount  of  heat. 

The  present  determinations  were  made  in  order  to  see 
whether  a  similar  equality  held  good  in  other  cases.  The 
results  obtained,  however,  have  been  of  an  entirelv  negative 
character,  and  show  that  the  equality  found  in  the  case  of 
sulphuric  acid  is,  probably,  accidental. 

Negative  results,  however,  do  not  in  any  way  prove  that 
the  nuxed  liquids  do  not  contain,  or  consist  of,  the  compound 
known  io  the  solid  condition,  for  the  actions  concerned  are 
complex,  and  the  quantity  which  is  measured  as  the  heat  of 
combination  represents,  in  reality,  the  difference  between  this 
quantity  and  several  others. 

Thus,  suppose,  for  the  sake  of  argument,  that  the  same 
amount  of  combination  occurs  when  the  substances  are 
brought  together  in  either  of  the  two  conditions  :  and  let  C 
represent  the  heat  of  combination  of  the  molecules  a  and  h  to 
form  ah.  Then  we  have,  when  the  substances  are  all  liquids, 
the  splitting  up  of  the  liquid  aggregates  into  the  molecules 
a  and  6,  Va  and  r^,  and  the  aggregation  of  the  molecules 
of  the  compound  into  the  liquid  condition,  so  that  the  heat 
measured  on  mixing  the  liquids  will  be 

When  the  substances  are  in  the  solid  condition,  we  shall  have 
similarly  the  heats  of  conversion  of  the  solids  into  the  mole- 
cular condition,  or,  since  the  action  may  be  regarded  as 
«  Communicated  by  the  Author. 
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taking  place  in  the  two  stages,  we  shall  have,  first,  the  con- 
version of  the  solids  into  the  liquids  ^heut  of  fasion  ^f\  and 
subsequently  the  conversion  of  these  liquids  into  the  molecular 
condition  ;  the  heat  measured  in  this  case  will  be 

H  will  be  equal  to  H'  only  if fa+fb^/ai ;  «•  ^«  if  the  heat  of 
fusion  of  the  compound  is  equal  to  the  sum  of  those  of  its 
constituents. 

The  fact  that  with  hydrates  and  analogous  compounds  the 
chemical  combination  is  of  a  comparatively  feeble  character 
rendered  it  not  improbable  that  tins  might  be  the  case  ;  but 
there  is  no  reason  why  it  should  necessarily  be  so,  and  the 
question  can  onlv  be  settled  by  direct  experiment. 

The  present  determinations  show  that  it  is  not  so.  The 
above  argument,  as  has  been  said,  applies  to  a  case  where  the 
amount  of  combination  is  supposed  to  be  as  great  in  the 
liquid  as  in  the  solid  condition, —  that  is,  where  the  heat  of 
fusion  of  the  compound, /o^,  represents  nothing  but  the  mere 
change  from  the  solid  to  the  liquid  condition  (true  heat  of 
fusion).  If,  however,  the  compound  undergoes  partial  dis- 
sociation on  fusion,  this  dissociation  will  (generally)  involve 
absorption  of  heat,  and  its  apparent  heat  of  fusion  will  be 
greater  than  its  true  heat  of  fusion.  The  present  determi-  * 
nations,  however,  show  that  the  observed  heat  of  fusion  of  the 
compound  is  generally  atnaller  than  the  sum  of  those  of  its 
constituents,  and,  a  fortiori j  the  true  heat  of  fusion  of  the 
compound  must  be  smaller  still ;  therefore,  the  assumption 
that /«+/*=/«*  is  untenable,  and  no  conclusions  can  be 
drawn  as  to  the  amount  of  dissociation  occurring  on  melting 
the  compound  from  the  measurement  of  H  and  H^ 

The  heat  of  combination  of  two  substances  in  the  liquid 
condition  was  determined  by  dissolving  each  of  them,  and 
also  the  compound,  separately  in  a  solvent.  D  being  the  heat 
of  dissolution,  the  heat  of  combination  is 

When,  as  was  generally  the  case^  one  of  the  constituents 
(say  g)  was  identical  with  the  solvent,  D.=0. 

With  solids  similar  determinations  were  made  ;  and  where 
the  solvent  is  identical  with  one  of  the  reagents,  D^  is  the 
heat  of  fusion  of  the  substance  a. 

As  it  was  not  possible  to  make  the  determinations  in  both 
conditions  directly  with  each  substance,  the  heat  of  dissolu- 
tion in  the  one  condition  had  to  be  calculated  from  that 
observed  in  the  other  by  means  of  the  heat  of  fusion.     The 
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heats  of  fusion  of  the  substances  had  therefore  to  be  deter- 
mined^ and  to  reduce  these  to  the  temperature  used  in  the 
heats  of  dissolution  determinations,  the  heat-capacity  both  in 
the  liquid  and  solid  conditions  had  also  to  be  determined.  A 
description  of  the  method  used  and  of  the  calculations  will 
be  found  in  the  Froc.  Boy.  Soc.  xlix.  p.  11 :  it  will  be  suf- 
ficient to  state  here  that  the  substance  is  heated  in  a  platinum 
bottle  containing  a  thermometer  to  the  required  temperature, 
and  then  plungSi  into  the  calorimeter. 

Table  I.  of  the  present  communication  gives  the  experi- 
mental details  and  Table  II.  the  results.  Table  III.  ^ves 
the  values  for  the  heat  of  dissolution — firstly,  those  obtained 
by  direct  experiment  on  the  substance  in  the  one  condition, 
and,  secondly,  those  calculated  for  it  in  the  other  condition, 
as  deduced  from  the  former  by  means  of  the  heat  of  fusion. 

The  heat-capacity  is  calculated  from  the  equation 

.  {T-t?)W  ' 

and  the  molecular  heat  of  dissolution  from  the  equation 
p^-(<'-OWM. 

where  ^  and  t  are  the  final  and  initial  temperatures  of  the 
'calorimeter,  W  the  water-equivalent  of  the  calorimeter  and 
its  contents,  r  the  initial  temperatare  of  the  substance  when 
introduced  into  the  calorimeter,  w  its  weight,  and  M  its 
molecular  weight,  tJ  being  the  water-equivalent  of  the  pla- 
tinum bottie  containing  it. 

Considerable  difficulty  was  experienced  in  finding  sub- 
stances suitable  for  the  present  investigation.  In  order  that 
the  heat  of  fusion  may  be  satisfactorily  determined,  it  is 
necessary  that  the  compound  and  both  of  its  constituents 
should  melt  between  temperatures  of  0°  and  not  much  above 
100^.  Several  substances  other  than  those  here  mentioned 
were  examined  and  found  unsuitable. 

Monohydrate  of  Sulphuric  Add. — ^The  necessary  data  have 
already  been  given  in  the  Trans.  Chem.  Soc.  1890,  p.  112, 
and  the  Proc.  Roy.  Soc.  xlix.  p.  18  :  a  very  slight  alteration 
in  them  has  been  made  in  consequence  of  round  values  for 
the  atomic  weights  having  been  used  in  the  present  work. 

Hexhydrate  of  Piiiacone. — ^To  prepare  the  anhydrous  from 
the  hydrated  pinacone  supplied  by  Messrs.  Kahlbaum,  frac- 
tional distillation  was  found  to  be  unsatisfactory,  and  dehy- 
dration by  treatment  of  the  ethereal  solution  with  potassium 
carbonate  was  adopted.  The  hydrated  substance  does  not 
appear  to  be  by  any  means  insoluble  in  ether,  as  is  stated,  and 
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indeed  it  is  improbable  that  any  hydrate  would  be  insolable 
in  a  Hqnid  which  dissolves  both  the  anhydrous  substance  and 
water.  The  melting-points  of  the  anhydrous  and  hydrated 
substance  were  40°'48  and  45''*42  respectively  :  Linnemann 
gives  35°-38^  and  46°-5. 

Anhydrous  pinacone  superfuses  considerably,  and  in  the 
case  of  the  experiments  Nos.  32  and  33,  in  which  the  liquid 
substance  was  taken  at  an  initial  temperature  of  44°,  it  did 
not  solidify  till  after  it  had  attained  the  temperature  of  the 
calorimeter :  the  heat  evolved  when  it  did  solidify  was  noted 
separately,  and  gave  the  two  supplementary  measurements 
entered  in  the  footnote  to  Table  11. 

Octohydrate  of  7%n  Tetrabromide. — ^The  tetrachloride  of  tin 
forms  a  tetrahydrate ;  but  as  the  anhydrous  substance  was 
found  not  to  solidify  till  —34°' 15,  it  was  not  a  suitable 
substance  for  the  present  investigation.  The  tetrabromide, 
which  solidifies  at  the  higher  temperature  of  29°'36,  was 

Fig.  l.^Freezing-points  of  SnBr^  solutionB. 
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therefore  examined  in  order  to  ascertain  whether  it  also 
formed  a  hydrate.  The  results  of  a  series  of  freezing-points 
of  mixtures  of  it  with  water  are  given  in  Table  IV.  and  fig.  1. 
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The  freezing-point  of  the  tetrabromide  is  no  doubt  lowered 
by  the  addition  of  water,  and  probably  very  rapidly  so,  for 
with  2  J  per  cent,  of  added  water  no  crystallization  was 
obtained  at  —70°;  but  with  this  amount  of  water,  and  also 
with  amounts  up  to  24  per  cent.,  mutual  solution  is  not  com- 
plete, the  liquids  being  always  cloudy.  When  the  water  is 
increased  to  about  26  per  cent.,  the  liquid  is  clear  at  high 
temperatures,  and  generally  becomes  cloudy  on  cooling  (it 
did  not  do  so  in  the  experiment  at  73*4  p.  c.  SnBr4);  and  the 
more  the  added  water  is  increased  the  lower  is  the  tempera- 
ture which  the  solution  will  stand  without  becoming  cloudy. 
Hard,  well-defined,  transparent  crystals  were  obtained  from 
solutions  containing  73*6  to  66*7  per  cent,  of  the  tetrabromide; 
but  with  the  strongest  of  these  solutions  the  liquid  was  turbid 
when  solidification  occurred,  and  the  observations  were  diflB- 
cult  and  doubtful.  From  solutions  containing  less  than  56 
per  cent,  of  the  bromide,  water  crystallizes.  On  plotting  out 
the  results  from  73*6  to  66*7  per  cent,  they  form  the  interme- 
diate curve  shown  in  fiff.  1,  which  on  a  more  open  scale  is 
found  to  indicate  a  maximum  at  a  strength  of  75*0  per  cent, 
of  the  bromide^  and  at  a  temperature  of  19°  ;  that  is,  some- 
what beyond  the  point  at  wnich  the  determinations  become 
impossible  owing  to  the  cloudiness  and  dissociation  of  the 
solution.  This  indicated  that  the  hydrate  was  probably  an 
octohydrate,  which  contains  75*261  per  cent.  To  establish 
this  more  satifactorily,  a  quantity  of  a  73-per-cent.  solution 
was  allowed  to  deposit  a  few  crystals,  and  these  after  being 
drained  were  analysed  and  gave  the  values 

Sn,  20  662,     Br,  35*011,     H,0  (by  difference),  24*327, 

iheory  for  SnBr^  8H,0  requiring 

Sn,  20*334,    Br,  34-926,     H,0,  24*739. 

This  octohydrate,  as  may  be  inferred  from  what  has  been 
said  above,  cannot  be  melted  without  becoming  decomposed 
and  cloudy  ;  but  if  heated  to  a  higher  temperature  till  clear, 
and  then  cooled  without  stirring,  it  may  generally  be  cooled 
to  atmospheric  temperatures  and  crystallized  witnout  decom- 
posing. By  repeatedly  crystallizing  in  this  way  a  sample 
was  prepared  for  the  determinations.  The  crystals  them- 
selves, however,  on  being  kept  for  any  length  of  time,  or  on 
being  scratched,  generally  become  cloudy  and  dissociated. 

The  heat-capacity  and  heat  of  fusion  determinations  with 
this  substance  could  not  be  made  in  the  ordinary  manner,  as 
it  would  have  been  impossible  to  see  whether,  on  cooling  in 
the  platinum  bottle,  it  had  decomposed  or  not.  Fortunately 
it  easily  superfuses,  and  by  taking  advantage  of  this  property 
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it  was  found  possible  to  determine  its  heat  of  dissolution  both 
in  the  solid  and  liquid  condition  at  the  same  temperature, 
and  from  these  the  heat  of  fusion  may  be  deduced.  The  sub- 
stance in  the^e  determinations  was  enclosed  in  a  glass  bulb, 
which  was  broken  under  the  surface  of  the  water.  The 
results,  as  will  be  seen,  are  not  very  concordant.  This  may 
be  due  to  the  fact  that  the  samples  used  were  different  pre- 
parations, and  may  have  been  of  different  degrees  of  purity. 
The  same  preparation,  however,  was  used  in  the  iirst-^uoted 
determination  with  the  solid  and  in  the  first  with  the  liquid, 
and  similarly  with  the  two  second  determinations^  and  tnese 
two  pairs  are  concordant  in  the  values  which  they  give  for 
the  heat  of  fusion,  10,230  cal.  according  to  the  nrst  deter- 
minations, 10,176  cal.  according  to  the  second. 

The  anhydrous  tetrabromide  used  was  not  satisfactorily 
pure.  The  commercial  sample  obtained  was  found,  in  spite 
of  special  care  having  been  taken  in  its  preparation,  to  con- 
tain a  considerable  amount  of  dibromide,  for,  on  melting  it, 
globules  of  the  latter  separated.  After  twelve  firactionations 
by  crystallizing,  a  sample  was  obtained  with  8  per  cent,  of 
the  aibromide,  but  further  fractionation  did  not  appear  to 
reduce  the  amount  of  this  impurity :  indeed  the  formation  of 
the  dibromide  seems  to  occur  spontaneously  in  the  tetra- 
bromide, for  it  was  often  noticed  that  a  specimen  which  was 
perfectly  clear  and  free  from  any  visible  globules  of  the 
dibromide,  would,  on  being  melted  again,  leave  particles  of  the 
latter  adhering  to  the  glass ;  yet  in  no  case  was  the  presence 
of  bromine  indicated  either  by  colour  or  smell.  When  water 
is  added  to  the  tetrabromidei  visible  traces  of  bromine  are 
liberated. 

The  values  obtained  for  the  heat  of  dissolution  of  the 
anhydrous  salt  are  not  very  coucordant,  but  this  may  be 
due  to  the  different  proportions  of  water  used  in  the  two 
determinations. 

Hemiheptahydrate  of  Sodium  Hydroxide  (NaOHjS^HjO). — 
The  heat  of  formation  of  this  hydrate  (for  a  description  of  which 
see  Trans.  Chem.  Soc.  1893,  p.  893)  from  the  monohydrate  and 
water  was  determined.  This  does  not  constitute  an  unexcep- 
tionable instance  ;  for  one  of  the  constituents  itself  being  a 
hydrate,  and  not  a  simple  compound,  the  results  are  com* 
plicated  by  the  fact  that  the  heat  of  fusion  of  this  constituent 
may  not  represent  its  true  heat  of  fusion,  but  may  include 
some  heat  absorption  due  to  partial  dissociation  on  melting. 

In  dealing  with  the  monohydrate  it  was  found  that  after 
it  had  solidified  in  the  platinum  bottle  containing  the  ther- 
mometer, it  was  necessary  to  heat  it  very  slowly  indeed  to 
remelt  it,  so  as  to  avoid  breaking  the  bulb  of  the  thermometer 
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by  nneqaal  expansion.     Two  thermomeiera  were  destroyed 
by  heating  too  rapidly. 

Compound  of  Benzene  and  Azobenzene. — ^The  values  for 
benzene  will  be  found  in  the  Proc.  Boy.  Soc.  loc.  dt.  The 
solvent  used  in  determining  the  heat  of  dissolution  was 
benzene. 

On  calculating  the  results,  the  heat  of  combination,  both  in 
the  liquid  and  solid  condition^  was  found  to  be  negative.  It 
appears  verv  improbable,  however,  that  this  should  be  a 
correct  result  in  a  case  where  we  have  direct  combination 
occurring  in  the  absence  of  a  solvent,  and  without  the  forma- 
tion of  any  secondary  products :  in  every  case,  except  one 
doubtful  one,  where  the  heat  of  formation  of  a  hydrate  has 
been  measured,  the  value  is  a  positive  quantity  (see  Chem. 
Soc.  Trans.  1887,  p.  77).  The  explanation  here  may  be  that 
the  measurement  of  the  heat  of  fusion  of  benzene  and  of  the 
compound  is  at  fault :  in  both  cases  the  heat-capaoiiy  in  the 
solid  condition  is  greater  tiian  that  in  the  liquid  condition, 
which  is  exceptional  and  which  is  generally  taken  to  impty 
that  the  heat  s^bsorbed  in  fusion  is  absorbed  gradually  over  an 
appreciable  range  of  temperature,  and  not  all  at  the  ordinary 
fusing-point,  so  that  the  heat  of  fusion  as  measured  at  tlie 
fusing-point  itself  is  too  low,  and  the  heat-ci^)acity  of  the 
solid  as  measured  in  its  neighbourhood  is  too  high. 

Compounds  of  NaplUhcdene  with  Metadinitrobenzene  and 
with  iMnitrobenzene.—^eBQ  compounds,  and  several  others  of 
a  similar  character,  were  obtained  by  Hepp  (^Annalen^  ccxv. 
p.  379)  by  mixing  solutions  in  benzene  .of  tne  two  constituents 
and  crystelliziug.  The  presence  of  any  solvent  appeared, 
however,  to  be  superfluous,  and  preparations  of  them  were 
made  by  mixing  the  substances  in  the  proper  proportions 
when  liquid.  It  seemed  desirable,  however,  to  obtaiii  more 
evidence  than  that  heretofore  existing  as  to  the  substances 
formed  being  really  definite  compounos.  Series  of  freezing- 
point  determinations  were,  therefore,  made,  the  results  of 
which  are  given  in  Table  V.  and  figs.  2  and  3.  These  prove 
the  definite  existence  of  the  compounds  in  question  :  we  have 
a  figure  made  up  of  three  curves  (fig.  2),  the  first  one 
representing  the  lowering  of  the  freezing-point  of  dinitro- 
benzene  by  naphthalene,  the  last  the  lowering  of  the  freezing- 
point  of  naphthalene  by  dinitrobenzene ;  the  intermediate 
one  is  evidently  an  independent  curve  with  two  branches  and 
represents,  therefore,  the  crystallization  of  some  third  sub- 
stance ;  the  maximum  of  this  curve  is  situated  at  57  per  cent 
of  dinitrobenzene,  which  agrees  well  with  equimolecular  pro- 
portions, these  requiring  56*7  per  cent. 
The  results  in  tne  case  of  dinitrotoluene  are  similar,  except 
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Fig.  2. — Freezing-pointe  of  Solutions  of  Metadinitrobenzene  and 
Naphthalene. 
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Fig.  8. — ^Freezing-points  of  Solutions  of  Dinitrotoluene  and 
Naphthalene. 
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that  the  range  of  strength  over  which  the  compoand  crys- 
tallizes is  considerably  greater.  Here  the  maximum  of  the 
carve  is  at  about  59'5  per  cent.,  equimolecular  proportions 
reauiring  58*7  per  cent. 

in  the  heat  of  dissolution  determinations  it  was  necessary 
to  use  a  solvent — benzene — which  was  not  one  of  the  con- 
stituents of  the  compounds,  a  slight  modification  in  the 
ordinary  procedure  was  therefore  necessary.  Since  the 
heat  of  formation  of  the  compound  AB  is  given  by  the 
difference  between  the  heat  of  dissolution  of  AB  and  of  A  and 
B  separately,  the  calorimetric  liquid  must  have  the  same 
composition  at  the  end  of  each  of  the  determinations  or  the 
reactions  will  not  be  comparable,  the  heat  of  dissolution  A 
must  be  determined  in  a  solvent  containing  already  a  corre- 
sponding proportion  of  B;  simihirly  with  the  heat  of  dissolution 
of  B.  An  equivalent  proportion  of  naphthalene  was,  there- 
fore, added  to  the  benzene  before  determining  the  heat  of 
dissolution  of  nitrobenzene  or  nitrotoluene  in  it,  and  equivalent 
proportions  of  either  of  the  latter  added  before  determining 
that  of  the  naphthalene.  In  the  table  will  also  be  found  the 
values  for  the  neat  of  dissolution  of  the  various  constituents 
in  pure  benzene,  although  these  are  not  of  any  service  for  the 
present  calculations. 

The  values  for  the  heat- capacity  and  heat  of  fusion  of 
naphthalene  have  already  been  given  in  the  Proc.  Roy.  Soc. 
loc.  cit. 

Table  II.  contains  also  values  for  the  heat  of  fusion  and 
heat>-capacity  of  aluminium  bromide.  These  were  determined 
because  it  was  thought  that  the  hydrate  with  12HsO  would 
prove  a  suitable  instance  for  investigation,  since  Boozeboom 
states  that  it  melts  at  a  few  degrees  above  100°  *.  It  was  found, 
however,  that  in  melting  it  partially  decomposed,  forming 
some  less  fusible  compound,  for  the  liquid  was  always  cloudy, 
and  would  not  become  clear  even  on  boiling.  Whatever  the 
substance  is  which  thus  separates,  it  appears  to  enter  into 
combination  again  on  cooling,  for  the  addition  of  a  little 
water  forms  a  clear  solution,  no  basic  salt  or  alumina  being 
apparently  present.  This  behaviour  was  observed  both  with 
a  preparation  made  by  the  author  and  with  one  made  by 
Messrs.  Kahlbaum. 

Results  Obtained, 

The  values  for  the  apparent  heat  of  combination  in  the  two 
conditions  are  given  in  Table  VI.,  arranged  in  the  order  of 
magnitude  of  the  heat  of  combination  per  molecule  of  water, 
or  analogous  constituent.     The  values  for  the  heat  of  dissolu- 

*  I  have  unfortunately  mislaid  the  reference  to  the  paper  containing 
this  statement. 
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tion  which  give  the  heat  of  combination  are  contained  in  the 
first  two  columns.  The  latter,  of  course,  apply  to  the 
temperatures  at  which  the  heat  of  dissolution  was  determined, 
and  this  varies  in  different  cases  from  19°  to  15°. 

We  may  conclude  with  a  fair  degree  of  confidence  that, 
even  in  the  case  of  the  most  stable  compound  investiffated,  its 
constituents  are  dissociated  to  a  certain  extent  in  me  liquid 
condition,  and,  therefore,  that  the  heat  evolved  on  mixing  the 
liquids  should  be  less  than  that  evolved  on  combining  the 
solids,  but,  it  will  be  seen,  that  in  the  firat  four  instances 
the  reverse  is  the  case,  the  apparent  heat  of  combination 
of  the  liquids  is  the  greater  of  the  two  quantities,  and  we 
must  therefore  conclude  that  this  apparent  heat  of  combi- 
nation is  not  the  true  heat  of  comoination,  and  that  the 
hypothesis  on  which  it  was  taken  to  be  the  true  heat  of  com- 
bmation — namely,  that  the  heat  of  fusion  of  the  compound  is 
equal  to  the  sum  of  that  of  its  constituents — is  incorrect  (see 

E.  510).  In  order  to  account  for  the  apparent  heat  of  com- 
ination  of  the  solids  (H'j  being  less  tlum  that  of  the  liquids 
(H),  it  is  necessary,  as  will  be  seen  from  the  equations  given 
on  pp.  510, 511,  that  the  heat  of  fusion  of  the  compound  should 
be  leae  than  the  sum  of  those  of  its  constituents,  and  this  is  the 
direction  in  which  we  should  naturally  expect  inequality,  if  any 
such  exist :  for  when  two  substances  have  expended  some  of 
their  residual  affinity  in  combining  with  each  other,  they  will 
have  a  smaller  supply  available  with  which  to  combine  with 
themselves,  when  tnev  form  aggregates  on  passing  into  the 
solid  condition,  and  meir  heat  of  fusion  when  combined  will, 
therefore,  be  less  than  when  nncombined.  The  only  one  of 
the  seven  substances  examined  in  which  the  heat  of  com- 
bination in  the  liquid  form  is  considerably  less  than  that  in 
the  solid  is  the  hydrate  of  pinacone :  this  does  not,  of  course, 
necessarily  imply  that  it  is  an  exception  as  to  the  heat  of 
fusion  of  the  compound  being  less  than  the  sum  of  those  of 
its  constituents,  but  simply  that  the  hydrate  may  be  dis- 
sociated to  a  very  large  extent  on  fusion. 

The  other  two  exceptional  instances  are  exceptional  also  as 
regards  the  negative  value  for  the  heat  of  their  formation. 
In  the  case  of  benzene  combining  with  azobenzene  this  has 
already  been  mentioned,  and  a  probable  explanation  of  it 
has  been  offered  :  a  similar  fact  is  noticed  in  the  case  of 
the  compound  of  naphthalene  with  dinitrobenzene  where  there 
are  no  grounds  for  suggesting  a  similar  explanation,  but  the 
values  in  this  case  are  so  small  that  the  heat  of  combination 
might  well  be  a  positive  quantity  within  the  limits  of  experi- 
mental error,  the  values  given  depending,  as  they  do,  on  so 
many  different  measurements. 
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Tablb  IV.— Freezing-p 

oints  of  Solutions  of  Tin 

Tetrabromide. 

Per  cent  SnBr^. 

Free&Dg-point 

Tin  Tetrabromide  Crystallizes. 

100 

290-36. 

97-68  to  76 

/  Oloudy  on  cooling. 

/  Clear  on  cooling. 

1  No  cryitalliation  at  -70o 

73-43 

The  Octohydrate  Crystallizes. 

73^ 
7272 

Oloudy.   P.-p.afcl8-9f 

72-63 

18-61 

72-26 

18-20 

71-97 

18-41 

71-26 

17-68 

71-24 

1717 

70-97 

16-86 

68-47 

14-99 

67-82 

12-51 

6712 

10-13 

6670 

9-62 

62-18 

None  at  ^W^ 

Water  Crystallizes.    ^ 
66-36                                    -38-6 

49-74 

-20H) 

42-47 

-16-0 

26-97 

-  7-6 

Table  V. — Freezing-points  of  Solutions  of  Metadinitrobenzene 
and  of  Dinitrotoluene  in  Naphthalene* 


Percent. 

Freeeing- point 

Percent 
Dinitrotoluene. 

Freeonglpoint.    1 

100 

8§-26 

100 

69-19 

82-24 

717 

87-40 

61-02 

76-99 

67-2 

79-16 

6368 

67-62 

67-6 

71-60 

6772 

66-47 

64-6 

66-20 

69-27 

64-68 

63-63 

56-40 

69-68 

61-64 

49*4 

60-91 

6875 

69-84 

60-06 

44-82 

67-20 

56-06 

60-17 

38-36 

67-72 

62-66 

49-91 

32-87 

62-87 

4903 

49-24 

0 

79-06 

47-21 

60-6 

• 

46-88 

60-89 

42-66 

63-63 

41-01 

66-6 

32-42 

62-9 

1 

0 

79-86 

8 
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LI.    On   Helmholtz's  Electrochemical    Theory^  and  some 
Conclusions  deduced  from  tJie  same.     By  ¥.  BiGHABZ, 

To  the  Editors  of  the  Philosophical  Magazine. 

Gentlemen, 

PROFESSOR  G.  Johnstone  Stoney,  in  his  paper  on 
the  "  Eleptron,"  or  Atom  of  Electricity,  in  the  Philo- 
sophical Magazine  of  October  1894,  very  rightly  draws 
attention  to  the  fact  that  he  expressed  himself  first,  with 
regard  to  Faraday's  law,  at  the  Belfast  Meeting  of  the 
British  Association  in  August  1874,  as  follows : — "  For  each 
chemical  bond  which  is  ruptured  within  an  electrolyte  a 
certain  quantity  of  electricity  traverses  the  electrolyte,  which 
is  the  same  in  all  cases." 

Professor  G.  J.  Stoney  calls  this  smallest  quantity  of  elec- 
tricity the  "Electron,^'  and  estimates  it  at  3xl0~"  of  the 
C.G.S.  electrostatic  unit  of  electricity. 

In  this  view,  therefore,  he  anticipated  Helmholtz  in  his 
Faraday  Lecture  in  April  1881.  Helmholtz,  however,  then 
propounded  further  the  hypothesis  that,  "  in  the  case  also  of 
non-electrolytes,  the  '  Valencies '  are  charged  with  the  same 
atoms  of  electricity.^'  Helmholtz  explains,  moreover,  the 
grounds  for  the  supposition  that  the  attraction  between  the 
electrons  is  the  most  essential  and  the  greatest  part  of  che- 
mical force.  The  old  electrochemical  theory  of  Berzelius 
acquired  herewith  an  entirely  new  form  through  Helmholtz 
in  respect  of  the  quantity  of  the  atom  charges,  and  deserves 
therefore  the  title  of  "  Helmholtz's  Electro-chemical  Theory.** 

Without  knowing  Prof.  G.  Johnstone  Stoney's  calculation 
of  the  "  Electron,'' I  also,  in  a  paper  "  Ueber  die  electrbchen 
Krafte  der  Atome,"  read  before  the  Niederrheinische  Gesell- 
schaft  fiir  Natnrkunde  on  the  1st  Dec.  1890  and  12th  Jan, 
1891*,  calculated  the  electron,  and  first  attached  thereto  cal- 
culations fitted  to  decide  whether  "  the  forces  operating  in 
the  atoms  of  a  molecule  have  the  same  order  of  magnitude  as 
the  electrostatic  attraction  of  the  valency-charges." 

That  this  is  the  case  1  had  then  already  proved,  in  respect 
to  the  dissociation  heat  N^O^  into  2N0j,  and  I3  into  21. 

I  have  further  assumed  that  both  atoms  of  a  molecule 
revolve  round  each  other  with  a  constant  velocity,  which  is 
given  by  Boltzmann's  kinetic  theory  of  polyatomic  gases. 

♦  F.  Richarz,  Sitzungsberichte,  Bonn,  vol.  xlvii.  p.  118  (1890); 
vpLxlviii.  p.  18(1891). 
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The  equation  that  the  centrifugal  force  is  equal  to  the  force 
of  attraction  gives  for  the  latter  a  value  nearly  equal  to  thsit 
of  the  atiraction  of  two  "  electrons  ^  on  each  other.  Further, 
I  put  forward  at  the  same  time  the  hypothesis  that  radiation 
is  caused  by  the  oscillations  of  the  valency-charges.  This 
supposition  was  not  new,  as  I  have  since  found.  His  own 
quotation  in  his  book,  *Theorie  der  electrischen  und  optischen 
Erscheinungen  in  bewegten  Korpem/  Leiden^  1895,  page  5, 
called  my  attention  to  the  fact  that  Prof.  H.  A.  Lorentz  as 
early  as  1878  attributed  light-waves  to  electrical  particles, 
which  are  joined  to  the  atoms  and  which  are  also  assumed  in 
electrolysis  [Verh.  d.  kgL  Akad.  v.  Wetenschajppeny  18  Deel, 
Amsterdam,  1879;  notice  especially  the  conclusion,  page  112]. 
Professor  Hertz,  as  he  told  me,  was  of  a  similar  opinion ; 
however,  he  was  not  attached  to  the  electrochemical  theory 
of  Helmholtz^  but  to  the  opinion  of  Victor  Meyer  and  Riecke 
{Berliner  Cliem.  Ber.  xxi.  p.  946,  1888).  But  Lorentz's 
electromagnetic  theonr  of  refraction  is,  like  Helmholtz's 
theory  of  Dispersion  (1892),  independent  of  the  size  of  the 
valency-charges.  From  this  quantity,  the  "electron,"  I  have, 
in  my  paper  mentioned  above  of  the  12th  Jan.  1891,  calcu- 
lated that  the  period  of  rotation  of  the  two  atoms  of  a 
molecule  round  one  another  is  about  10~"  seconds.  This 
is  the  period  of  the  electrodynamic  radiation  which  the 
electrons  of  the  two  atoms  give  out  while  they  rotate  together 
with  the  ponderable  atoms  round  one  another.  It  would 
correspond  with  ultra-red  waves.  As  the  computed  value  of 
the  period  of  rotation  is  only  the  average  value  of  the  differ- 
ent periods  of  rotation  possessed  at  the  same  time  by  different 
molecules,  the  emission  must  give  a  more  or  less  extended 
spectrum  of  dark  heat-rays,  which  spectrum  would  have  its 
maximum  in  the  region  of  the  average  value.  Indeed  emis- 
sion of  gases  is  similar,  in  so  far  as  the  latter  is  only  based 
on  increase  of  temperature.  When  the  period  of  rotation 
is  accelerated  the  spectrum  might  possibly  pass  into  the  visible 
re^on. 

l^rof.  G.  J.  Stoney  took  up  the  matter  of  the  electro- 
dynamic  radiation  of  oscillating  electrons  at  about  the  same 
time  as  I  did,  but  in  other  respects  (Trans.  Roy.  Dublin  Soc. 
vol.  iv.  1891,  p.  585)  ;  later  also  Prof.  H.  Ebert  [Arch, 
de  Genhe,  [3]  xxv.  p.  489,  May  1891). 

I  next  developed  uie  purely  Kinetic  part  of  my  conclusions 
fWied.  Ann.  xlviii.  March  1893,  pp.  467-492).  There  I 
have  also  taken  into  consideration  tne  dissociation-heat  of 
hydrogen  given  by  Prof.  Eilhard  Wiedemann*  The  same  I 
have  also  made  use  of  for  comparison,  besides  the  dissociation- 
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heat  of  nitric  tetroxide  and  iodine,  already  made  use  of  in 
the  first  publication  of  12th  Jan.  1891,  in  the  detailed 
accounts  of  my  electrical  calculations  (MitneJiener  Akademie, 
Bd.  xxiv,  p.  1,  13  Jan.  1894,  and  Wied.  Ann.  Bd.  lii.  p.  385, 
1894). 

There  I  have  also  added  the  following  calculation.  Assu- 
ming that  molecular  magnetism  is  produced  by  the  rotation 
of  the  valency-charges,  we  obtain  for  the  specific  magnetism 
at  saturation-point  values  which  correspond  in  the  order  of 
magnitude  with  those  found  by  experiment. 

Helmholtz's  electrochemical  theory  has  meanwhile  also 
been  confirmed  in  other  respects  by  the  very  interesting 
calculations  of  Prof.  A.  P.  Cnattock  (Phil.  Mag.  [5]  xxxiu 
p.  285, 1891 ;  xxxiv.  p.  461,  1892  ;  xxxv.  p.  76, 1893). 

I  am,  Gtentlemen^ 

Yours  faithfolly, 

University  of  Bonn,  April  1896.  F.  mOHABZ. 


LII.  Note  on  a  Simple  GrapJuc  Illustration  of  the  Deter* 
minantal  Relation  of  Dynamics.    By  Q.  H.  Bryan*. 

IN  the  whole  range  of  theoretical  dynamics  there  is  probably 
no  theorem  which  is  so  difficult  to  fully  ^sp  as  tliB 
determinantal  relation  connecting  the  multiple  dififerential  of 
the  initial  coordinates  and  momenta  of  a  system  with  that  of 
its  final  coordinates  and  momenta.  This  relation,  which 
may  almost  be  regarded  as  the  keystone  to  the  Kinetic  Theory 
of  Gases,  is  conveniently  written  in  the  Jacobian  form 

d(Piy  V> "  *  >  ^/>  q%f  -  ')  ji  1 

where  joi,  p%y  '•  are  the  generalized  momenta  corresponding 
to  the  generalized  coordmates  qu  g^f^  f  and  unaccented 
and  accented  letters  refer  respectively  to  initial  values  and 
final  values  after  a  fixed  interval  of  time  t. 

To  my  mind  the  difficulty  of  grasping  this  result  arises  from 
the  want  of  simple  graphical  illustrations  and  verifications 
from  first  principles  not  involving  the  use  of  the  Calculus. 
The  following  illustrative  examples  of  its  applications  to 
systems  with  one  degree  of  freedom  have  afibnled  me  great 
assistance  in  understanding  the  theorem,  and  I  trust  that  they 
may  prove  useful  to  others. 

Consider  a  particle  moving  in  the  straight  line  OX  (fig.  1) 

*  Communicated  by  the  Physical  Society :  read  April  26, 1805, 
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:  tinder  any  law  of  force.  Let  M  be  the  position  of  the  particle  at 
any  instant,  and  let  the  yelocitr  of  the  particle  at  this  instant  be 
represented  by  the  ordinate  MP  drawn  at  right  angles  to  OX. 
,  Then,  since  the  momentum  is  proportional  to  the  velocity,  the 
coorcUnates  OM,  MP  represent  the  coordinate  and  momentimi 
^  of  the  patticle  at  the  given  instant,  and  we  may  call  P  the 
representative  point. 

rTow  let  fonr  such  particles  of  equal  mass  be  projected 
simultaneously,  having  the  initial  coordinates  x  and  «+&r 
and  the  initial  velocities  v  and  V'\-hv,  The  representative 
points  will  form  a  small  rectangle  P  Q  R  S  of  area  &r .  iv. 

Let  P'  Q'  R'  S'  be  the  corresponding  representative  points 
.  at  any  subsequent  instant  t. 

Then  the  determinantal  relation  asserts  that  the  area  of  the 
small  parallelogram  P'  Q'  R'  S'  is  equal  to  that  of  the  rect- 
angle PQR  8. 

[Instead  of  taking  four  particles  we  might  suppose  the 
points  P,  Q,  R,  S  to  refer  to  the  same  particle  projected  with 
different  initial  conditions  and  allowed  to  move  for  a  fixed 
time-interval  ^] 

This  property  may  be  verified  from  first  principles  in  the 
followinff  simple  cases  : — 

Cask  1.  Let  the  motion  be  uni/ormfy  accelerated.  Then  from 
the  equations 

and  the  corresponding  equations  obtained  bv  substituting 
a+Bx  for  a  and  v+Sv  for  r,  it  is  easy  to  see  (fig.  1)  &at  the 


R          S                   P'Z-  -( 

1 1             11 

t 

p 

Q 

M'    K'N'     L' 


parallelo^m  P'Q'R'S'  has  its  base  FQ'  parallel  to  OX  and 
eaual  to  PQ  or  Sxy  and  its  altitude  equal  to  PQ  or  Sr. 
Therefore 

area  FQ'R'S'=area  PQRS. 

The  paraUelogram  will;  however,  h^ve  undergone  9,  shear, 
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the  points  R,  S  having  advanced  beyond  P,  Q  by  an  amoant 
{WYi'=)hv.t.     Hence 

cotRPQ=«g|, 

and  is  proportional  to  t.  As  the  time  increases,  the  diagonal 
P'S^  becomes  more  and  more  elongated,  but  the  area  of  the 
parallelogram  remains  the  same. 

Case  II.  Let  the  motion  be  simple  harmonic,  the  accelera- 
tion varying  as  the  distance  from  a  fixed  point  0  (fig.  2). 
Then,  by  properly  choosing  the  scale  of  representation  of 

Fig.  2. 


velocity,  the  representative  points  of  different  particles  will 
all  describe  concentric  circles  about  0  with  uniform  angular 
velocity.  Hence  the  figure  PQRS  will  be  brought  into  the 
position  P'Q'R'S'  by  rotating  about  0  throu^  a  certain 
angle,  and  the  areas  of  the  two  figures  will  of  course  be 
equal. 

Case  I.  might  be  deduced  as  the  limit  of  Case  II.  by 
(i.)  reducing  the  scale  of  representation  of  velocity  so  that 
the  circles  become  projected  into  ellipses  ;  (ii.)  supposing  the 
centre  0  to  go  off  to  infinity,  so  that  these  ellipses  gradually 
become  elongated  into  parabolas. 

The  case  of  a  repulsive  force  varying  directly  as  the  distance 
would  be  a  little  more  complicated  ;  and  it  therefore  seems 
hardly  worth  while  to  give  a  proof  for  it,  though  the  legiti- 
macy of  the  corresponding  inference  for  this  case  might  be 
inferred  by  means  of  "  imaginary  projection."  The  theorem 
niight  possibly  then  be  extended  to  the  case  of  any  variably 
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law  of  force  by  dividing  np  the  times^  and  therefore  the  corre- 
sponding spaces  decribea^  into  elements  so  small  that  the 
force  might  be  supposed  to  vary  uniformly  with  the  distance 
along  Ox  in  any  single  element.  This  is  not  put  forward  as 
a  satisfactory  proof,  but  then  the  object  of  this  note  was  to 
show,  not  how  to  prove  the  theorem,  but  how  to  convinoe 
oneself  of  its  truth  after  proving  it  by  highly  analytical 
methods.  This  I  found  hard  in  the  case  of  systems  like  that 
of  Case  I.,  where  a  slight  variation  in  the  initial  conditions 
(viz.  the  difference  of  velocity  hv  of  the  points  M'K')  causes 
two  such  systems  to  separate  indefinitely.  I  could  not  see 
how  this  was  compatible  with  the  multiple  differential  (S«  •  hv) 
remaining  constant  till  I  had  worked  out  the  above  explana- 
tion. It  is  a  pity  that  systems  with  more  than  one  degree  of 
freedom  could  not  be  treated  by  this  graphic  method,  but  a 
similar  objection  applies  equally  to  the  graphic  proof  of  the 
formula  for  uniformly  accelerated  motion  of  our  text-books 
'and  to  many  other  valuable  illustrations  of  the  principles  of 
dynamics. 


LUI.  Note  on  a  Neglected  Experiment  q/*  Ampfere. 
By  Silvanus  P.  Thompson*. 

IN  the  year  1822  Ampfere,  being  at  Geneva,  showed  to 
De  la  Rive  in  his  laboratory  a  number  of  his  now 
classical  experiments  on  the  actions  of  conductors  carrying 
currents  upon  other  conductors  and  upon  magnets.  These 
are  recounted  by  A.  De  la  Rive  in  the  Annates  de  Chimie  et 
de  Phymqv£y  xxi.  p.  24  (1822). 

Amongst  these  experiments  there  is  one  that  has  almost 
been  forgotten,  but  which,  had  it  been  followed  up,  would 
assuredly  have  led  Amp6re  to  anticipate  by  some  years  the 
great  discovery  of  Faraday  ad  to  the  induction  of  currents. 

The  experiment  was  first  described  by  Ampfere  in  October 
1821,  in  a  letter  t  to  Van  Beck.  It  had  been  tried  in  the 
preceding  July.  The  following  is  Ampfere's  own  first  descrip- 
tion of  it: — 

"  Ce  que  cette  experience  prouve  directement,  c'est  que  la 
proximity  d'un  courant  ^lectrique  n'en  excite  point,  par 
influence,  dans  un  circuit  mitallique  de  cuivre,  m6me  dans 
les  circonstances  les  plus  favorables  k  cette  influence.     Voici 

•  Communicated  by  the  Physical  Society :  read  Apnl  26, 1895. 

t  Journal  de  PJwnque,  t.  xciii.  p.  447^  Oct  1821.  Keprinted  at  p.  212, 
Tol.  ii.  of  the  '  Collection  de  M^moiies  relatifs  a  la  Physique,  pubh^s  par 
la  Soci^t^  fran^aise  de  Physique,*  1886. 
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I'exp^rience  que  je  fis  alors  pour  m*en  assurer  :  je  formai 
avec  un  long  fil  de  cuivre  A  B  C  D  E  F  [fig.  1],  rev6tu  d'un 

Fig.l. 


ruban,  une  spirale  B  C  D  E  dont  les  tours  ^taient  s^par^s  les 
uns  des  autres  par  la  soie  de  oe  ruban ;  je  disposal  cette 
spirale,  comme  on  le  voii  dans  la  fig.  1 ,  sur  le  pied  en  bois 
hkmn\  les  deux  extr^mit^s  A  et  F  de  ce  fil  coramuniquaient 
avec  celles  de  la  pile  de  douze  triades  d'un  pied  carr^,  dont 
je  me  suis  servi  pour  la  plupart  de  mes  experiences.  La 
partie  superieure  de  cette  spirale  6tait  travers^  par  un  petit 
tube  de  verre  M,  passant  entre  les  spires  qui  se  trouvaient  les 
unes  en  avant  et  les  autres  en  arrifere  de  ce  tube  ;  un  fil 
metallique  tris-fin  le  traversait  sans  en  toucber  les  parois 
int^rieures;  il  etait  attach^  par  un  bout  k  la  potence  K  S  0  P, 
qu'on  faisnit  monter  ou  descendre  k  volonte  en  toumant  le 
bouton  N,  et  qu'on  arrStait  k  la  bauteur  convenable  en 
serrant  la  vis  de  pression  L  ;  le  cercle  mobile  G  H I  etait 
suspendu  au  bout  ae  ce  fil,  de  mani^re  k  6tre  concentrique  k 
la  spirale,  situ^  dans  le  mSme  plan,  et  tr^  pr^s  des  spires 
dont  elle  se  composait.  Le  pied  hkmn  portait  en  outre 
deux  petites  rfe^les  kpj  nq,  sur  lesquelles  on  pouvait  appuyer 
les  aimants  qui  devaient  agir  sur  le  cercle  mobile.  Cette 
disposition  m'a  paru  la  plus  convenable  pour  exciter  dans  ce 
cercle  des  courants  ^lectriques  par  influence,  si  cek  ^tait 
possible  ;  mais  en  le  presentant  k  Paction  d^un  fort  aimant, 
je  n'ai  pas  apergu  qu'il  prit  aucun  mouvement,  malgr^  la 
grande  mobilite  de  ce  genre  de  suspension/^ 
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The  experiment  of  July  1821,  being  thns  nnsuccessftJ,  was 
repeated  in  1822  at  Geneva,  using  a  more  powerful  horse- 
shoe magnet  lent  by  Pictet.  It  is  described  oy  De  La  Rive* 
in  the  following  terms  : — 

"  La  seconde  experience  consiste  dans  Finfluence  qu'^prouve 
une  lame  de  cuivre  pli^  en  cercle  de  la  part  d'uue  ceintnre 
de  forts  courans  electriques  au  milieu  desquels  elle  est  sus- 
pendue,  et  qui  Tentourent  sans  la  toucher.  Cette  influence, 
que  M.  Ampere  avait  d'abord  crue  nulle,  a  ^t^,  k  Gtenfeve, 
constatce  par  lui-m6me  d'une  maniire  trfes-prteise.  En  pr^- 
sentant  k  un  c6te  de  cette  lame  un  aimant  en  fer  k  cheval, 
tris-fort,  on  Pa  vue  tautdt  s'avancer  entre  les  deux  branches 
de  I'aimant,  tant6t  au  contraire  en  dtre  repouss^,  suivant  le 
sens  du  courant  dans  les  conducteurs  environnans.  Cette 
experience  importante  montre  done  que  les  corps  qui  ne  sent 
pas  susceptibles,  au  moyen  de  ^influence  des  courans  Elec- 
triques d^acqu^rir  une  aimentation  permanente,  commo  le 
sent  le  fer  et  I'acier,  pen  vent  du  moins  acqu^rir  une  sorte 
d^aimentation  passagfere  pendant  qu'ils  sent  sous  cette  in- 
fluence f." 

This  note,  which  is  textually  repeated  at  p.  285  of  Amp&re's 
'Recueil  d'Observations/  is  entirely  vague  on  the  crucial 
point  whether  the  attractions  and  repulsions  observed  occurred 
only  at  times  when  the  current  was  varying.  By  reprinting 
it  textually  (even  the  footnote  about  the  instrument,  which, 
however,  ne  changed  into  the  first  person  and  signed  with 
bis  initial  "A^^,  Ampere  accepted  De  la  Rives  version 
and  explanation  of  the  Geneva  experiment.  Nevertheless 
a  second  version  was  given  by  Amp&re  himself  J  twelve  days 
later  on  his  return  to  Faris.     This  document  lay  unpublished 

♦  Read  to  the  *  Soci^W  de  Physique  et  d'Histoire  naturelle  de  Geneve 
on  Sept.  4, 1822 ;  published  first  in  the  BtbUothkque  UtdverselU,  t  zxi. 
p.  29  (1822),  then  in  the  Annale$  de  CMmie  et  de  Phymquej  t.  zxi.  p.  47 
(1822)  J  reprinted  by  Ampere  at  p.  262  of  his  *  Recueil  d'Obsenrations 
^lectrodynamiques,'  1822,  and  again  in  the  '  Collection  de  M^moires,'  t.  ii. 
p.  328  (1885). 

f  '<  ^'instrument  dont  M.  Ampdre  s'est  servi  pour  6ette  experience  est  le 
meme  qu'il  avait  employ^  lorsqu'il  Tessaya  au  mois  de  juillet  1820 ;  il  a 
4te  d^rit  et  figure  aans  le  Journal  de  Physique.^  [This  is  a  reference  to 
Journal  de  Phyeique,  xciii.  p.  447,  Dec.  18^1,  with  a  plate  showing  the 
apparatus.  The  same  apparatus  is  depicted  in  fig.  17,  plate  vi.,  of  Ampdre's 
'  Recueil  d'Observations  eiectrodynamiques  *  (1822) ;  and  is  described  on 
p.  170  of  that  work.  There  is  a  discrepancy  about  the  dates ;  July  1820 
u  here  giTen,  whereas  Ampere's  first  date  was  giyen  as  July  1821. — 
S.  P.  T.] 

t  Memoir  presented  to  the  Academic  des  Sciences,  September  16, 1822 ; 
published  for  the  first  time  in  the  ^Oollection  des  Memoires'  by  thQ 
*  §ociete  firan9aise  de  Physique '  (1886),  t.  ii.  p.  329, 
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in  the  Ampere  manuscripts  belonging  to  the  Acad^mie  des 
Sciences  until  1885.     It  reads  as  follows  : — 

^^  lia  troisi6me  experience  avait  pour  objet  de  savoir  si  Ton 
pent  prodaire  un  coarant  ^lectrique  par  ^influence  d'un  autre 
courant.  II  y  a  plus  d'un  an  que  je  Favais  tent^,  sans 
succ&s,  avec  Tappareil  represents  [fig.  1];  mais  j'ai  riussi 
avec  un  appareil  absolument  semblable,  en  employant  Pexcel- 
lent  aimant  en  fer  k  cheval  du  musee  de  Gen&ve^  que  m^avait 
procure  M.  le  professeur  Pictet.  Voici  la  description  de  cette 
experience.'*  [Here  follows  the  description  of  the  apparatus, 
word  for  word  almost  the  same  as  that  above  in  the  descrip- 
tion of  the  unsuccessful  experiment  of  July  1821.]  "  Le 
circuit  fermS  placS  sous  Pmfluence  du  courant  ^lectrique 
dMoubie,  mais  sans  aucune  communication  avec  lui,  a  6te 
attirS  et  repoussS  alternativement  par  Faimant,  et  cette  ex- 
perience ne  laisseraity  par  consequent,  aucun  doute  sur  la 
production  des  courants  Slectriques  par  influence,  si  I'on  ne 
pouvait  soup^onner  la  presence  (r  un  pen  de  fer  dans  le  cuivre 
dont  a  ite  formS  le  circuit  mobile.  II  n'y  avait  cependant 
aucune  action  entre  ce  circuit  et  Paimant  avant  que  le  courant 
electrique  parcourAt  la  spirale  dont  il  Stait  entourS ;  c'est 
pourquoi  je  regarde  cette  experience  comme  suffisante  pour 
prouver  cette  production ;  je  me  propose,  nSanmoins,  pour 
prSvenir  toute  objection,  de  la  rSpSter  incessament,  avec  im 
circuit  forme  d'un  mStal  nonmagnetique  trfes  par.  Oe  fait 
de  la  production  de  courants  eiectriques  par  influence,  trfes 
interessant  par  lui-mSme,  est  d'ailleurs  independant  de  la 
theorie  gSnerale  de  Paction  eiectrodynamique.*' 

There  is  a  discrepancy  between  the  first  and  second  versions, 
in  that  while  De  la  Rive  says  that  the  attractions  and  repul- 
sions were  in  correspondence  with  the  sense  of  the  current 
in  the  coil  (which  we  know  could  not  be  the  case),  Ampere 
says  nothing  about  reversal  of  the  current.  As  he  attributed 
the  effect  to  the  possible  presence  of  iron,  it  is  clear  he  was 
expecting  an  effect  due  to  the  continued  pressure  of  the  cur- 
rent, not  an  instantaneous  effect  at  make  or  break.  We  know 
now  that  this  must  have  been  so,  and  that  an  unvarying 
current  could  have  produced  no  sucn  effects  as  those  described. 
That  this  should  have  escaped  the  notice  not  only  of  Ampfere, 
but  also  of  so  skilled  an  experimenter  as  De  la  Rive,  is 
remarkable.  But  the  explanation  of  the  phenomenon,  as 
being  due  to  a  temporary  magnetization  acquired  by  the  non- 
magnetic metal,  given  by  De  la  Rive,  and  accepted  by  Ampere, 
is  still  more  strange.  Had  no  suggestion  ever  been  made  that 
there  might  possibly  be  an  induction  of  currents  by  the  action 
of  a  magnet,  an  explanation  which  ascribed  the  effects  to  a 
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sort  of  temporary  magnetism  might  have  been  more  reasonable. 
Bat  Ampere  had  himself  alreacfy  been  looking  for  a  possible 
indactive  effect ;  nor  was  he  alone  in  the  idea  that  sucn  might 
exist.  Fresnel  had  on  November  6th,  1820,  announced  to 
the  Academy  of  Sciences  that  he  had  decomposed  water  by 
means  of  a  magnet  which  was  laid  motionless  within  a  spiral 
of  wire.  Emboldened  by  this  announcement,  Amp6re  re* 
marked  that  ho  too  had  noticed  something  in  the  way  of 
production  of  currents  from  a  ma^et.  But  before  the  end 
of  the  year  these  statements  were  withdrawn  by  their  authors. 
Fresnel  wrote*  to  the  Anrudes  de  ChimU  explaining  the 
matter.  He  had  surrounded  a  bar-magnet  of  steel  with  a 
spiral  of  iron  wire,  the  ends  of  which  dipped  into  water ;  and 
what  he  had  announced  on  November  6th  was  that  he  had 
found  one  end  of  the  iron  wire  to  be  discoloured  and  oxidized, 
while  the  other  became  covered  with  minute  bubbles.  He 
now  finds  that  the  announcement  was  premature,  that  the 
effects  were  not  sustained  by  repeating  the  experiment,  and, 
further,  he  says  he  does  not  believe  in  the  success  of  Ritter^s 
much  earlier  attempts  to  decompose  water  by  a  magnet.  On 
behalf  of  M.  Ampere,  he  added  that  the  latter  had  indeed  found 
little  movements  of  a  magnetic  needle  by  bringing  near  it  a 
circuit  of  copper  wire  [laiton)  of  which  a  portion  was  coiled 
in  a  spiral  around  a  magnet,  but  that  these  movements  were 
not  repeated  in  any  constant  manner.  Further,  that  these 
movements  were,  moreover,  so  feeble  that  Ampfere  would  not 
have  published  the  experiments  if  the  success  of  Fresnel's, 
which  he  tLiought  certain,  had  not  persuaded  him  that  these 
small  agitations  were  occasioned  also  by  an  electric  current 
resulting  from  the  action  of  the  magnet  on  the  spiral  in  which 
it  was  enveloped. 

This  having  occurred  in  1820,  it  is  clear  that  when  making 
the  (Geneva  experiment  in  1822  Ampere  must  have  had  before 
him  the  possibility  of  induced  currents,  and  chose  rather  the 
explanation  of  a  temporary  magnetism  conferred  on  the 
copper  loop. 

Others  m  the  meantime  had  tried  to  repeat  Fresnel's 
observation,  and  found  it  erroneous. 

Gilbert  t,  after  giving  an  abstract  of  Fresnel's  reputed 
discovery,  says  that  he  repeated  the  experiment  without 
finding  any  discoloration  of  the  iron  wire,  and  concluded  that 

•  Ann.  Ckim.  Fhy».  xv.  1820,  pp.  210-222,  *<  Note  sor  dee  Essaifi  vpioi 
pour  but  de  decomposer  Teau  avec  un  aimant." 
t  QUb.  Ann.  xlvi.  p.  410. 
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the  annomioement  was  premature.  Similar  conclnsions  were 
arrived  at  by  Pohl*. 

A  year  or  two  later,  when  Arago's  rotations  were  attract- 
ing die  attention  of  experimenters,  Becquerel  t  investigated 
the  supposed  magnetism  of  bodies  by  taking  small  pieces  of 
them,  which  he  hnng  within  a  moltiplier-coil  of  wire  in  place 
of  the  nsoal  magnetic  needle,  and  then  turning  on  a  current 
observed  whether  they  moved  or  not.  He  found  signs  of 
magnetic  action  in  needles  made  of  peroxide  of  iron,  copper, 
wood,  and  even  shellac.  After  narrating  his  own  experi- 
ments, he  alluded  to  the  Geneva  experiment  of  Ampere,  on 
p.  272,  in  the  following  terms  : — 

^'  U  resulterait  de  cette  experience,  vu  Paction  semblable 
exerc^  par  les  deux  poles  de  Paimant  en  fer  k  cheval  sur 
une  mSme  portion  du  circuit,  que  I'influence  du  conrant 
electrique  aurait  d^velopp^  dans  la  lame  un  autre  courant 
eiectrique,  tel  qu'on  en  observe  dans  un  fil  m^tallique  qui 
communique  avec  les  deux  poles  d'une  pile  voltaique ;  mais 
M.  Ampere  s'est  assure  depuis  qu^il  n'en  est  pas  ainsi.'^ 
What  steps  Ampere  had  in  the  meantime  taken  to  assure 
himself  that  induction  currents  did  not  exist,  Becquerel  did 
not  state,  however. 

In  1831  came  Faraday's  discoveries  of  the  induction  of 
currents  by  magnets,  of  the  induction  of  currents  by  other 
currents,  and  of  the  cause  of  Arago's  rotations.  A  group  of 
notes  X  on  these  discoveries  is  to  be  found  in  December  1831 
in  the  Annates  de  Chimie.  It  is  curious  to  note  the  change 
of  views.  Becquerel  and  Ampere's  communication  to  the 
Academy  of  January  23,  1832,  appears  aloug  with  abstracts 
of  Faraday's  work,  and  with  an  account  of  the  experiments  of 
Nobili  and  Antinori.  There  is  an  epitome  of  facts  observed 
by  Becquerel,  and  another. of  things  to  be  looked  for,  by 
Ampire.  This  is  followed  by  the  foUowing  : — "  Experiences 
sur  les  Courans  ^lectriques  produits  par  Tinfluence  d  un  autre 
Courant,"  par  M.  Ampfere.  This  article  gives  a  third  version 
of  the  Geneva  experiments. 

'^  Pendant  mon  s^jour  k  Geneve  an  mois  de  septembro 
1822,  M.  Auguste  de  la  Rive  voulut  bien  m'aider  dans  des 
experiences  que  je  d&irais  de  faire  sur  la  production  d'un 
courant  electrique  par   Finfluence  d'un   autre  courant.  • .  • 

•  Oken's  liii,  1822,  pt.  iv.  p.  407.  Also  see  remarks  signed  ''P''  at 
the  end  of  an  article  by  Savary  in  Pogg.  Ann.  viii.  p.  868  (1826). 

t  Ana,  Chinu  JPkys^  xxy.  p.  269. 

t  ynn.  CMm.  Phys.  xlviii.  1831,  pp.  406-428;  see  also  Pogg.  Ann. 
zxiv.  1832,  p.  612,  and  particularly  p.  614. 
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Nous  presentions  k  ce  cercle  un  fort  aimant  en  for.  k  cheyal, 
de  mani&re  qu^nn  de  ses  poles  se  tronvait  au  dedans  et  Tantre 
an  dehors  dn  oercle.  D^s  qne  nons  faisions  commnniqner 
avec  la  pile  les  denx  extremity  dn  fil  condnctenr  le  circle 
etait  attir^  on  reponss^  par  I'aimant,  snivant  le  pole  qui 
r^pondait  k  Tinterienr  dn  cercle  :  ce  qni  d^montrait  ^existence 
dn  conrant  ^lectriqne  qui  y  6tait  prodnit  par  ^influence  dn 
conrant  du  fil  conancteur.  La  d^converte  que  vient  de  faire 
M.  Faraday  des  conrans  ^lectriqnes  produits  par  Pinflnence 
d'nn  aimant,  courans  qu'avait  obtenu  Fresnel  en  1820,  mais 
qn'il  n'avait  pas  cm  suffisamment  constates  par  ses  experiences, 
m^a  porte  naturellement  k  employer  le  galvanoscope  mnlti-* 
plicatenr,  dont  Tillnstre  chimiste  anglais  a  fait  usage,  pour 
constater  de  nonvean  et  ^tudier  dans  toutes  ses  circonstances 
la  production  d'un  conrant  ^lectrique  par  un  autre  conrant/' 

Ampere  seems  to  have  considered  that  the  oxidation  at  first 
alleged  by  Fresnel  was  caused  by  induction  currents  arising 
from  the  diurnal  variations  of  the  magnetism  of  the  stationary 
magnet.  But  it  is  evident  that  the  electromotive  forces  due 
to  any  such  cause  would  be  of  an  order  of  magnitude  utterly 
inadequate  for  the  purpose.  Further,  as  such  currents  must 
necessarily  have  been  in  alternate  directions  during  the  rise 
and  fall  of  temperature,  the  total  chemical  action  at  the  end 
would  in  no  way  depend  upon  the  intermediate  charges,  but 
only  upon  the  diflTerence  between  the  initial  and  final  tem- 
peratures. Hence  the  total  electromotive  impulse  tending  to 
chemical  action  must  have  been  infinitesimal  compared  with 
that  due  to  simply  removing  the  magnet  once  from  the 
circuit  1  The  third  version  diflfers  from  the  former  in  describing 
the  position  of  the  magnet,  and  saying  that  the  magnet  (which 
in  the  original  Ampfere  experiment  was  brought  up  after  the 
current  had  been  turned  on)  was  placed  in  position  before  the 
circuit  was  completed. 

From  that  time  forward  Ampfere's  experiment  seems  to  have 
passed  into  oblivion.  One  reference  to  it,  however,  appeared 
in  1872,  which  gives  a  fourth  version,  dififering  not  only  from 
the  three  former,  but  accompanied  by  a  picture  and  description 
of  a  very  different  form  of  apparatus.  This  description,  from 
the  pen  of  the  usually  accurate  M.  Verdet,  is  to  be  found  at 

J).  -357  of  his  well-known  Conferences  de  Physique.  It  runs  as 
ollows : — 

"209.  Expirience  d'Ampire  et  De  la  JBtt?^.— Longtemps 
avant  r^poque  oi  Faraday  fit  la  diconverte  de  Pindnction, 
Ampfere  et  l)e  la  Rive  *  avaient  fait  nne  experience  relative 

•  BiUiothkqae  UniverseUe,  septembre  1822,  et  Annales    de  CMrme  et  de 
Physique  [2],  t.  xxi.  p.  47  (1822),  et  t.  xxv.  p.  272  (1824). 
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k  ces  phenom^nes  et  qa'ils  n'avaient  pas  comprise.  Ces 
physiciens  cherchnient  s'il  y  avait  une  action  des  courants  sur 
lies  conducteurs  places  k  distance,  par  analogic  avec  les  effbts 
d'inflaence  de  P^lectricit^  ordinaire ;  ils  entreprirent  une  s^ie 
d'exp^riences  avec  Tid^e  pr^on^ne  que  le  pb^nom&ne  produit 
par  le  passage  du  courant  dans  un  conducteur  voisin  serait 

1)ermanent,  c'est  k  dire  persisterait  pendant  tout  le  temps  que 
e  courant  traverserait  le  conducteur  ;  ayant  au  contraire 
observe  un  ph^nomine  instantan^,  ils  regard^rent  ce  r^sultat 
comme  un  fait  sin^iier  ne  m^ritant  pas  une  ^tude  ult^rieure. 
Voici  en  qui  consistait  leur  exp<^rience :  un  fil  fin  do  cuivre 
enrouM  en  anneau  A  [fig.  2]  etait  suspendu  k  un  fil  de  sole 

Fig.  2. 


sans  torsion  OC,  devant  la  base  d'an  ^lectro-aimant  BB',  de 
mani^re  que  les  plans  des  spires  de  relectro-aimant  fussent 

Iiaralleles  au  plan  de  I'anneau.  A  Tinstant  oil  le  courant  ^it 
anc^  dans  Wlectro-aimant,  Panneau  ^.tait  repouss^ ;  mais 
cette  deviation  ne  persisbiit  pas,  et  bientot  le  fil  revenait 
rigoureusenient  k  la  verticale.  Si  Ton  intcrrompait  le  courant, 
on  observait  une  attraction  aussi  pcu  |)ersistante  que  la 
repulsion." 

The  anachronism  of  representing  a  soft-iron  electromagnet 
as  having  been  used  in  1822  is  the  strangest  part  of  this 
description*  But  the  experiment,  as  described  by  Verdet,  is 
of  interest  as  being  a  sort  of  forerunner  of  the  actions 
observed  in  1884  by  Boys*,  and  in  1887  by  Elihu  Thomson. 

I  have  repeated  the  experiment  of  Ampere  in  the  form 
originally  shown  to  De  la  Rive.  It  is  quite  easy  of  per- 
formance :  but  the  relatively  great  moment  of  inertia  of  the 
copper  circle  masks  the  purely  transitory  effect  of  the  impulse 
which  the  ring  receives  each  time  the  current  is  turned  on  or 
off  in  the  outer  coil. 

♦  "  A  Magneto- electric  Phenomenon."  Proc  Phye.  Soc  voL  vi.  p.  218, 
1884 ;  PhU.  Mag.  [6]  xviii.  p.  216. 

PhU.  Mag.  S.  5.  Vol.  39.  No.  241.  June  1895.       2  0 
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November  2l8t,  1894.— Dr.  Henry  Woodward,  F.R.S.,  President, 

in  the  Chair. 

THE  following  communioationd  were  read  : — 
1.  <  The  Pleistocene  Beds  of  the  Maltese  Islands.'    By  John  H. 
Cooke,  Esq.,  F.L.8.,  F.G.8. 

For  the  right  onderstanding  of  the  Pleistocene  beds,  a  previous 
Imowledge  of  the  physiography  of  the  islands  and  of  the  earlier 
sediments  is  necessary.  A  full  description  of  the  physiography 
and  of  the  character  of  the  sediments,  so  far  as  they  are  necessary 
for  the  understanding  of  the  accumulations  forming  the  subject  of 
the  paper,  occupies  its  earlier  portion.  Especially  noticeable  is  the 
absence  of  ordinary  anticlinal  and  synclinal  folding,  and  the  pre- 
dominance of  monoclinal  faults,  which  largely  affect  the  character 
of  the  surface.  These  faults  were  formed  prior  to  the  deposition  of 
the  Pleistocene  beds. 

The  plateaux  of  Malta,  rising  to  a  height  of  600-800  feet  above 
sea-level,  occur  south  of  the  great  east-and-west  fault,  which  has  a 
downthrow  to  the  north.  They  have  no  Pleistocene  deposits  upon 
their  summits. 

Three  classes  of  superficial  deposits  are  described : — 

1.  Valley- deposits,  including  (a)  those  found  on  the  higher  slopes 
of  plains  and  plateaux,  due  to  subaenal  waste  and  rain-action,  con- 
taining land-shells  and  mammalian  bones ;  and  (b)  those  situated 
at  the*  bottoms  of  valleys,  consisting  of  stratified  layers  of  water- 
worn  sand,  gravel,  and  large  pebbles,  occurring  in  such  order  as  to 
show  that  the  agents  which  produced  them  have  greatly  decreased 
in  intensity. 

II.  Agglomerates  and  breccias  found  along  coast-lines  and  fault- 
terraces,  always  at  the  foot  of  the  fault-terraces,  or  along  the  lower 
slopes  of  the  depressed  areas :  these  accumulations  are  either  sub- 
merged or  lie  at  the  water-line.  Their  materials  are  much  water- 
worn,  and  land-shells  are  contained  in  many  of  the  layers.  The 
agglomerates  are  in  many  cases  distinctly  stratified ;  and  the  author 
concludes  that  the  materials  appear  to  have  been  swept  down, 
during  heavy  rainfall,  into  the  waters  of  land-locked  creeks. 

III.  Ossiferous  deposits  of  caves  and  fissures,  which  have  been 
described  elsewhere. 

2.  '  Geological  Notes  of  a  Journey  in  Madagascar.'  By  the  Rev. 
E.  Baron,  F.L.8.,  F.G.8. 

The  part  of  the  island  travelled  over  may  be  divided  into  four 
sections. 

I.  Antananarivo  to  the  East  Coast, — ^The  principal  rock  is  a  horn* 
blende  granitite-gneiss,  but  there  is  also  much  norite  usually  con- 
"^^aining  olivine.     The  general  strike  of  gneiss  and  norite  along  this 
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region  is  north-west  and  sonth-east,  or  north-north-west  and  south- 
south-east.  The  country  is  traversed  by  several  large  dolerite- 
dykes. 

II.  The  Northern  Part  of  the  East  Coast. — Dolerite-flows  pre- 
dominate along  the  coast,  and  from  their  character  are  believed 
to  have  flowed  from  such  fissures  as  are  indicated  by  the  dolerite- 
dykes  noted  in  the  preceding  section.  Some  felsites,  probably 
lavas,  and  felsitic  breccias  were  also  observed;  also  a  granitite 
penetrated  by  epidiorites,  and  associated  with  ohiastolite- slates. 
Many  other  rocks,  schists  and  eruptives,  were  found. 

III.  The  Northern  End. — Sedimentary  rocks  (sandstones  and  lime- 
stones) are  extensively  developed  in  this  section,  as  well  as  much 
volcanic  material.  The  sediments  are  of  Jurassic  and  Cretaceous 
ages.  The  volcano  Ambohitra  is  situated  on  these  sediments,  and 
has  poured  out  olivine-basalts.  Shells  of  recent  species  occur  on  the 
mountain-chain  at  the  northern  end. 

IV.  The  NoriJi-wesiem  Coast  and  Islands. — Marine  strata  of 
Jurassic,  Cretaceous,  and  Eocene  ages  are  found  in  this  area,  together 
with  various  igneous  rocks  including  trachyte,  foyaite,  nepheline- 
phonolite,  hauyne-nepheline-phonolite,  andesite,  and  basalt.  South- 
west of  Anorontsanga  are  four  islands — three  composed  of  volcanic 
rocks,  and  the  fourth,  Antanifaly,  of  nummulitic  limestone. 

3.  '  On  a  Collection  of  Fossils  from  Madagascar  obtained  by  the 
Rev.  R.  Baron.'     By  R.  Bullen  Newton,  Esq.,  F.G.S. 

The  fossils  forming  the  subject  of  this  paper  were  collected  in  the 
northern  part  of  the  island.  The  author  gives  an  account  of  the 
previous  work  on  the  fossils  of  Madagascar ;  this  is  followed  by  a 
description  of  the  post-Tertiary,  Tertiary,  Cretaceous,  and  Jurassic 
fossils.  The  post-Tert'ary  fossils  are  for  the  most  part  terrestnal 
shells  found  on  Ambohimarina  hill,  mainly  of  species  still  existing 
on  the  island.    A  few  marine  forms  have  been  found  elsewhere. 

A  description  of  species,  many  of  them  new,  follows ;  and  the 
author  furnishes  a  list  of  all  recognized  fossils  from  the  bland, 
ooncludiug  with  notes  on  certain  limestones,  including  a  Olohigerina-' 
limestone  and  one  containing  Girvanella. 

December  5th. — Dr.  Henry  Woodward,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read : — 

1.  '  Supplementary  Note  on  the  Narborough  district  (Leicester- 
shire).' By  T.  G.  Bonney,  D.Sc.,  LL.D.,  F.R.8.,  F.G.S.,  Professor 
of  Geology  and  Mineralogy  in  University  College,  London. 

The  author  revisited  this  district,  briefly  described  by  himself 
and  Mr.  Hill  in  1878,  at  Easter  1893  and  in  September  1894. 
The  old  excavations  had  been  greatly  enlarged,  but  little  of  import- 
ance had  been  disclosed :  no  dykes  and  no  new  junctions  with 
sedimentary  rocks.  But  tho  crystalline  rocks  have  been  recently 
struck  in  a  fresh  locality  between  Narborough  and  Hunoote,  about 
half  a  mile  west  of  the  pit  near  the  former  village.     As  in  that  case. 
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the  rock  lay  very  near  to  the  surface ;  here  the  highest  part  of  the 
boss  was  barely  covered.  The  rock  is  hardly  to  be  distinguished 
from  that  of  the  Narborough  pit.  The  enlargement  of  the  pit 
south  of  £n derby  has  exposed  fresh  sections  of  the  junction  of  the 
slate  and  syenite,  which  has  been  now  traced  along  the  whole  length 
of  the  pit  from  north  to  south,  and  some  particulars  are  added  to 
the  former  description. 

The  enlargement  of  certain  of  the  pits  hasdisplayed  some  interesting 
sections  of  Boulder  Clay  resting  upon  the  crystalline  rocks.  The 
latter  are  not  appreciably  ice-worn.  The  fragments  in  the  Boulder 
Clay,  identified  by  the  author,  were  from  the  Carboniferous,  Trias, 
Jurassie  (especially  lias),  and  Upper  Cretaceous  formations.  They 
indicated,  in  the  main,  a  drift  from  a  more  or  less  north-easterly 
direction. 

2.  '  The  Tame  of  Lakeland.'  By  J.  E.Marr,  Esq.,  M.A.,  F.R.8., 
Sdc.G.8. 

The  author  has  examined  several  tarns  of  the  English  Lake 
District.  In  those  cases  where  the  stream  issues  from  the  tarn 
over  solid  rock,  he  finds  either  (1)  direct  evidence  that  the  tarn 
results  from  the  blocking  up  of  part  of  a  pre-existing  valley  by  drift, 
causing  the  deflexion  of  the  water  to  a  direction  different  from  that 
of  the  original  stream  in  this  locality ;  or  (2)  evidence  which  is 
perfectly  consisteut  with  such  an  explanation  of  the  origin  of  the 
tarn. 

Under  the  circumstances  he  would  submit  that  tarns  cannot  be 
assumed  to  lie  in  rock-basins  simply  because  the  issuing  stream 
flows  over  solid  rock  (and  this  assumption  has  been  made),  but  that 
those  who  maintain  the  existenee  of  such  rock  basins  must  prove 
the  occurrence  of  solid  rock  entirely  around  the  tarn. 

3.  '  Description  of  a  New  Instrument  for  Surveying  by  the  Aid 
of  Photography,  with  some  Observations  upon  the  Applicability  of 
the  Instrument  to  Geological  Purposes.'  By  J.  Bridges  Lee,  Esq., 
M.A.,  F.G.8. 

The  instrument  described  in  this  paper  consists  essentially  of  a 
photographic  camera  fitted  inside  with  a  magnetic  needle,  which 
carries  a  vertical  transparent  scale  divided  and  numbered  to  360^, 
and  also  with  cross  fibres  which  intersect  at  rigl.t  angles.  The 
fittings  and  adjustments  of  the  instrument  are  of  such  a  character 
that  the  camera  can  be  accurately  levelled  and  directed  towards  any 
point  in  a  horizontal  direction,  and  when  a  photograph  is  t^ken  in 
an  ordinary  way  the  bearing  of  the  median  vertical  plane  which 
bisects  the  instrument  through  the  photographic  lens  will  be  recorded 
automatically  on  the  face  of  the  photograph. 

The  verti^  fibre  (and  its  image  on  the  photograph)  serves  as  an 
index  to  read  the  bearing ;  and  the  same  fibre  marks  by  its  shadow 
a  line  right  across  the  photograph,  which  marks  the  median  vertical 
plane  on  the  image,  llie  horizontal  fibre  is  adjusted  to  mark  on 
the  image  the  horizont'al  plane  which  bisects  the  photographic  lens. 
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The  camera  re^U  on  a  divided  horizontal  circle,  which  can  be 
adjusted  to  a  truly  horizontal  position  by  levelling-screws.  There 
is  a  tripod  stand  and  head,  with  suitable  appliances  for  supporting 
and  adjusting  the  instrument  in  position.  The  camera  \»  provided 
with  a  rectilinear  doublet  lens  and  iris  diapbnigm  and  rack-and- 
pinion  focussing  adjustment.  It  is  made  of  aluminium,  and  it  is 
surmounted  by  a  telescope  adjustable  in  altitude  and  fitted  with 
vertical  and  horizontal  webs;  and  it  is  also  surmounted  by  a 
revolvable  tubular  level. 

The  details  of  construction  and  the  peculiar  features  and  adjust- 
ments of  the  instrument  are  fully  described  in  the  paper,  and  some 
of  the  chief  purposes  to  which  it  may  be  applied  in  furtherance  of 
geological  research  are  pointed  out.  The  maker  of  the  instrument 
is  J.  J.  Hicks,  of  8  Hatton  Garden. 

4.  '  The  Marble  Beds  of  Natal.'     By  David  Draper,  Esq.,  F.G.8. 

A  '  crystalline  limestone  of  enormous  thickness '  was  mentioned 
by  Mr.  C.  L.  Griesbach,  in  1871  (Q.  J.  0.  S.  voL  xxvii.  p.  56),  as 
occurring  along  the  lower  course  of  the  Umzimkulu,  in  the  county 
of  Alfred,  in  the  southern  part  of  NataL  Since  the  time  of  his 
visit  there  the  country  has  been  opened  out  by  settlers,  and  some 
attempts  have  been  made  to  utilize  this  marble.  The  chief 
mass  of  this  rock  is  met  with  at  about  7  miles  inland,  in  the 
Indwendwa  hill-range,  within  the  fork  formed  by  the  junction  of 
the  Umzimkulu  and  the  Umzimkulana,  over  700  feet  above  sea- 
level,  and  continuous  with  the  tableland  westward.  This  consists 
of  granite,  overlain  by  the  massive  marble,  roughly  stratified, 
which  is  denuded  north  and  south  of  the  hill  into  the  gorges  of  the 
two  rivers,  and  is  continued  on  the  opposite  flanks  until  cut  off  by 
faults.  The  north  fault  divides  it  from  the  Table-mountain  Sand- 
stone lying  on  day-slate ;  and  the  south  fault  divides  the  granite 
from  the  Table-mountain  Sandstone  and  clay-slate.  The  bedding 
of  the  marble  dips  towards  the  rivers,  on  each  of  their  flanks,  and 
strikes  £.  and  W. 

In  quality  the  marble  varies  from  coarse  to  fine-grained,  and  in 
colour  from  pure  white  to  deep  red.  The  coarse-grained  variety 
contains  5  to  13  per  cent,  of  carbonate  of  magnesia.  CalcareouB 
tufa,  in  some  places  several  feet  thick,  has  beeu  formed  from  the 
marble. 

From  the  junction  of  the  two  rivers  eastward,  slate  is  seen  below 
Table-mountain  Sandstone ;  and  on  the  latter  is  a  long  stretch  of 
the  Dwyka  Conglomerate  to  the  coast,  greatly  disturbed  for  the 
most  part,  and  pierced  by  two  dolerite-dykes,  between  which  a 
I*atch  of  £cca  Shales  is  preserved. 

The  author  concludes  that  the  marble  was  deposited  on  the 
granite,  and  probably  on  the  Malmesbury  Slates  near  by,  before  they 
were  disturbed ;  that  it  does  not  extend  far  under  the  neighbouring 
hills  ;  and  that  some  of  its  local  detritus  indicates  that  the  riv  ers 
ran  at  higher  levels  within  relatively  recent  times. 
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December  19th. — Dr.  Henry  Woodward,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read : — 

1.  *The  Lower  Greensand  above  the  Atherfield  Clay  of  East 
Surrey/    By  Thomas  Leigh  ton,  Esq.,  F.G.S. 

This  paper  embodies  the  results  of  the  author's  examination  of 
the  Lower  Greensand  of  East  Surrey  during  the  three  years  1892-94 ; 
and  it  is  stated  that  two  papers  published  by  the  Geologists'  Asso- 
ciation (vol.  xiii.  pp.  4  &  163)  are  to  be  taken  as  introductory  to 
this  one.  The  area  discussf^d  in  this  paper  extends  from  Leith  Hill 
in  the  west  to  Tilburstow  Hill  in  the  east ;  and  the  divisions  of  the 
Lower  Greensand  chiefly  referred  to  are  those  hitherto  known  as  the 
Bargat-e,  Sandgate,  and  H}the  Beds.  The  author  states  that  the. 
Lower  Greensand  of  East  Surrey  shows  that  formation  to  consist  of 
beds  deposited  in  a  maiine  estuar}'  or  narrow  sea,  not  far  from  land 
and  within  the  influence  of  strong  currents,  extending  generally 
from  N.W.  to  S.E.,  so  that,  without  palaeontological  evidence,  no 
correlation  of  beds  here  with  those  exposed  at  Sandgate  and  at 
Hythe  is  possible.  He  arrives  at  this  conclusion  by  following  the 
outcrop  of  the  various  chert-beds,  which,  after  Dr.  G.  J.  Hinde 
(Phil.  Trans.  Boy.  Soc.  vol.  clxxvi.  1885),  are  accepted  as  of  sponge 
origin  (deep-water  deposits),  and  further  by  following  the  outcrop 
of  the  pebble- beds,  described  by  Mr.  C.  J.  A.  Meyer  (Geol.  Mag. 
forl866,  p.  15). 

In  Part  1  of  the  paper  the  author  discusses  the  district  to  the 
west  of  the  Mole,  and  endeavours  to  show  that  the  view  set  forth 
in  the  Weald  Memoir  of  the  .Geological  Survey,  to  the  effect  that 
between  Dorking  and  Leith  Hill  the  lower  horizons  of  the  Lower 
Greensand  undergo  a  change  in  composition,  although  possibly 
verbally  correct,  is  geologically  incorrect,  since  the  lithologictd 
change  is  from  south  to  north,  &om  beds  laid  down  in  deep  water 
to  beds  laid  down  in  shallow  water.  In  his  communication  to  the 
Geologists'  Association  of  last  year,  the  author  showed  that  the 
pebble-bed  at  the  base  of  the  Folkestone  Sands  was  at  Abinger 
intimately  associated  with  the  Bargate  Beds ;  and  he  now  states 
that  he  has  identified  this  pebble-bed  in  the  Dorking-Horsham  road 
section,  described  by  Prof.  G.  S.  Boulger  and  himself  in  1892,  and 
at  two  other  places  to  the  east.  The  drifts  of  the  same  neighbour- 
hood are  then  discussed,  and  it  is  found  that  at  the  top  of  and  on 
bolh  sides  of  the  Lower  Greensand  escarpment,  which,  as  stated  by 
the  Geological  Purvey,  is  here  sandy  throughout,  there  are  gravels 
obviously  deposited  by  a  considerable  stream  consisting  chiefly  of 
Lower  Greensand  chert  (entirely  of  Lower  Greensand  material)  with, 
amongst  the  rougher  material,  lenticular  beds  of  fine  pebbles  composed 
chiefly  of  d^ris  from  the  Bargate  Beds.  Fragments  of  Lower  Green- 
sand chert  have  been  obtained  from  the  alluvium  or  from  the  beds  of 
the  streams  now  draining  the  Weald  area  to  the  south  of  Dorking. 
The  soil  over  the  Weald  Clay  as  far  south  as  Holm  wood  Common 
has  everywhere  yielded  to  the  author  fragments  of  the  same  chert. 
Hence  it  is  argued  that  the  chert-beds  now  seen  upon  Leith  Hill  to 
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the  west  formerly  existed  over  the  Weald  to  the  south  of  Dorking:, 
and  that  the  fragments  now  lying  about  the  surface  have  been  left 
by  denudation,  as  described  by  Dr.  G.  J.  Hinde  (op.  cit,).  Since, 
however,  as  has  been  stated,  the  present  Lower  Greensand  escarp- 
ment  to  the  north  consists  of  ^  sandy  beds '  only,  there  must  be 
a  lithological  change  from  south  to  north  (deep-water  beds  to 
shallow). 

Part  2  of  the  paper  is  devoted  to  the  district  east  of  the  Mole. 
Where  the  escarpment  rljes  above  the  alluvium  of  the  river, 
the  author  finds  the  Bargate  Beds  with  pebbles  (at  Park  Hill, 
Beigate)  separated  from  the  Folkestone  Sands  only  by  a  thin  bed  of 
Fuller's  Earth  and  a  layer  of  sandy  chert.  The  section  is  now  first 
described  ;  the  dip  has  been  observed  and  proved,  and  by  measure- 
ment this  pebble-bed  is  shown  to  lie  at  approximately  the  same 
horizon  above  the  Atherfield  Clay  as  when  it  was  last  seen  west 
of  the  Mole.  From  Reigate  eastwards  to  Tilburstow  Hill  the 
same  beds  are  seen  in  the  numerous  hollow  lanes  and  pit-sections. 
The  pebble-beds  are  found  approximately  on  a  definite  horizon ;  but 
whilst  they  become  of  less  importance  eastward,  the  overlying 
cherts,  first  seen  at  Eeigate,  become  oi  greater  importance  in  that 
direction.  The  thin  bed  of  Fuller's  Earth,  also  first  seen  at  Beigate, 
thickens  to  the  east  likewise. 

2.  '  On  the  Eastern  Limits  of  the  Yorkshire  and  Derbyshire  or 
Midland  Coalfield.'     By  W.  S.  Gresley,  Esq.,  F.G.S. 

The  author  attempts  to  throw  light  on  the  question  of  the 
easterly  extension  of  the  Yorkshire,  Derbyshire,  and  Nottingham- 
shire coalfield  beneath  the  newer  rocks.  He  notices  the  general 
trend  of  the  strata,  the  sizes  of  other  British  coalfields,  the  question 
of  the  origin  of  mountains,  stratigraphical  considerations,  and  the 
faults  of  the  North  of  England.  His  object  is  rather  to  suggest  what 
he  believes  to  be  novel  ways  of  treating  the  subject  than  of  reaching 
conclusions  or  locating  limits. 

3.  *  On  some  Phases  of  the  Structure  and  Peculiarities  of  the  Iron 
Ores  of  the  Lake  Superior  Begion.'     By  W.  8.  Gresley,  F^sq.,  F.G.S. 

The  author  has  been  studying  heaps  of  ore  brought  from  the 
region  lying  south-west  of  Lake  Superior  since  1890.  He  describes 
certain  structural  features  of  the  ore-fragments,  and  discusses  the 
evidences  of  mechanical  movements  and  chemical  alteration  exhibited 
by  these  fragments. 

LV.  Intelligence  and  MUcellanecus  Articles. 

ON  ELECTROMAGNETIC  TRACTIVE  FORCE.      BY  M.  WEBKR. 

The  author  summarizes  the  results  of  his  experiments  as 
follows : — 

(1)  An  iron  wire  of  great  length  in  comparison  with  its  dia- 
meter, one  end  of  which  is  in  a  magnetic  field  parallel  to  the  lines 
of  force,  experiences  a  pull  in  the  direction  of  its  length  which 
for  unit  area  (the  square  c^jntiraetre)  of  the  cross- section  is 
p5t=IH=icH-. 
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(2)  If  the  magnetic  lines  of  force  are  at  right  angles  to  the  lon- 
gitudinal direction  of  the  wire  projecting  into  the  field,  the  tractive 
force  at  right  angles  to  the  lines  of  force  is  smaller  in  iron  than 
the  force  p  jf .  The  ratio  p  t/pJ-  (where  p  #  and  p  X  »re  the  tractive 
forces  parallel  and  at  right  angles  to  the  lines  of  force  respectively), 
which  with  mean  strengths  (about  HslOO)  is  greater  than  100, 
rapidly  decreases  as  the  field  increases  and  appears  to  approach 
unity. — Wiedemann's  Annalen,  No.  1,  1895. 


ON  THE  INFLUENCE   OF   MAGNETIZATION   ON  THE  CONSTANTS  OP 
ELASTICITY  IN  IRON.      BY  A.  BOCK. 

The  result  of  this  research  is  stated  as  follows  by  the  author : — 
By  magnetisation  the  constants  of  elasticity  of  soft  iron,  the 
modulus  of  torsion,  and  the  modulus  of  ^astidty  are  oertainly 
not  altered  by  more  than  |  per  cent.  The  series  of  observations 
indicate  that  the  flexure  diminishes,  at  the  same  time  the  torsion 
seems  also  to  diminish,  while  the  ratio  of  the  lateral  contraction 
to  the  longitudinal  expansion  increases.  Iron  is  more  incom- 
pressible in  the  magnetic  field.  Nothing  can  be  alleged  with 
certainty  as  to  magnetized  steel  bars.  These  results  are  in  perfect 
agreement  with  the  well-known  investigations  of  G.  Wiedemann, 
and  they  may  be  deduced  from  the  theory  propounded  by  that 
author  on  the  assumption  of  rotating  molecular  magnets. — Wiede- 
mann's Anndlen^  No.  3,  1895. 


ON  THE  MAGNETIZATION  OF  IRON  BY  VERY  SlfALL  FORCES. 
BY  WERNER  SCHMIDT. 

The  experimental  results  of  this  research  are  given  by  the  author 
in  the  following  statements : — 

l;  Steel  follows  small  magnetizing  forces  more  rapidly  than  iron. 

2.  The  magnetization  function  k  of  mUd  steel  is  greater  for  small 
forces  than  that  of  iron.  In  the  present  case  k  (steel)  is  to  r 
(iron)  as  4  is  to  8.  The  stronger  magnetization  ordinarily  ob- 
served in  iron  is  only  met  with  in  greater  magnetizing  forces,  for 
instance,  H>1. 

3.  The  constancy  of  the  magnetizing  function  k  for  very  small 
forces,  first  observed  by  Lord  Bayleigh,  is  confirmed.  The 
boundary  of  proportionality  between  magnetizing  forces  and  mag- 
netic moments  may  be  taken  with  sufiicient  accuracy  for  techniixd 
purposes  as  near  the  magnetizing  force  Hja>rO*06.  This  value 
represents  a  rather  sudden  transition  in  the  curve  K^f(H.), 
Below  this  the  deviations  from  proportionality  are  only  very  feeme, 
that  is  the  curve  r=/(Hj)  passes  into  a  parallel  to  the  H-axis. 
The  point  at  which  it  can  be  identified  with  a  straight  line 
(parallel)  is  different  according  to  the  nature  of  the  iron  investi- 
gated, and  especially  according  to  the  sensitiveness  of  the 
apparatus  used  for  the  measurements,  without  varying  much  from  a 
certain  mean  value  which  may  be  regarded  as  lying  between  the 
magnetizing  forced  Hj=0'03  and  O'O 4 .—Wiedemann's  Annalen, 
No.  4,  1895. 


Digitized  by 


Google 


[     549     ] 


INDEX  TO  VOL.  XXXIX. 


Acoustical  experiments,   on 

some,  447. 

Allen  (H.  N.)  on  energy  movements 
in  the  medium  separating  electri- 
fied or  gravitating  particles,  357. 

Alternating  currents,  on  some  ex- 
periments with,  377. 

Ampere,  on  a  neglected  experiment 
of.  634. 

Analyser,  on  a  simple  form  of  har- 
monic, 367. 

Aniline,  on  the  influence  of  tem- 
perature on  the  specific  heat  of, 
47, 143. 

AschMnass  (E.)  on  the  refraction 
and  dispersion  of  electrical  rays, 
144. 

Atomic  attractions,  analysis  of  mole- 
cular into,  44. 

heat  in  the  periodic  series  of  the 

elements,  on  tne  r6Ie  of,  106. 

Ayrton  (Prof.  W.  E.)  on  a  simple 
apparatus  for  determining  the 
mechanical  equivalent  of  heat, 
160 ;  on  tests  of  glow-lamps,  389. 

Baron  (Rev.  R.),  geological  notes  of 
a  journey  in  Maidagascar,  542. 

Bismuth,  on  the  influence  of  mag- 
netic fields  on  the  electrical  con- 
ductivity of^  143. 

Blake  (Rev.  J.  F.)  on  some  points  in 
the  geology  of  the  Harlech  area, 
141. 

Blanshard  (C.  T.)  on  the  rdle  of 
atomic  heat  in  the  periodic  series 
of  the  elements,  106. 

Bock  (A.)  on  the  influence  of  mag- 
netization on  the  constants  of 
elasticitv  in  iron,  548. 

Bonney  (Prof.  T.  G.)  on  the  geology 
of  the  Narborough  district,  543. 

Books,  new : — Kohlrausch's  Intro- 
duction to  Physical  Measurements, 
187 ;  Watts's  Dictionary  of  Che- 
mistev,  138 ;  Ostwald's  Die  Wis- 
senschaftlichen  Grundlagen  der 
PIdL  Mag.  S.  5.  Vol.  39.  No. 


Analvtischen  Chemie,  225 ; 
Crookes's  Select  Methods  in  Che- 
mical Analysis  (chieflv  Inorganic), 
305 ;  Kenned/s  A  Few  Chapters 
in  Astronomy,  307 ;  Geikie's  The 
Great  Ice  Age  and  its  Relation 
to  the  Antiquity  of  Man,  379. 

Brill  (J.)  on  densities  in  the  earth's 
crust,  93. 

Bijan  (G.  H.)  on  a  simple  graphic 
illustration  of  the  determmantal 
relation  of  dynamics,  531. 

Burke  (J.)  on  the  luminescence  of 
glass  due  to  kathode  rays,  115. 

Burton  (Dr.  C.  V.)  on  some  acousti- 
cal experiments,  447. 

Calorimetry,  on  the  use  of  aniline  as 
a  standard  in,  47, 143. 

Carbonic  acid,  on  an  experiment 
with  solid,  308. 

Clark  cell  when  producing  a  current, 
on  the,  295,  376. 

Combination  of  substances  in  the 
liquid  and  solid  condition,  on  the 
heat  of,  510. 

tones,  on  the  objective  reality 

of,  341,  452. 

Condenser,  on  a  modification  of  the 
ballistic-^vanometer  method  of 
determining  the  electromagnetic 
capacity  of  a,  172. 

Cooke  (J.  H.^  on  the  Pleistocene 
beds  of  the  Maltese  islands,  542. 

Copper  compounds,  on  the  flame- 
spectra  of,  124. 

Crystals,  on  the  rotational  coefficients 
of  thermal  conductivitv  in,  476. 

Cubes,  on  Ronayne's,  183. 

Currents,  on  some  experiments  with 
altematinff,  229,  377. 

Deeley  (R.M.)  on  glacier-brains,  453. 

Dewar  (Prof.  J.)  on  the  liquefaction 
of  gases,  298. 

Dielectric,  on  the  passage  of  an  oscil- 
lator wave-train  through  a  plate 
of  conducting,  309. 

241.  Juw^  1895.        2P 


Digitized  by 


Google 


550 


INDEX. 


Dielectric  power  of  ice,  on  the,  144. 

Dissipation  function,  on  the  kinetic 
interpretation  of  the,  466. 

Draper  (D.)  on  the  marble  beds  of 
NattO,  646. 

Dynamics,  on  a  simple  ^phic  illus- 
tration of  the  detenmnantal  rela- 
tion of,  631. 

Earth's  crust,  on  densities  in  the, 
93. 

Edser  (E.)  on  the  objective  reality 
of  combination  tones,  341. 

Electrical  notes,  176. 

rays,  on  the  refraction  and  dis- 
persion of,  144. 

Electrochemical  theory,  on  Helm- 
holt2*s,629. 

Electromagnetic  capacity  of  a  con- 
denser, on  a  modification  of  the 
ballistic-ffalTanometer  method  of 
determinmg  the,  172. 

stress,  on,  264. 

tractive  force,  on,  647. 

Elements,  on  the  r61e  of  atomic  heat 
in  the  periodic  series  of  the,  106. 

Energy  movements  in  the  medium 
separating  electrified  or  gravitating 
particles,  on,  367. 

Eumorfopoulos  (N.)  on  the  determi- 
nation of  thermal  conductivity  and 
emissivity,  280. 

Evershed  (J.)  on  the  radiation  of 
heated  gases,  460. 

Fkmie-spectra  of  salts  of  copper  and 
gold,  122. 

Garbasso  (E.)  on  the  refraction  and 
dispersion  of  electrical  rays,  144. 

Oases,  on  the  luminosity  of,  122 
on  the  velocity  of  sound  in,  142 
on  the  liquefaction  of,  188,  298 
experiments  on   the  radiation  of 
heated,  460. 

Geological  Society,  proceedings  of 
the,  140, 642. 

Glacier-grains,  on^  463. 

Glass,  on  the  specific  inductive  capa- 
city of,  imder  slowly  and  rapidly 
changing  fields,  78 ;  on  the  lumi- 
nescence of,  116;  on  silvering,  in 
the  cold,  387. 

Glow-discharge,  on  the,  387. 

Glow-lamps,  on  tests  of,  389. 

Gold,  on  the  flame-spectrum  of  the 
trichloride  of,  130. 

Gravitation,  comparative  review  of 
some  dynamical  theories  of,  146. 


Green  (Prof.  A.  H.)  on  some  recent 
sections  in  the  Malvern  Hills,  140. 

Gresley  (W.  S.)  on  the  Midland 
coalneld,  647 ;  on  the  iron  ores  of 
the  Lake  Superior  Reinon,  647. 

Griffiths  (A.)  on  some  experiments 
with  alternating  currents,  229. 

Griffiths  (E.  H.)  on  the  influence  of 
temperature  on  the  specific  heat  of 
anihne,  47, 143. 

Harmonic  analyser,  on  a  simple  form 
of,  367. 

Haycraft  (H.  C.)  on  a  simple  appa- 
ratus for  determining  the  mecha- 
nical equivalent  of  heat,  160. 

Heat,  on  a  simple  apparatus  for  de- 
termininff  the  mecnanical  eqtdva- 
lent  of,  160 ;  on  the  kinetic  energy 
of  the  motion  o^  601. 

of  combination  of  substances 

in  the  liauid  and  solid  condition, 
on  the,  6x0. 

Helmholtz's  electrochemical  theory, 
on,  629. 

Henderson  (J.  B.)  on  the  influence 
of  magnetic  fields  on  the  electrical 
conductivity  of  bismuth,  143. 

Henneesy  (Ftof.  H.)  on  Ronayne's 
cubes,  183. 

Herz  (A.)  on  the  glow-discharge, 
387. 

Hopkinson  (J.)  on  the  specific  in- 
ductive capacities  of  water,  alco- 
hol, &c.,  134. 

Hydrogen,  on  the  critical  pressure  of, 
199. 

Ice,  on  the  dielectric  power  of, 
144. 

Iron,  on  the  influence  of  magnetiia- 
tion  on  the  constants  of  elasticitv 
in,  648 ;  on  the  magnetization  of, 
by  very  small  forces,  648. 

— —  wire,  on  the  change  of  length 
in  soft,  nlaced  in  a  imiform  mag- 
netic field,  226. 

Jones  (E.  T.)  on  electromagnetic 
streps,  264. 

Joule's  thermometers,  on  the  scale- 
value  of,  477. 

Korteweg  (Prof.  D.J.)  on  the  change 
of  form  of  long  waves  advancing 
in  a  rectanffular  canal,  and  on  a 
new  tjrpe  of  long  stationary  waves, 
422. 

Lake  (P.)  on  the  Denbighshire  series 
of  South  Denbighshire,  141. 


Digitized  by 


Google 


INDEX. 


551 


Larmor  (J.)  on  the  fiignificance  of 
Wiener's  localization  of  the  pho- 
tographic action  of  stationary 
light-waves,  97. 

Lee  (J.  B.)  on  a  new  instrument  for 
surveying  by  means  of  photo- 
^phy,  644. 

Leighton  (T.)  on  the  Lower  Green- 
sand  of  East  Surrey,  546. 

Liflfht-waves,  on  the  photographic 
action  of  stationary,  97. 

Liquefaction  of  gases,  on  the,  188, 
298. 

Lumi^re  (A.  &  L.)  on  silvering  glass 
in  the  cold,  387. 

Luminescence  produced  on  breaking 
vacuum-bulbs,  on  the  116. 

Luminosity  of  gases,  on  the,  122. 

Macfarlane  (Pro!  A.)  on  Col.  Hime*s 
*  Outlines  of  Quaternions,'  136. 

Magnetic  field,  on  the  change  of 
length  in  soft  iron  wire  placed  in 
a  uniform,  226. 

permeability,  on  the  value  of 

the,  for  rapid  electrical  oscillations, 
297. 

Magnetism,  on  mirrors  of,  213. 

Magnetization,  on  the  relation  be- 
tween electromagnetic  stress  and, 
254;  on  the  influence  of,  on  the 
constants  of  elasticity  in  iron, 
548 ;  of  iron  by  very  small  forces, 
on  the,  548. 

Marr  (J.  E.)  on  the  tarns  of  Lake- 
land;  544. 

Martini  (T.)  on  the  velocity  of  sound 
in  gases,  142. 

Mechanical  equivalent  of  heat,  on  a 
simple  apparatus  for  determining 
the,  160. 

Medley  (E.  A.)  on  tests  of  glow- 
kmps,  389. 

Mirrors  of  magnetism,  on,  213. 

Molecular  force,  on  the  laws  of^  1. 

Natanson  (Prof.  L.)  on  the  kmetic 
interpretation  of  the  dissi{>ation 
function,  455;  on  the  kinetic 
energy  of  the  motion  of  heat  and 
the  corresponding  dissipation  fimc- 
tion,  601. 

Newton  (R.  B.)  on  a  collection  of 
fossils  from  Madagascar,  543. 

Northrup  (E.  F.)  on  a  method  for 
compiuring  the  values  of  the  specific 
inductive  capacity  of  a  substance 
under  slowly  and  rapidly  changing 
fields,  78. 


Olszewski  (Prof.  C.)  on  the  lique&c- 
tion  of  gases,  188. 

Oscillator  wave-train,  on  the  passage 
of  an,  through  a  nlate  of  conduct- 
ing dielectric,  309. 

Oxygen,  on  the  liquefaction  of,  192 ; 
araorption  spectrum  and  colour  of 
liquened,  197. 

Parafiin^  on  the  specific  inductive 
capacity  of,  unoier  slowly  and 
rapidly  changing  fields.  78. 

Periodic  series  of  the  elements,  on 
the  r61e  of  atomic  heat  in  the,  106. 

Permeability,  on  the  value  of  the 
magnetic,  for  rapid  electrical  os- 
cillations, 297. 

Perot  (A.)  on  the  dielectric  power 
of  ice,  144, 

Photographic  action  of  stationary 
light-waves,  on  the,  97. 

Photography,  on  a  new  instrument 
for  surveying  by  means  of^  544. 

Pickering  (S.  U.^  on  the  heat  of 
combination  or  substances  in  the 
liquid  and  solid  condition,  510. 

Pitch,  on  the  subjective  lowering  of, 
447. 

Porter  (A.  W.)  on  the  influence  of 
the  dimensions  of  a  body  on  its 

•    thermal  emission,  268. 

Preston  (Dr.  S.  T.) :  comparative 
review  of  some  dynamical  theories 
of  gravitation,  145. 

Prytz  (Prof.  K.)  on  an  experiment 
with  solid  carbonic  acid,  308. 

Quaternions,  on  the  equation  tss/as 
A;=:  y^l==-i=  -j=  -*  in,135. 

Kadiation  of  heated  gases,  on  the, 
460. 

Itesistance,  on  the  measurement  of, 
176. 

Kicharz  (F.)  on  Helmholtz's  electro- 
chemical theory,  529. 

Konayne's  cubes,  on,  183. 

Hosing  (B.)  on  the  change  of  length 
in  soft  iron  wire  placed  in  a  uni- 
form magnetic  field,  226. 

Kiicker  (Prof.  A.  W.)  on  the  objec- 
tive reality  of  combination  tones, 
341. 

Sadowsky  (A.)  on  some  experiments 
with  alternating  currents,  377. 

St.  John  ^0.  E.)  on  the  value  of  the 
magnetic  permeability  for  rapid 
electrical  oscillations,  297. 

Schmidt  (W.)  on  the  magnetization 
of  iron  by  very  smaU  forces,  548. 


Digitized  by 


Google 


552 


INDEX. 


Schnyder  von  Wartensee  prize- 
question  for  1897,  388. 

Scnuster  (Prof.  A.)  on  the  meaaure- 
ment  of  resistance,  175;  on  the 
scale-value  of  the  late  Dr.  Joule's 
thermometers,  477. 

Silvering  glass  in  the  cold,  on.  887. 

Skinner  ^S.)  on  the  Clark  cell  when 
producmg  a  current,  875 ;  on  the 
tin-chromic  chloride  cell,  444. 

Smithells  (Prof.  A.)  on  the  lumi- 
nosity of  gases,  122. 

Solids,  luetic  theory  of,  16. 

Soret  (C.)  on  the  rotational  coeffi- 
cients of  thermal  conductivity  in 
crystals,  476. 

Sound,  on  the  velocity  of,  in  gases, 
142. 

Specific  inductive  capacity  of  a  sub- 
stance under  slowly  and  ranidly 
changing  fields,  on  a  methoci  for 
comparing  the  values  of  the,  78 ; 
of  water,  alcohol,  &c.,  134. 

Sutherland  (W.)  on  die  laws  of 
molecular  force,  1. 

Thermal  conductivity  and  emissivity, 
on  the  determination  of,  280. 

emission,  on  the  infiuence  of 

the  dimensions  of  a  body  on  its, 
268. 

Thermometers,  on  the  scale-value  of 
the  late  Dr.  Joule's,  477. 


Thompson  (Prof.  S.  P.)  on  mirrors 
of  magnetism,  218;  on  a  ne- 
glected  experiment    of   Amp^, 

Threlfall  (Prof.  R.)  on  the  Clark  cell 
when  producing  a  current,  295. 

Tin  chromic-chloride  ceU,  on  the, 
444. 

Vries  (Dr.  G.  de)  on  the  change  of 
form  of  long  waves  advancing  in 
a  rectangular  canal,  and  on  a  new 
type  of  long  stationary  waves,  422. 

Walker  (M.)  on  mirrors  of  mag- 
netism, 213. 

Waves,  on  the  change  of  form  of 
long,  advancing  in  a  rectangular 
canal,  and  on  a  new  type  of  long 
stationary,  422. 

Wave-train,  on  the  passage  of  an 
oscillator,  throujBph  a  plate  of  con- 
ducting ^electric,  309. 

Weber  (M.)  on  elec^magnetic  trac- 
tive force,  547. 

Womack  (F.)  on  a  modification  of 
the  ballistic-galvanometer  method 
of  determining  the  electromagnetic 
capacity  of  a  condenser,  172. 

Yule  (G.  U.)  on  the  passage  of  an 
oscillator  wave-train  through  a 
plate  of  conducting  dielectric,  309 ; 
on  a  simple  form  of  harmonic 
analyser,  867. 


END  OF  THE  THIRTY-NINTH  VOLUME. 


Printed  by  Taylor  and  Frakcis,  Red  Lion  Court,  Fleet  Street 


Digitized  by 


Google 


Digitized  by 


Google 


ExxTemp.N  F      Wf   of  Aniline  -o^^'S'^O  ,  stirrmq  500  rev.per.Tnin. 


All 


17 


Digitized  by 


Google 


Phil.Kfag.  S.&  Vol.  3  9.  PI  [ 


?5«.40 
21U2 


30 
^'9 


i2 
13 


^6 
^5 


^i^ 
^b 


6ife^*'b^Ge<Dgfe 


Digitized  by 


Google 


Digitized  by 


Google 


Chart  A 


to 

o 

CO 

C30 

CO 

CI 

Digitized  by 


Google 


Phil.Mag.S.5  Vol,39  Pill 


Chart  B. 


OO    OC    OQ  I 
VVii>ton    Can,\ridcw. 


Digitized  by 


Google 


Digitized  by 


Google 


Phil.Ma.g.S.5.Vol.39.  Pl.m. 
Fig.  3. 


-a=^ri 


i'ecliorv  OH. 


1 

^ 

1           1          M^ 

.^ 

Oiass 

\' 

h  T^ — 

=T^ 

1                                6Ca^^ 

i 

't 

B 


¥ii.4f. 


roa.  liUi. 


Digitized  by 


Google 


Digitized  by 


Google 


Phil. Mag.  S.  5. Vol. 39.  PI.  l^^. 


Digitized  by 


Google 


Digitized  by 


Google 


PhU,Mag.S.5.Vol.39.Pl.V. 


A 


^ 


1 


Fisf    3 


/■ 


s 


\^/ 


A 


AGntem  Bros.filiK. 


Digitized  by 


Google 


Digitized  by 


Google 


CO 
(0 

Ph 


I 


Digitized  by 


Google 


Digitized  by 


Google 


<5^ 


^ 

P- 


(Co:  I 

o  I 

a.  I 

>^ 

^  i 

Q  I 
O  I 

LU     6    ^ 

Ll.    3 
<| 

£1 

UJ  ^ 


to 


CO 


I 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


Digitized  by 


Google 


